On path integral for the radial Dirac equation
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A path integral representation is given to the Green’s function for the radial Dirac
equation, by constructing a countably additive path space measure on the space of con-
tinuous paths living on the real half-line. An application is suggested to a problem in
quantum field theory.
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1 Introduction and result

The aim of this note is to make a survey of our mathematical rigorous result
[12] on a path integral representation of the Green’s function for the radial Dirac
operator, and also to discuss a problem beyond that on the Yukawas quantum field
theory.

Consider the radial Dirac equation (e.g. [24, 25]) for a C2-valued function
u(ryt) = t(uy(r,t), ua(r, t))

%u(r, t) = —i[f + V(")u(r,t), (rt) e RT xR, (1)
with potential V' = V(r) being a real-valued function in » € Rt = (0,00). The
operator 7y is the free radial Dirac operator with mass m, acting on the Hilbert
space L2(R*,dr) ® C? of the square-integrable C2-valued functions of » > 0 with
respect to the Lebesgue measure dr:

. .0 k (0 -1\ 90 m  —k/r
Tk——1025—01;+m03—<1 0 )E—F(—kﬂ“ _m)

01 0 —i 10
10)727i o "’3_<0 —p ) Ve
are using the natural units 7 = ¢ = 1 for Planck’s constant h divided by 27 and
the speed of light.

However, to simplify our argument, let us consider its unitary equivalent

with the Pauli matrices o1 =

.0 k _.({1 0 0 0 —k/r—im
Tk—103§—01;+m02—1<0 —1)§+(—k/r+im 0 >(2)
Indeed there exists a unitary 2 x 2-matrix N such that NooN~! = —¢g3 and
2\70'1]\7_1 =01.
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The free radial Dirac operator arises from the spin-angular momentum decompo-
sition of the free Dirac operator in 3-space dimensions. The nonzero integer k
(= £1,4£2,...) represents an eigenvalue of the “spin-orbit operator”.

In [8, 9, 15], for the 1-space-dimensional Dirac equation

% (z,t) = — a% +imf+V(z)| ¥(z,t), (z,t) e RxR,

we have constructed a countably additive path space measure on the space of
Lipschitz-continuous zigzag paths to give a path integral representation for its prop-
agator. One of the decisive reasons why this is possible is that the fundamental
solution exp|—(ad, + imp)](z,y) of the 1-dimensional free equation is a ditribu-
tion of order zero in (z,y) € R x R, or in other words, the Cauchy problem is
L well-posed. The result has been refined in [9, 17, 18] and finally in [10]. Some
related works were also done in the meanwhile in [2, 4, 5, 20, 26, 6] and others.

Recently, in [13], we have, for the radial Dirac equation, explicitly computed the
propagator, i.e. the integral kernel K;(r, p) of e™*™ for k = 1, but, showed that,
though it turns out to be a distribution of order zero in (r,p) € RT x R*, there
exists no countably additive path space measure to represent the propagator for the
radial Dirac equation (1) because the free radial Dirac operator has a singularity
at r = 0 in its coefficients.

In this note we give a mathematical rigorous construction of a countably additive
path space measure to represent, though not the propagator, the Green’s function
for the radial Dirac equation (1) with 75 in (2) in place of 7.

The idea is to combine our method of constructing a path space measure for
the 1-dimensional Dirac equation in [8, 9, 15, 16, 17, 18], in particular, in [10] with
the following simple/intriguing procedure of dealing with singularity to perform
space-time transformation in path integrals used by physicists ([3, 21, 19], c.f. [7]):

1,1
A+B a(A+B

a:/ be Ha(A+BI] g gy (3)
)b 0

Here we are expecting the d¢-integral on the right to vanish at infinity. The operator
T has a singularity at » = 0 as in (2). However, multiply 75, by some functions
a(r), b(r) > 0 from the left and right sides, then a(r)7,b(r) becomes no more
singular.

Let us take a(r) = b(r) = r'/2. Then

r1/2m01/2 = 103r1/2% /2 4 (—koy 4+ mroy) =

. 4
—; 1 0 7‘1/227'1/2-’- 0 —k —imr . ( )
0 -1 or —k +imr 0

For potentials V(r), we assume that V(r) = St W (r) with a real constant e
r

in R being bounded near » = 0. Note

loc

satisfying |e| < \/k? — %, and W (r) is L}
this class of real-valued functions V(r) contains the Coulomb potential.
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We can show that the radial Dirac operator 7, + V is essentially selfadjoint
on C§°(R*) ® C?; its unique selfadjoint extension in L?(R*,dr) ® C? has a real
spectrum. It can be also shown that the relevant operator r'/%(r, + V)rl/? is
essentially selfadjoint on C§°(R™) ® C?, which is a non-trivial result.

