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A general class of functional integrals of the exponents of polynomially growing
functionals on the Hilbert space be studied. A representation formula by integrals
for Gaussian measures is given for this class of functional integrals. These results
are applied to provide a rigorous Feynman path integral representations for the
solutions of the time dependent Schrodinger equations with a polynomially growing
potentials (it is possible with alternating signs). Special self-adjoint extensions
for Schrodinger differential operators with a polynomially growing potentials are
obtained.

Let H be a real separable Hilbert space, with inner product (-, -), and norm || ||,
T be a self-adjoint strictly positive trace class operator.

Let e, ea, ..., en, ...Dbe orthonormal base of Hilbert space H such that Te, =
An€ns An >0, > 1\, < +00.
Denoted by H,, the span of the first n vectors ey, es, ..., e,. Let P, be the

orthogonal projector from the Hilbert space H onto the subspace H,,.
Denoted by p the Gauss measure on the Hilbert space H with correlation op-
erator 1" and the zero mean value. The Gauss measure p is countably additive.
Let Qo : H X --- X H — R be 2[-linear symmetric continuous function such
that Qo(z,...,z) >0 forallz € H, z # 0, and p(z) = (Qu(z, ..., x))" /3D,
Definition. Let v € C, v # 0, Rev > 0 be a constant and f : H — C be a
continuous function such that for all natural number n it exists Fresnel integral

/Hn f(x)exp (—g (T*lx,x dz = 61_15_10/ f(x)exp (

We define the Feynman integral
/ f(x) exp( 5 (T a:,a:)) dx

—v lz,z)/Qdm
I = lim Ju, ! .
n—oo an e~ u(T~ fvf)/de

‘ (Tlx,x)) d.

as the limit

We put [}, f(z)exp (=3 v(T "z, z)) do =1.
It is easy to see that

/H exp (—% (T2, a:)) dz
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and

Y z)exp (—5 (T 'z, z)) dx
[ et (-2 1.0) do = g ISP CET 0l

v

Let F(H) be the space of all continuous functions f : H — C such that for all
hi, hy € H the function ¢(«, 8) = f(ahi + Bhe) have analytic continuation C x C
and for all a, 3 € C. It is true

(e ) < erexp(ea llaf 171" + e 1A= )

where constant ¢; > 0, co > 0, c3 > 0, 0 < ¢ < 1 depend only of the function f.

Lemma 1. It exists a sequence of positive numbers o, < A, such that we have

[ ) el =

n=1

for all real t > 0 and for all self-adjoint strictly positive bounded operator S : H —
H.

Proof. Let us take ag = 1,

n -1
1
—2n
[ = )™ )

U = 272" ay,, for all natural number n. We have
- (B )]2 < [Els )
1+ ant
L (et | oo (S
S (Y (
n=0

Z%WWJ

n=0
= MWW <|W)
14+ a,t exp | — dz) <
LLK o2 )| P\ p(sape ) 1)
< Z n”ant”/ ” |1|2nu(dx) < Zn*”t" <el.
n=0 H X n=0

Lemma 2. Let d be a natural number. Then it exists a self-adjoint strictly positive
bounded operator S such that

7):

II:vll4 n
exp Zn ant E ”2”

Hence

Sen = Tn€n , Qp, Z Tn Z Y+l > 07

1Pl I

(P(SPax))? = (p(S2))?
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/Hexp ([%} d) p(dz) < 4o00.

d
Afl
Proof. Let v1 = a1, and I = exp <{ L } ) It is easy to see that

and

ple1)
1 /+°° Af1'71|x1| ¢ x? d
= —= ex —_ ex T
V211 J oo P p(nirier) P 2\ L
Suppose that we have i, ..., 7, such that oy > v > 0, ..., ap > v, > 0,
M>722>... 27 >0and
1
I, =
V(2T AL A 1/\k
d
/+oo /+oo /+oo ()\1—1713;1)2 N (A]:L)/kxk)Q
p(nzier + ...+ yxger)
1 1 d
\/()\f Y121)% 4+ (A Ve 12k-1)?
— exp X
p(mzier + ... 4+ Ve—1Tk—1€k—1)
2 2
L7 Th—1 Ty —k
X —_ == — ) day...dep_1dxe < 2

b < 2\ 2\h_1 2/\k> T1 e QU1 G0k

forall k=2,3,...,n
Let us find 7,41. Denoted by

1
X
\/(27T)n+1)\1 D V) W

/+oo /+oo /+oo \/(A;171x1)2 4+ ...+ +(/\;Jlr1t$n+1)2
X - exp

p(yizier + ...+ WmTnen + tTny1€n41)

In+1(t) =

d

d

VO )2 o )2
—exp X

p(rizier + ...+ Ynxney)

2

2
fl xn mn-‘,—l
B ey ... denday,
Xexp( 30 2 2)\n+1) Lo CEn it

for allt > 0.
By Lebesgue’s dominated convergence theorem we get

t1—1>I-r‘rlO Ina(t) = 0.
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Thus it exist ¢ > 0 such that I,,41(t) < 2-(nt1) 4 < min(a,+1,v,) and

1
|| Paz|? < 2o |[Panzf .
(p(SPyz))* = 2 - % (p(SPr117))?

