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This note is an exposition of our resent papers [10,23]. We give a fairly general class
of functionals on a path space so that Feynman path integral has a mathematically rig-
orous meaning. More precisely, for any functional belonging to our class, the time slicing
approximation of Feynman path integral converges uniformly on compact subsets of the
configuration space. Our class of functionals is closed under addition, multiplication,
translation, real linear transformation and functional differentiation. The integration by
parts and Taylor’s expansion formula with respect to functional differentiation holds in
Feynman path integral. Feynman path integral is invariant under translation and orthog-
onal transformation. The interchange of the order with Riemann—Stieltjes integrals, the
interchange of the order with a limit, the perturbation expansion formula, the semiclassical
approximation and the fundamental theorem of calculus holds in Feynman path integral.
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1 Introduction

In 1948, R.P. Feynman [3] expressed the integral kernel of the fundamental
solution for the Schrédinger equation, using the path integral as follows:

/eish]/hD[v]. (1.1)

Here 0 < h < 1 is Planck’s constant, « : [0,7] — R? is a path with v(0) = x¢ and
~v(T) = x, and S[y] is the action along the path v defined by

T (1 dy
S[W]Z/O (5 a

The path integral is a new sum of €1/ gver all the paths. Feynman explained
his new integral as a limit of the finite dimensional integral, which is now called

i - V(t,’y(t))) dt. (1.2)
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the time slicing approximation. Furthermore, Feynman suggested a new analysis
on a path space with the functional integration

/ Fly)eS0/ " D[y]

and the functional differentiation (DF)[v][n]. (cf. Feynman-Hibbs [4], L.S. Schul-
man [27]) However, in 1960, R.H. Cameron [2] proved that the completely additive
measure ¢°11/"D[y] does not exist.

In this note, using the time slicing approximation, we treat the functional dif-
ferentiation (DF')[v][n], the translation F[y+ 7] and the orthogonal transformation
F[Q~] in the Feynman path integral

/ SSU/B (Dl (1.3)

for a fairly general class F>° of functionals F'[y] on the path space C([0,7] — R%)
by a mathematically rigorous discussion.
Our class F[y] € F° satisfies the following:

(0) For any F[y] € F*°, (1.3) has a mathematically rigorous meaning. More
precisely, the time slicing approximation of (1.3) converges uniformly on any
compact set on the configuration space R2¢ with respect to endpoints (z, ¢).

(1) The class F*° is an algebra, i.e.

Fly], Glv] € F>*° = F[y] + G[v], FY|Gly] € F*=.

(2) The class F*° is closed under the translation with any broken line path n and
the linear transformation with any d x d real matrix P, i.e.

F[y] € F*° = F[y+n), F[Pvy] € F*.

(3) The class F*° is closed under the functional differentiation D, i.e.
Fl e 7= = (DF)[ln) € 7~
In other words, we can differentiate F[y] as many times as we want.

Furthermore, the class F°° contains the following examples of functionals F[y]:

(a) For any function B such that [0S B(t, z)| < Cyo(1+ |x|)™ for some m > 0 and
any 0 <t < T, the evaluation functional

Fly] = B(t,y(t)) € F>.
In particular, if F[vy] = c € C, then F[y] € F*.
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(b) For the same B as in (a), the Riemann—Stieltjes integral

-
Fy] = / B(t,'y(t))dp(t) e F>.

’

(¢) For any function B such that |0¢B(¢,z)| < C,, the analytic function of the
integral

Fiyl=f </ B(t,v(t))dp(t)> € F>.

T

(d) For any vector-valued function Z such that (0, 7) is a symmetric matrix and
|09 Z(t,x)| + 1020:Z(t,x)] < Co(1 + |z|)™ for some m > 0, the curvilinear
integral along paths

>
F[fy]:/ Z(t,7(t)) - dy(t) € F.

/

Applying (1), (2), (3) to the examples (a), (b), (¢), (d), the readers can produce
many functionals F[y] belonging to the class F°.

As an application, the integration by parts and the Taylor expansion formula,
with respect to functional differentiation holds in Feynman path integral. Fur-
thermore, Feynman path integral is invariant under translation and orthogonal
transformation. The interchange of the order with Riemann—Stieltjes integrals, the
interchange of the order with a limit, the semiclassical approximation, and the
fundamental theorem of calculus holds in Feynman path integral.