Since 7'/27,71/2 has no more singularity at r = 0, so that e~ itl""/*(+V)r'/?]
behaves better near r = 0 than e (" +V) we can expect to construct a path space
measure associated with the semigroup e~ it 2(me+V)r'*]  Then the resolvent of
T + V' is, by the Laplace transform of this semigroup like (3), formally expressed

(with a suitable A € C) as

(i +V = N)"L(r, p) = 11/ {(7,1/2(7% N v /\)Tl/Q)—1:| (r, p)p*/? =

i/ /2 exp [—it(r1/2(7k +V— )\)Tl/2)} P2t
0

This may give a path integral representation of the resolvent kernel/Green’s func-
tion for the original radial Dirac operator 74 + V (r), though we could not find such
a representation for the propagator e =7t +V) jtself.

We introduce the following notations. If C2? and (C?2)’ are, respectively, the
space of the column 2-vectors and the space of the row 2-vectors, the space of
the 2 x 2 complex matrices M can be written as M(C) = C? ® (C?)’. With
Rt =[0,00), C5S (FQ) ® M (C) denotes the locally convex space of the Ma(C)-
valued C*° functions M (r,p) in R* % which have compact support and satisfy

8m+n .
WM(T‘, p)=0atr=0o0r p=0for all m,n > 0. Let 088(R+2)’ ® M>(C)
rop
be its dual space. As C(‘)’O(R+2) ® M3(C) is a subspace of ng(ﬁz) ® M3 (C),
o) 033(?2)’ ® Ms(C) is a subspace of D'(R?) ® Ms(C) of the M (C)-valued
distributions in R*+>. By (-,+) and {-,-) we denote, respectively, the sesquilinear

and bilinear inner products between a dual pairing.

We can show the following path integral representation for the resolvent [(7j +
V Fig)~Y(r, p) for the radial Dirac operator 74 + V (r), € > 0. We denote by |0, ¢|
the interval 0 < s <tor 0 > s >t according as t > 0 or t < 0.

Theorem. Let V (r) be a potential mentioned above. Then:

(i) there exists a C5Y (FQ)’ ® Mo (C) (2 x 2-matriz distribution)-valued, countably
additive path space measure pi0 on the space C(|0,t|] — RT) of the continuous
paths R : [0,t| — R* such that the resolvent kernel [(1y, + V F ie)~Y(r,p) for

the radial Dirac operator admits a path integral representation: for every pair of
f, g€ CE(RT) @ C?,

(f (e +V Fie)Tlg) = /°° /°° )+ V Fie) T (r p)g(p) drdp =
0 0

[ e (TORE, i () (00
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xR(t)Y2R(0)"/? exp <_/0 (iV(R(s))R(s) £ eR(s)) ds). (5)

In particular, the resolvent kernel [(1y, + V Fie)~t(r, p) is a distribution of order
zero in (r,p) € RT x RT.

(ii) The measure o is concentrated on the set of continuous paths R : [0,t| — R+
for which there exists a finite partition:

O=toSt1 S Stnyr =t
of the interval |0,t| such that for tp_1 §

h—1

~(s) = RO exp (X070~ ) + D0 )| @

p=1

Thus each path R(-) is, for some finite n, an n-vertex piecewise smooth curve in
the radial space-time.

(iii) Suppose that 0 is not an eigenvalue of the radial Dirac operator T, + V. If the
Green’s function G (r,p) for 7, +V exists, then it is a distribution of order zero

in (r,p) € R*Q, and given as follows : for every pair of f, g € C§5(RT) ® C?,

/ / LF(r) G (r, p)g(p) drdp = lirr+1O the right-hand side of (5). (7)
o Jo e

R:m) ®

R.(él(i)

r (radial coordinate)

©)
RZ(SJ(O) R,”(1)

R|(5I(‘)

s (time)

Fig. 1. Two 5, 6 times zigzag paths R® (-), R(® () are illustrated among the paths R(:)
between the time interval 0 < s < ¢ on which the path space measure pi¢,0 is concentrated.