We can take v,+1 = t. Thus we find 1, ..., Vn, .- .

Let us take d = 6. By lemma 2 we find self-adjoint strictly positive bounded
operator S such that Se, = y,e,. Let t =t +ti € C, t1,ta € R, 11 >0, ¢ #0
and z =57 xzne, € H, x # 0.

n=1
We suppose
[ERY l=2 \*
o) = (1+ 0505 ) + (Bp(eme)
2
e 141, el
Al(x) = Z a(;() ) YnEn€n
n=1
and
o ¢, ggll;
A = peor nLn€n
2(2) ; o(2) e
We take
- Bl
Jl(tam): (1+ nt
L=ty
and

B (z, A1(z)) +i(z, As(x))
Ja (t, CC) =1+ 2t p(ng)Q _

[Q(SAl(x), Sz,...,8z) +iQ(SAs(x), S, . .. ,sx)].

[Els

_th(sx)zwz

Theorem 1. If a function [ belongs to the space F(H), then for all v,v € C,
v # 0, upsilon # 0,Rev > 0, Rev > 0 the Feynman integral

/H f(x)exp (—V(p(:r))Ql) exp (—g (T_lx,x)) dx

exists and it can also be represented by

(p(Sx))?

[ “ w ]’ 4
X exp (—V <p(crx +w WSQ:)) ) exp (—; W(m,T Sa:)) X

X exp (—% % (Sx,T‘le)) Ji (%,x) J2 (g,m) p(dz),

/H F(a)exp (o)) exp (~ 2 (T ,2)) do = /H f (aa: L Sx) y
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where 0 = v~ Y2, w =24~V r e R, r>|v| + |v| + 1.

Proof. Let v,u € R, v >0,v>0,7r € R, r> |v|+|v]+1and o = v /2
w = 24y =1/
[

Sz for all x € H,,. We have
(p(Sz))?

Let 2’ =02 +w —r—=

¢—”— / Pl exp (—w(p(a))*) exp (5 (77 a')) da’ =
/ (aaz tw——s [Eai Sx) exp <—1/ <p(ax + w%Sx)) 21)
W . #(S2))? #(S2))

w _l=ff? vw? _z|*

ex _— CE 1 X _—
. p( > PEE T8 = 5 i

xJq (ﬂ,x) J (E,x) e~ (T7'22)/2q,
g g
Taking the limit for n — oo we prove the theorem 1. The convergence follow

from the lemma 1 and the lemma 2.
We say that a function

(Sx,Tle)> X

v:[0,400) x R" = R
satisfies condition (Ay) if

U(tv C]) = (tv Q) + UQ(ta Q) >

where for all ¢ > 0 the function v (¢,.) is nondegenerate homogeneous polynomial
of degree 2k for argument ¢ and the function wvy(¢,-) is polynomial of degree less
then 2k.

Consider Schrodinger equation

du(t,q)
ot

= LiAu(t,q) — v(t, q)u(t, q) (1)

with a potential
v:[0,+00) x R" - R.

Denote by E; the Banach space of all continuous mapping « : [0,¢] € R™ such
that z(0) = z(t) = 0.

Theorem 2. If the potential v is continuous and satisfy condition (Ay) for a
naturel k then it exists for the Schrddinger equation (1) the Green’s function

U(t,qo7q)=/Etexp[—i/()tv(Tw()+qo+ (q—qo }
X exp [-%%/@t(q—%, () g ]exp{ 1/ 2/ (r ||Rndf}
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and
U (Oa qo0, Q) = 5(q - QO) .

Remark. The Green’s function U(t,qo,q) defines special self-adjoint extension for
the Schréodinger differential operator /A 4+ v in the case that this operator is not
essentially self-adjoint.

Consider on the Hilbert space @Q = H the Cauchy problem
Ju(t,q) i

5 = 5 Arult.q) =iV (tq)ult.q) (2)

of Schrodinger equation with a potential V' : [0, +00) X @ — R and with a initial
condition

U(07 q) = UO(q - qO) (VQ € Q) ) (3)

where ug : Q — C,

o0 2 o0
AT:Z;/\naa_q% q:Z:IQneneQ-

Denote by F; the Banach space of all continuous mapping & : [0,t] € @ such
that £(t) = 0.
Let V(t,q) = Vi(t,q,...,q) + Va(t,q), where

Vi:[0,40)xQx---xQER,

Vo 1 [0,400) x @ — R are continuous functions and for all ¢ > 0 the function
Vi(t,.,...,.) is 2k-linear symmetric nondegenerate and the function Vi (t,.) is poly-
nomial of degree less then 2k for argument gq.

Theorem 3. If a function ug belongs to the space F(Q) then it exists a solution
of the Cauchy problem of the Schrédinger equation (2), (3) and

u(t,q) = /Ft uo(£(0) + q) exp(—i/OtV(T,f(T) +q)dr> X

X exp(—i/t H T*1/2§'(7')H2Q dT) d¢.
0
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