There are some mathematical works which prove the time slicing approximation
of (1.1) converges uniformly with respect to endpoints (x, 2¢) on compact subsets of
R?4. See D. Fujiwara [5,7-9], H. Kitada and H. Kumano-go [18], K. Yajima [29], N.
Kumano-go [21], D. Fujiwara and T. Tsuchida [14], and W. Ichinose [15]. However
all these works treated (1.1), that is the particular case of (1.3) with F[vy] = 1.

Many people tried to give a mathematically rigorous meaning to Feynman path
integral. E. Nelson [25] succeeded in connecting Feynman path integral to Wiener
measure by analytic continuation with respect to a parameter. K. Itd [17] succeeded
in defining Feynman path integrals as an improper oscillatory integral over a Hilbert
manifold of paths. Albeverio and Hgegh Krohn [1] and J. Rezende [26] applied It6’s
idea and discussed many problems.

2 Main results
Let Ag o be an arbitrary division of the interval [0, 7] into subintervals, i.e.
Arog:T=Tj1>T;>--->T1 >T) =0. (2.1)
Set xj41 =x. Let x5, j =1,2,...,J be arbitrary points of R, Let

YAro = VAro(t, Tiy1, 2, ..., 21, 70) (2.2)
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be the broken line path which connects (T}, ;) and (Tj_1,;-1) by a line segment
for any j =1,2,...,J,J+ 1. Set t; =T; — Tj_1 and |Arp| = maxi<j<ji1t;.

As Feynman [3] had first defined by the time slicing approximation, we define
the Feynman path integrals (1.3) by

J+1 1 /2 [ y J
SO/ EDRY] = / iSharol/hp dz;
/e [7] [7] \ATI,E?HOE 27Tihtj RdJe ['YAT,o]jzl_[l Zj,
(2.3)

whenever the limit exists.
Remark. S[ya,,] and F[ya,,] are functions of a finite number of variables x ;. 1,
Ty, ..., T1, TQ, 1.€.

S[PYAT,[)] = SATYO(xJ+17 TJjyee-yT1, xo) ’

F[PYAT,O] = FAT,O (xJJrlaxJa cee ,$1,x0) .

Therefore Feynman omitted the first step S[ya, ), F[var,]. Furthermore, many
books about Feynman path integrals abandon the first step S[ya,.,] in order to use
the Trotter formula, i.e.

J+1

J+1
— (; 5”] 1)? — T T, —t
S[’YAT,O] - Z Z T TJ . Z; + Tj — Tj_l Tj—1 dt
j=1
J-‘rl 2 J+1

#Z ng ) ZV =1, Tj-1) -

However, we keep the first step S[ya ), F[V7Ar,)-

Remark. Even when F[y] = 1, the integrals of the right hand side of (2.3) does
not converge absolutely. We treat integrals of this type as oscillatory integrals. (cf.
H. Kumano-go [19], H. Kumano-go and K. Taniguchi [20], D. Fujiwara, N. Kumano-
go and K. Taniguchi [13], N. Kumano-go [22, 23])

Remark. If |[Apo| — 0, the number J of the integrals of the right hand side of
(2.3) tends to co. Therefore, we use the properties of F[ya, ).

Remark. If we need the endpoints (z,x), we will use the following expression:

/ eis[y]/hF[Py]th] _ /eiSM/EF[’Y]D[’Y] .
v(0)=z0,v(T)=2

Our assumption of the potential V (¢,z) of (1.2) is the following:

Assumption 1. (Potential). V(¢,7) is a real-valued function of (t,x) € R x RY,
and, for any multi-inder o, OSV (t,x) is continuous in R x R For any integer
k > 2, there exists a positive constant Ay such that for any multi-index o with
lal =k

|0SV (¢, z)] < Ay
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In order to state the definition of the class F>° of functionals F[y], we explain
the functional derivatives in this note.

Definition 1. (Functional derivatives). For any division Aro, we assume that
FAT,O (xJ+17 Tjy...,Tq, xo) = COO(Rd(J+2)) .

Let v : [0,T) — R* and n; : [0,T] — R%, 1 = 1,2,..., L be any broken line paths.
We define the functional derivative (DL F)[y)] Hle[m] by

) [Tl = (H 8%) F [’y +y Hmz]

=1

P
When L = 0, we also write (DL F)[y] Hle[m] = F[v].