The property of the support of the measure 11,0 in Theorem (ii) may be thought
to describe a Zitterbewegung (see [23] or e.g. [24]) of a Dirac particle in radial space-
time, because the path R(-) in the support is a continuous zigzag curve which in
every finite time interval is, for some finite n, on each of its n-partitioned short time
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intervals a segment exponentially growing or decreasing, though not a straight line
segment. If formally expressed, equation (7) becomes, taking the “delta functions”
at the 2 points 7 > 0 and p > 0 respectively for f and ¢:

+oo
Gi(r,p) =1 lim dt/ L
e—+0 Jo C(|0,t|—=RT), R(0)=p, R(t)=r

< R(1)Y2R(0)/2 exp (— /O (iV(R(s))R(s) = <R(s)) ds).

dpie,o(R) %

Section 2 gives an outline of how to construct the path space measure for the
relevant operator 7'/27,r'/2 to the radial Dirac operator 74 in (2). In Section 3,
we establish a path integral representation for the unitary group for the relevant
operator to get to the Green’s function of the original radial Dirac operator 74 +
V(r). In Section 4, a problem is discussed on Yukawas quantum field theory. The
details of the contents until Section 3 is referred to [12].

2 Outline of construction of the path space measure

We consider only the case ¢ > 0, so that |0,¢| means the interval 0 < s < ¢
or [0,t]. We want to construct our path space measure p o on the space of the
1-dimensional continuous paths R : [0,¢] — [0,00) = R¥ living on the closed half-
line. The argument will go analogously with our argument used in [10] for the Dirac
equation in 1-dimensional space R.

Consider the Cauchy problem for the relevant operator '/27,71/2 in (4) instead

of the original free radial Dirac operator 75 in (2):
owu(r,t) = —i[r 2merPu(r,t), r>0,t>0, ®)
u(r,0) = g(r), t=0.

This is a hyperbolic system of the first order with the local propagation speed
¢(r) = r. Crucial is that this Cauchy problem is L> well-posed and satisfies:

Lemma 2.1. The solution u(r,t) of (8) obeys for every C*-valued continuous
function g = (g1, g2) in Rt with compact support in a bounded interval [0, c] with
¢ > 0 the inequality:

”u(’ t)”m _ Hefit[rl/%—krl/z]gH < e\t|(M(c,k)+3/2)||g||oo , (9)

oo

with M (e, k) = me+ |k|, and u(-,t) has support in the bounded closed interval
[e*‘tl inf supp g, e/l sup supp g] [0, elt‘c} .

We begin to construct our path space measure fi; .

Let Rt = R¥ U {oo} = [0,00) U {0} be the one-point compactification of
— . . [0,t]
R+ = [0,00), and, for each fixed ¢t > 0, let Ry := oy RT = (R*) be the
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uncountably many copies of R*. By the Tychonoff theorem Rt is a compact
Hausdorff space in the product topology. It may be regarded as the space of all
paths R : [0,¢] — R, possibly discontinuous and possibly passing through zero
and/or oco.

Let C(R+,0) be the Banach space of the C-valued continuous functions on R,
and Cqn(Reo) its subspace of those ¥ in C(Ry,o) for which there exist a finite
partition of the interval [0, ¢]:

O=s9 <1< - <sp_1<sg=t,
and a C-valued bounded continuous function F(zq, ..., z¢) on (R)¢1 such that
\IJ(R) = F(R(SQ), R(Sl), e ,R(Sg)) .

In view of (4) put

C:=—i [ 1/27%7“1/2] =A+B, (10)
0 1 0 0
e iet/2, 0 Y 12 1/2( Y\, 1/2
A= [17" agarr } ( 0 -1 )7“ (8T‘)T , (11)
. 0 ik +mr
B := —i(—ko1 + mrog) = ( R 0 ) ) (12)

1/2

Let K(t;r, p) be the integral kernel of e!¢ = e itlr!/ 2 mrt 2], Define, for each fixed
t > 0, a functional L¢ o(V; f, g) which is linear in ¥ € Cqn(R¢,0) and sesquilinear
in (f,9) € [C(RT) ® C*] x [C55(RT) @ C?], by

Lio(¥; f,9) / df‘é/ dre—y - / Pf(re) K(se — so—137m0,m0—1) X

K(s¢g—1 —s0—2;70-1,70—2) - ... - K(s81 — s0;71,70) X
XF(ro,r1,. .. ,W)g(ro) drg . (13)

Then the right-hand side of (13) can be rewritten as

Lto(¥; f,9) (14)
/ / A”C ehse1C eASlCF(ro, T1,...,7¢)g(ro) dredrg

Asj=s;—s;-1, 1<j<U, (15)

where e2%¢ is a linear operator (with integral kernel K (s; — sj_1;7;,7j—1) trans-

forming the functions of r;_; to the functions of r;.