Remark. Let Ar of (2.1) contain all time where the broken line path « or the
broken line path n breaks. Set v(T};) = z; and n(T;) = y;, j =0,1,...,J,J + L.
Then, for any § € R, v+ 0n is the broken line path, which connects (T}, z; + 0y;)
and (Tj—1, ;-1 +60y;—1) by a line segment for j =1,2,...,J,J+ 1. Hence we have

F[’)/ + 97’]] = FAT’0($J+1 + GyJ+1, xry+ Hyj, A + 9:1/1, xo + 9:1/0) . (24)
Therefore, we can write (DF)[v][n] as a finite sum as follows:
J+1
d
(DF)[’Y][W] :@F[’Y+0W] :Z(aijATYO)(QfJ_;_l,ﬂ?J,...,331,370)'yj- (25)
6=0 =0

Using (2.5) as an approximation, Feynman—Hibbs [4] explained functional deriva-
tives. On the other hand, we ‘restrict’ the direction of functional derivatives to
broken line paths. (cf. Malliavin’s derivatives [24].)

Definition 2. (The class F of functionals F[v]). Let F[y] be a functional on the
path space C([0,T] — R?) such that the domain of F[y] contains all of broken line
paths at least. We say that F[y] belongs to the class F*° if F[y] satisfies Assumption
2. For simplicity, we write F[y] € F°.

Assumption 2. Let m be a non-negative integer and p(t) be a function of bounded
variation on [0,T]. For any non-negative integer M , there exists a positive constant
Cur such that

- J+1 Lj J+1 Lj
(=55 ] T e < € s b TT T iwsa . (26)
j=01;=1 j=01;=1

J+1 Lj
}(DH—EJ A% F) ol TT T i)
7=01;=1
T J+1 Lj (2'7)
< (Car)"*2 (14 )™ / Hialel) TT TT s, .
j=01;=1
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for any division Ar defined by (2.1), any L; = 0,1,..., M, any broken line path
v : [0,T] — R%, any broken line path n : [0,T] — R, and any broken line paths
ni + [0,T] — R, 1; = 1,2,...,L; whose supports exist in [Tj_1,Tj+1]. Here
0=T_1="To, Ty41 = Tyyo =T, ||7|| = maxo<i<7 |7(t)| and |p|(t) is the total
variation of p(t).

Remark. Note that the support of the broken line path 7;,, exists in [T;_1, Tj11]
for any j = 0,1,...,J,J + 1. Roughly speaking, the broken line paths 7;,;,, j =
0,1,...,J,J + 1 slice the time interval [0, T7.

Remark. About the process how we were making up Assumption 2, see D. Fuji-
wara [6], N. Kumano-go [23] and D. Fujiwara, N. Kumano-go [10] in this order.

Theorem 1. (Existence of Feynman path integral). Let T be sufficiently small.
Then, for any F[y] € F, the right hand side of (2.3) converges uniformly on any
compact set of the configuration space (x, o) € R??, together with all its derivatives
mn x and xg.

Remark. The size of T' depends only on d and Ay of Assumption 1.

Theorem 2. (Smooth algebra). For any F[y], G|y] € F>°, any broken line path
¢:[0,7] — R? and any real d x d matriz P, we have the following.

(1) Fyl+Ghle 7>, FhIGh] € F*>.

(2) Fl[y+ ¢l € F>, F[Py]e F>.

(3) (DE)[[¢] € F==.
Remark. F°° is closed under addition, multiplication, translation, real linear
transformation and functional differentiation. Applying Theorem 2 to the examples

of Theorem 3 (1), (2), Theorem 4 (1), Theorem 6 and Theorem 8, the reader can
produce many functionals F[y] € F°.

Assumption 3. Let m be a non-negative integer. B(t,x) is a function of (t,x) €
R x Re. For any multi-index o, 9¢B(t,x) is continuous on R x R%, and there
exists a positive constant C,, such that

03 B(t, )| < Ca(l+ |2))™.

Theorem 3. (Interchange with Riemann-Stieltjes integrals). Let0 < T/ <T" <T
and 0 <t < T. Let p(t) be a function of bounded variation on [T',T"]. Suppose
B(t,x) satisfy Assumption 3. Then we have the following:

(1) The value at a fized time t
Fly] = B(t,~(t)) € 7.

(2) The Riemann—Stieltjes integral
T//
Fil = [ Blea)dpo e 7.

/
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(3) Let T be sufficiently small. Then we have

/:,F” (/ eiS[’Y]/hB(t,’y(t))D['y]> dp(t)
= /eism/h </T B(t,’y(t))dp(t)> D).

Furthermore, for any F[y] € F>°, we have

/:/FN </ eis[v]/hB(uy(t))F[y]Dm) dp(t)

. T”
— [ et ( I B(m(t))dpu)) FRDh]

Remark. We explain the key of the proof of Theorem 3 (3) roughly. In order to
use the Trotter formula, many books about Feynman path integrals approximate
the position of the particle at time ¢ by the endpoint x; or z;_;. On the other hand,
using the number j so that Ty < ¢ < T}, we keep the position of the particle at
time t, i.e.

t—Tj_l o Tj—t =

T, =T, 7 T, =T, "

inside the finite dimensional oscillatory integral of (2.3). Therefore, we can use the
continuity of the broken line path ya, ,(t) with respect to ¢.

Proof of Theorem 3 (3).

(1) Note that B(t,va,,(t)) is a continuous function of ¢ on [T”,T"] together with
all its derivatives in x;, j = 0,1,...,J,J + 1.

(2) By Lebesgue’s dominated convergence theorem after integrating by parts by «;,
j=1,2,...,J (Oscillatory integrals), for any division Ar,

J+1 1 d/2
H <27Tlhtj) Adje [’YAT 0]/ B t ’YATO de.]
j=1

is also a continuous function of ¢ on [T",T"].
(3) By Theorem 1, the convergence of

/ eSHRB(1, (1)) D)

J+1 1 d/2 i1 U
- li WIYAT o B t d
|AT1,£I\1—’0 jl;Il (27Tihtj ) ~/RdJ ¢ » VAT, 0 H X 5

is uniform with respect to ¢ on [T7,T"].
(4) Therefore,

YA7T,0 (t) =

/ &SP Bt (1))Dpy)

7
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is also a continuous function of ¢ on [T”,T"] and Riemann—Stieltjes integrable.
(5) Furthermore, by the uniform convergence, we can interchange the order of

f;{, ...dt and lim .
‘AT,[)IHO

/ T ( / sl hB(fw(t))Dm) at

T J+1 1 d/2 st y J
- B Sharoltp(¢ 1) T da;at
/ |Arpl—0 1 <27rihtj) /Rdﬂ (t, 7800 (1)) [ ] de;

’
J=1

T J+1 1 d/2 - y
= i Sharol/h gt t dz;dt.
|AT1£I|1—>0// g];[l <27Tiﬁtj) Ad.}e ( 77AT’0( ))J:]‘_‘[l K

By Fubini’s theorem after integrating by parts by x;, j = 1,2,...,J (Oscillatory
integrals), we have

/T (/ eiS[v]ﬂB(t,ry(t))DM) dt

J+1 1 /2 st U T J
= 1 Ao B(t t))dt | | dz;
‘ATl,{)Ill—>0 H <27Tihtj) /Rd.l ¢ / ( ’/YAT’O( )) jl;Il i

j=1 '

o
:/eis[ﬂ/h </ B(t,y(t))dt) Phl. O

Assumption 4. f(b) is an analytic function of b € C on a neighborhood of zero,
i.e., there exist positive constants p > 0, A > 0 such that

IO _

n, bj<p A

[ flla =

Theorem 4. (Interchange with a limit). Let 0 < TV < T” < T. Let p(t) be a
function of bounded variation on [T',T"]. Suppose B(t,x) satisfy Assumption 3
with m = 0. Let f(b) and fr(b), k = 1,2,3,... be analytic functions such that
klln;o [ fx — fllu,a = 0. Then we have the following.

M .
Flp) = f ( / B<t7v<t>>dp<t>> e F>.

’

(2) Let T be sufficiently small. Then we have

k—oo ’

_ /eismmf </TT

8

. T//
lim [ S0y, < / B(t,w(t))dp(t)> D[y]

11

B(tﬁ(t))dp(t)> D[yl
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Furthermore, for any F[y] € F>°, we have

k—o0 ’

_ /eismmf (/T

Corollary. (Perturbation expansion formula). Let T be sufficiently small. Let
p(t) and B(t,z) be the same as in Theorem 4. Then we have

. T//
lim [ S0V g, < / B(m(t))dp(t)> F[YID[]

11

B(t, v(t))dp(t)> FiDh.

i i 7
/ exp (5 Shl++ . B(TaW(T))dP(7)> Dly]

T T T

oo N T Tn T
1
:Z(g> dp(ra) [ dp(ras) -+ | ~dp(my)
n=1

[ SV B (1 () Bt 2 (7)) - B2 ().