tC — o—it[r'/Prrt?] _ t(A+B)

We expand e as a Dyson series

e} t tn ta
elC = et 4 / dtn/ dt—q1-- / dtyelt—tn)A
,; 0 0 0 (16)
XBe(tn*tn—l)AB . Be(tQ*tl)ABetlA .
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Then, shifting all B in the integrand of (16) to the left by use of the commutation
relation

t
etAB = B(t)e*tA7 B(t) = [ikal — imrog < % 69t >],

we see there exists a 2x2-matrix B, (Ats, ..., At, 1) dependent on At; :=t;—t;_1,
1 <j<n+1, and of course, dependent on m, k, r, such that

00 t tn to
etc:etA+Z/ dtn/ dtn_l---/ dt; x
n=1 0 0 0
n+1

j=1
=) Calt). (17)
n=0
We can see that C),(t) satisfies the bound
me+ k)",

GO < T preitrey g (18)
for all f € C§°(R") ® C? with supp f C [0, ¢]. Moreover, since the integral kernel
of 5

et = exp {—it (irl/Qag— 7’1/2”
or
is given by
t/25 _ pat
tA _ [ e%0(p—re’) 0
e (Tap)_ < 0 eft/26(p_,reft) > )

the integral kernel of C),(¢) has support
supp o (1)(r,p) = { (p,7) € R* x RY; p=rexp (£[S7 (-1t ]) b (19)

Now substitute €' in (17) with ¢ replaced by As; into (15), then

Lo@ifg) =Y % | [ e

n=0 ni+---+ng=n
X Ch, (Asg) - Cpy(As2)Cry (As1)[F (1o, 71, ..., 70)g(ro)]dredrg =
=Y Lio(¥sf.g). (20)
n=0

To construct ps o on Ry, the next lemma is crucial.

Lemma 2.2. (i) For each t >0, L;o(V; f,g) and L} ((V; f,g) are independent of
the choice of F corresponding to ¥ € Cqn(Rep).

7
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(ii) If f, g € C5°(RT) @ C? with supp f or suppg C [0,c], then
Lio(; £, 9)] < MRS @[] £1 gl , (21)
M(c,k)"
! 2w 1111 llglloo (22)

with M (c, k) :=mc+ |k|, for alln=0,1,2,....

Proof. It is easy to see the assertion (i) is due to the semigroup property of

et = exp [—it (irl/Qagg 7'1/2)] .
or

(ii) (22) implies (21). So it suffices to show (22). This is seen as, by the bound (18)
for Cy, (As;) with As; instead of ¢,

ILi o (%5 f,9)] <

n (mc + |k n s
Lio (s o)l < Y H[ | ) © (Asy)retD ”/2} [ Flloollfll1llglloc =

ni+--+ng=n p=1

MER (5 o)’ exp(g 85, IF e 111 ol =

n!

M(e.k)"
= — N gl -

¢
Here we have used > As, =t, and the identity
p=1

Z (Asy)™ (Asz)™ ... (Asy)™ _ (Zizl Asp)n ot

ni'ng! ... ny! n! Tl
ni+...4+ne=n 1 2 £

This ends the proof of the lemma.

A consequence of this lemma is the following. As Cgn(Ry¢0) is dense in C(Ry )
by the Stone-Weierstrass theorem, so the inequalities (21) and (22) hold also for all
U € C(Rt,). This means that for each pair (f,g), Lio(-; f,g) and Ly (-5 f, g) are
C-valued continuous linear functionals on C(R¢,0). So by the Riesz representation
theorem, there exist C-valued regular Borel measures pit,0;f, and gy, o on Ry
for n=10,1,2,..., such that for all ¥ € C(R4,0),

Leo(W: f.g) = /R Qte.011.9(X) W(X) (23)
L7o(W: f.g) = /R Aafigs.o (X) W(X) (24)

Hence we can also see that there exist C§§ (Wg)' ® M (C) (distribution)-valued
regular Borel measures pu0(-) and pyo(-) on Ry such that for every pair (f,g) €

[C55(RF) ® C?] x [Ci5 (RF) © C7,
(Foueo()g) = meoa() s CFoufo()g) = ufo.f.q()
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Here note it to hold that
o M2 oo (M + 5 00
Cos (RF7) @ My(C) = [CF5(RF) @ C*®[Cis (RY) @ (C?)'],
o (M T2 0o
Cop (RF )I ® M(C) = [Coo (RJr) ® Cg] [COO (R+) (C ) B
where these tensor products on the right are completed in the 7- or e-tensor product

topology, because C5S(R+) and C55(RT) are nuclear spaces.
It follows from the expansion (20) that

[14,0:,9 (- Z,u’tofg . peo( Zﬂto (25)

respectively, in the sense of expansion of the complex-valued measure and in the
sense of expansion of the 2 x 2-matrix distribution-valued measure.