Theorem 5. (Semiclassical approximation). Let T be sufficiently small. Let F[] €
F° and the domain of F[v] be continuously extended to C([0,T] — R%) with respect
to the norm ||v| = maxo<i< [Y(t)|. Let ¥ be the classical path with v}(0) = xg
and YN T) = z, and D(T,x,x0) be the Morette-Van Vieck determinant.

Define Y(h,T,x,x0) by

[esormpph)

/2
= 1 iS[y'/n —1/2 el
- <27TIHT> € (D(Taxaxo) F[’Y ] +hT(h, T71'7£L'0)) .

Then, for any multi-indices o, 3, there exists a positive constant Cy g such that
10505, (h, T, 2, x0)| < Ca (14 [a] + o)™ -
Remark. If i — 0, the remainder term AY(h, T, x, xg) — 0.

Theorem 6. (New curvilinear integrals along path on path space). Let 0 < T’ <
T" <T. Let m be non-negative integer. Let Z(t,x) be a vector-valued function of
(t,x) € RxR% into RY such that, for any multi-index o, 02 Z(t, x) and 030, Z(t, )
are continuous on [0,T] x R, and there exists a positive constant C,, such that

07 Z(t,2)| + 1070 Z(t,2)| < Ca (1 + [2])™
and 0, Z(t, ) is a symmetric matriz, i.e. "(0,2) = 0, 7.

Then the curvilinear integrals along paths of Feynman path integral

=
Fly) = / Z(tA4(1)) - dy(t) € F>.

/

Here Z - dv is the inner product of Z and dv in RY.

9
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Remark. In order to explain the difference with known curvilinear integrals on a
path space, please, forgive very rough sketch. As examples of curvilinear integrals
for paths on a path space, It6 integral [16] and Stratonovich integral [28] for the
Brownian motion B(t) are successful in stochastic analysis. (cf. P. Malliavin [24])
If we can set B(T}) = z;, Itd integral is approximated by initial points, i.e.

’

»
[ 2B aBO~ Y 205 1m0) (- i)

and Stratonovich integral is approximated by middle points, i.e.

’

T// ) ) ] ]
[, ztBw)eame ~ ¥z (B B ),
J

And many books about Feynman path integrals use endpoints or middle points. On
the other hand, if v = ya,.,, our new curvilinear integrals is the classical curvilinear
integrals itself along the broken line path ya,.,, i.e.

»
| 2t @) dra 0. (2.8)

In other words, It6 integral and Stratonovich integral are limits of Riemann sum.
On the other hand, our new integral is a limit of curvilinear integral.

Theorem 7. (Fundamental theorem of calculus). Let m be non-negative integer

and 0 <T' <T" <T. g(t,x) is a function of (t,z) € R x R? such that g(t,x) and
Org(t, x) satisfy Assumption 3. Let T be sufficiently small. Then we have

[estim (g @) - g (@21 )2b)
»

= [ [ @ty o+ [ @t ae))oh)

Furthermore, for any F[y] € F* we have
[0 (g (@A @) ~ g (7T ) PP

T T
= [ ([ @t o) i+ [ @it ) Fhiph.

’

Remark. (2.8) is the key of the proof of Theorem 7.
Proof of Theorem 7. By Theorem 3(1) and Theorem 2(1), we have

Gi[v] = g(T",~(T")) — g(T",~(T")) € F*.

10



Smooth functional derivatives in Feynman path integrals

We note that {(02g) = (02g). By Theorem 6, Theorem 3(2) and Theorem 2(1) we

have
TN

»
Gal] = / (Org) (1)) - dy(t) + / (Brg) (. A(£))dt € F>

’ ’

By the fundamental theorem of calculus we have Gilya,,] = Ga[var,] for any
broken line path ya,,. By Theorem 1 we get

/ eSO/ [y F) D)

J+1 1 d/2 s 1k
= lim ] iSharol/ic F
|AT1,£I‘1_>O j:l <27Tiht] ) ~/1:{.d‘] ¢ ' [A’/ATYO] [VATYO]

J+1 1 /2
. is h
- |A££I\1HO H < ) ¢ [’YATYO]/ Go [’YAT,O]F['-YAT,O]

= [éStrGapFbIp). O

dxj

=]

dxj

Jj=1 1

<.
Il

Theorem 8. For any broken line path ¢ : [0,T] — R%, we have the following:
(1) (DS)[C] € F=~.

(2) exp <%(S[’y+§] - S[’y])) € F*°. (The estimates of Theorems 5, 16, 17
depend on £.)
Theorem 9. (Translation). Let T be sufficiently small. For any F[y] € F* and
any broken line path n : [0,T] — R,
/ SO Ey 49Dl = / SIIMERIDN] .
Y(0)=wo,v(T)=2 7(0)=z0+n(0), Y(T)=z+n(T)
Corollary. (Invariance under translation). Let T be sufficiently small. For any
F[y] € F* and any broken line path 7 : [0,T] — R with n(0) = n(T) =0,
/1 ew”*“”qﬁv+4ﬁ9h]=t/ eSOV D] .
7(0)=z0, v(T)== v(0)=z0,v(T)=2

Proof of Theorem 9. By Theorem 8(1) and Theorem 2(1), (2) we have

exp <% (Sly+n] —S[v])) Fly+n € F>.

By Theorem 1

J+1 1 d/2
iS[y+nl/h _ 1
e Fly+nDly]= lim | | ( - )
[Y(O)—107’Y(T)—$ [ ] [ } |Ar,o|—0 27T1htj

j=1

J
y / iSharol/h ei(S[’YAT’O"Fn]_S['YAT,O])/hF[/YATYO + 1) H dx;
RdJ .
j=1

11
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exists. Choose A7 which contains all time where the broken line path 7 breaks.
Set n(T;) = y;, j = 0,1,...,J,J + 1. Since ya,, + 71 is the broken line path
which connects (T}, x; + y;) and (Tj—1,2j—1 + y;—1) by a line segment for j =
1,2,...,J,J 4+ 1, we can write

/ /M ELy + 1D
¥(0)=z0,v(T)=2

J+1 1 /2
- lim H < ) / eiSATYO($J+1+yJ+1:wJ+yJ7-~~75E1+y1;$0+y0)/h
|Az,0|—0 =1 27Tlhtj RAJ

J

XEAro (g1 +Yiv1, 20 + 97,521 + Y1, T0 + Yo) H dz; .
j=1

By the change of variables: z; +y; — z;, 7 =1,2,...,J, we have

/ eSO/ Ely + 1Dl
7(0)=z0,v(T)==

J+1 1\ Y2
- lim H eiSAT’O(gc,,+1+yJ+1,r./,...,z1,ro+yo)/h
|Ar,0|—0 - 27T1ht] RdJ
Jj=1

J
XFago (Tri1 +yr41,20, - 21,20 + o) [ [ des
Jj=1

SUVRFNDR]. O

~/7(0)—¢E0+77(0); Y(T)=+n(T)

Theorem 10. (Taylor’s expansion formula). Let T be sufficiently small. For any
F[y] € F°° and any broken line path n : [0,T] — RY,

J R Pb) =3 [ S P D o
=0 .
+ [ B [t ey + onll-- (Db

Proof of Theorem 10. Using Taylor’s expansion formula of (2.4) with respect to
0 <0 <1 we have

L 11 _ oL
Fly+l =3 5 0Ll b = [ S22 0F R+ onlf- njao
— ! !
for any broken line path 7. By (2.3) we get (2.9). O

Theorem 11. (Integration by parts). Let T be sufficiently small. For any F[v] €
F> and any broken line path 1 : [0,T] — R with n(0) = n(T) =0,

i

[ SmDEnDh) =~ [ SV DS) Al R,

12
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Proof of Theorem 11. Choose A7 which contains all time where the broken

line path n breaks. Set ya,,(Tj) = x; and n(T;) = y;, j = 0,1,...,J,J + 1. By
Theorem 9 with n(0) = n(T") = 0 we have

J+1 1 d/2
0=l
|ATgl—0 11 (2mhtj>

j=1
) ) J
% / y (QIS[’YATYO—H?]/EF['YAT,O + 77] . els['YAT,o]/hF[,yATYO]) dej
Rd- .
j=1
1J+1 1 a2 . ol
= li 1Syap o +0n
\ATI;I\lHO/O J:l_[l (27Tihtj> Aw ¢

. J
(3 (D) + O01F s + 001 + (P )var + 0110 ) [T 0.

Note (2.4) and yo = ysj+1 = 0. By the change of variables: z; + fy; — z;,
j=1,2,...,J, we have

1J+1 L\ 92 S
0= i WIYAT o
|AT1,£I\1—>O‘/O H (27Tihtj> /Rd.l ¢

Jj=1

. J
(5 S0zl Bisg] + (DF) sl ) T st

= % / SOM(DS) Y] PPl + / SO/ DR IDRH]. O

Theorem 12. (Orthogonal transformation). Let T be sufficiently small. For any
F[y] € F* and any d x d orthogonal matriz Q,

/ SOV FIGyIDR) - [ SSEVRFID])
Y(0)=z0, ¥(T)== 7(0)=Qzo,v(T)=Qx

Corollary. (Invariance under orthogonal transformation). Let T be sufficiently
small. For any F[y] € F*°, any d x d orthogonal matriz Q and any broken line
path n: [0,T] — RY,

/ I EIQy 4Dk = [ S F D]
7(0)=0,~(T)=0 7(0)=n(0), v(T)=n(T)

Proof of Theorem 12. Since @ is an orthogonal matrix, we can write

sie = [ (% h

13
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N. Kumano-go and D. Fujiwara

For any integer k > 2, there exists a positive constant A}, such that |05V (¢, Qz)| <
A}, for any multi-index o with || = k. By Theorem 1

/ SRR B
v(0)=z0,v(T)=2

J+1 Lo\/2 [ y J
_ oy iS[Qvaro)/h A
|AT1;I\1—>0 H (27Tihtj> /RdJ ¢ [QW/AT’O] H "

j=1 j=1

exists. Qya,, is the broken line path which connects (7, Qz;) and (Tj_1, Qx;_1)
by a line segment for j =1,2,...,J,J + 1. By the change of variables: Qz; — x;,
i=1,2,...,J and |det Q| = 1, we have

/ SV p[Qy]Dp]
¥(0)=z0, v(T)=2

J+1 1 d/2 . @ Quo) /A
— lim - el A o \&TI+1,T7,..,T1,T0
|A7,o|—0 H (27T1htj> Ad.l

Jj=1

J
XFAT,O(Q'I;J-i-l;mJa BRI o Qmo) H dx]

j=1

-/ eSH/ME D). O
¥(0)=Qz0,v(T)=Qz

3 The details about the convergence in Theorem 1
For simplicity, we set

rpy = (zp,2p-1,...,2) forany0<I<L<J+1,
m4 = max(m, 0) for any integer m.

Let T satisfy 44,dT? < 1 where Ay is a constant in Assumption 1. Then we can
define a:lijl = $3,1($J+1,x0) by
(an,l‘S’AT,o)(vaJrlv xTJ,lv zo) =0.
For any given function f = f(xj41,251,%0) let fT be the function obtained by
pushing ;1 = ajTle into f, i.e.
= flar,20) = f(xJJrl’xTJ,l’xO)'
Then we have

PyTAT,o = ’YAT,O(tﬂ TJ+1, xTLl? xo),

S[VTAT,O] = STAT,O(CCJH,xo) = SAT,O(CCJH,CCTJJMCO)’

F['YTATYO] = FLT,O('Q:J-‘rla 3:0) = FAT,O (mJ-FlaxTJ,l’ 3:0)'

14
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We define D, (7741, 20) by

J+1 d
i (1=t
DAT,0($J+17x0) = det (agJ,ISAT,O) X <1{7 .
J+1
Furthermore we define the remainder term TAT,O(FL? Tj41,20) by

J+1 1 d/2 s 1n J
I I 1 ’YAT,O F | | .
(27Tihtj ) /RdJ ¢ hAT’O] dm]

j=1 j=1

/2
1 isiyl  1/m _
- <27rihT> @8 (D (. 20) P FA, )+ WY ap (B x0) )

We can prove the convergence of (2.3) in the following order.

Theorem 13. (Convergence of Path). Let 4A2dT? < % Then, for any multi-

indices o, [3, there exist positive constants Cq g, C;ﬁ independent of Ar o such
that
1—|a+
| 92087k || < G (1 lal + o)1+

0202, (v, =) || = CloslrolT (1 +lal + Lol

where v! = y°Y(t, z,20) is the classical path with v°}(0) = 2o and v*Y(T) = =, and
IVl = maxo<i<r [y(£)]-
Theorem 14. (Convergence of Phase). Let 445dT? < L. Then, for any multi-

indices o, [3, there exist positive constants Co. g, CZLB independent of Ar o such
that

x —x0)? _la
030, (SLT,O<x,xo> - %)‘ < CapT (1 fa] + o) 70

0208, (SL,,(5,0) = S(T,,20) )| < G s | Ago 2T (1 ] 4 ) FO 71D

T X

where S(T,x,x0) = S[y°] is the action along the classical path v with 4}(0) = xg
and yNT) = .

Theorem 15. (Convergence of Main term 1). Let T be sufficiently small. Then,
for any multi-indices o, 3, there exist positive constants Cq g, C('lﬁ independent of
A7 such that

0902 (Dagy(w,20) = 1)| < Ca pT?,
0205 (Daro(z,20) — D(T, z,20))| < Cl gl Aro|T (14 || + |w0l)

where D(T, x,x0) is the Morette-Van Vieck determinant.

15
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Theorem 16. (Convergence of Main term 2). Let T be sufficiently small. Let
F[y] € F. Then, for any multi-indices o, 3, there exist positive constants Cq 3,
CY, p tndependent of At such that

T X

0208, FL,, (2,20)| < Cays (1 + I + o)™ |

T X

0202, (FL,.,(@,20) = F(T,,20) )| < Ch 4l Aao|T (1 + ] + o)™ |

with a function F(T,x,x¢). Furthermore, if the domain of F[v] is continuously
extended to C([0,T] — R®) with respect to the norm ||v|| = maxo<i<7 |Y(t)|, then
F(T,z,x0) = F[y).

Theorem 17. (Convergence of Remainder term). Let T' be sufficiently small. Let
Flvy] € F. Then, for any multi-indices o, 3, there exist positive constants Cy 3,
CY, 5 tndependent of Aty and h such that

‘a;lagoTAT,O (h, Z, x0)| < Ca,ﬁT (U + Tz) (1 + |5L‘| + |$0|)m )

10207, (Tar,(hz,20) = T(h, T, 2,20))| < Cf 5| Az,0|(U +T?)(1+ [a] + [arp])™
with a function Y(h, T, x, xo).

4 Assumption 2’ by ‘piecewise classical paths’

As a remark on Assumption 2, we state Assumption 2’ under the time slicing
approximation by ‘piecewise classical paths’.
Let v°! be the classical path with 7°}(0) = ¢ and y*}(T) = z, i.e. ¥ satisfies

the Euler’s equation
2

S0~ (@) (0) = 0.

For any division Apo: T =Ty >Ty > - >T1 > Ty =0, let
YAT,o = VAT, (tva-i-la TJye-ry T, mO)
be the ‘piecewise classical path’ which connects (T}, z;) and (T;_1,2;-1) by a clas-
sical path for any j =1,2,...,J+ 1. Set
S[PYAT,O] = SAT,O(xJJrlaxJa sy I, xO) y
Flvaro) = Faro(@yy1,2g,...,21,%0)
Assumption 2’ Let m and U be non-negative integers and v;, j = 1,2,...,J,J+1

be non-negative parameters depending on Ay o such that Z;-]:ll u; <U < oo. For

any non-negative integer M, there exists a positive constant Cjs such that for any
division Ap, any |oj| <M, j=0,1,...,J,J+1,and any 1 < k < J,

a1 J+1 m
< (Cm)" (1+ ZO|$J‘|) :
i=

J+1

o]
Har; FAT,g(mJ-Flvaa"'vxlva)
i=0

J+1 m
< (Ca)" M (upsr + uk)<1 + 2 |$J|> .
=0

J+1
< H 8;)‘;)8rkFAT’O($J+1,$J, . ,331,.230)
j=0

16



Smooth functional derivatives in Feynman path integrals

The class F’ of functionals F'[y] defined by Assumption 2’ also satisfies Theorem

1, Theorem 2(1) and Theorems 3, 4, 5, 6, 7. Furthermore, the convergence of the
time slicing approximation by ‘piecewise classical paths’ is much sharper than the
convergence of the time slicing approximation by broken line paths. For the details,
see D. Fujiwara and N. Kumano-go [11,12]. In [12], D. Fujiwara wrote down the
second term of the semi-classical asymptotic expansion of Feynman path integrals
with the integrand F[y] of polynomial growth.
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