Finally we observe on which set of the paths the measures p: o and py', are
concentrated.
To do so, inspect the expression (17) in Cy, (As;):

s tjng tj,2
Onj (AS]) = / dtj,nj / dtj,nj_l s dtj,l X
Sj—1

Sj_l 0
anrl
Xan (Atj72, e lAtj’anrl) exp( Z (—1)qlAtj7qA) R
g=1
and consider their product

Ch,(Asg) -+ Chp, (ASQ)Cnl (Asy) =

/ /dt’“B / /dt’” 1By, (---)el 4
X --/.../dt“anz(---)e "')A/.../dt"le(---)e('”)A

to find its integral kernel. Here keep in mind the support property (19) of C.,(t).
We change the n = n; + ... + ng integration variables {t; ;1 < ¢ <nj;, 1 <j </}
to {t1,t2,...,t,} in the set of £ nj-pleces
A(Sl,SQ,...,Sg) : 0280 Stl StQ S Stnl SSl Stn1+1 S
<...<s8-1< tn1+...+ng_1+l <. . <Stp<s=t.

Then a little patient calculation shows that there exists a 2 x 2-matrix-valued
function B(t;n1,...,ne) such that

Ch,(Asp) ... Cpy(As2)Chry (Asy) =

n+1
= / . / dt,dt,—1 .. .dtlB(t;nl, ... ,ng) exp< Z (th — th_l)A).
81,82 Sy

h=1

Hence we can determine first the support of each measure ', through the expres-
sion of Ly((¥; f,g) in (20), and then the support of our py o, by (20) and (25), as
the union of the supports of the measures p'.
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3 Path integral representation

We establish a path integral representation of Feynman-Kac type for the semi-
group exp [—it(r'/?(r + V(r))r'/2)] or the solution u(r,t) to the Cauchy problem
(8) for the relevant operator /2 (7, + V (r))rt/? = ¢1/2702 2 £ 9V (r).

Theorem 3.1. For exp[—it(r'/2(r, + V (r))r'/?)] it holds that

(f7 eXP[_it(’rl/z(Tk + V(T))Tl/Q)]g) =
TR t (26)
_ /C e (TR, dueo(R) g(R(0)) ) exp i /O V(R(s))R(s) ds].

Proof. For s > 0, define a linear operator U(s):
—is T1/2T T1/2 —isr T
(U()g)(r) = (o7 Pl eV ) g) ()
/ K(simp)e ™V 0rg(p)dp, g€ CPRY)®C*.  (20)

The operator U(s) is a contraction on L2(R*)®C2? because e~i"""*7'"*] is unitary,

and also bounded in the L*° operator norm by Lemma 2.1. Then for every integer

h—1)t
n > 0 with s,_1 = ( - ) ,h=1,2...,n+1, we find by (13) that for f €

Ce(RT) ® C2,

n+1) times

(f,U(t/n)"g / / Frn) <_n (%;Th_rh—l) X

X exp {—1}12_:1‘/(7“;1_1)7“;1_1 (%)] g(ro)drodry ... dr, =
= [ TR ol B 9(RO))
C([0,t]=R*)
x exp [—ih’Z;WR(shl))R(shl) 3] .

n

Then, as n — oo, the first member above converges, by the Trotter product for-
mula (e.g. [RS]), to (f, exp|—it(r'/2(m, +V (r))r'/?)]g), since r/?(r, + V (r))r/? =
2t /2 4 1V (1) is essentially selfadjoint on C§°(R*1) @ C2.

On the other hand, the last member converges, by the Lebesgue convergence
theorem, to

/C([OJ]HRJF) <tm, dpe,o(R) g(R(0) >exp[ 1f0 R(s)ds| .

Thus we have shown Theorem 3.1.
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Remark. The Trotter product formula used here is the unitary one, which usually
converges only in the strong operator topology. Though it is irrelevant to the above
proof, we would like to note here that there are some nontrivial special cases where
the unitary Trotter product formula converges even in the operator norm, including
the case for the Dirac operator —i 25:1 a0z, +mfB+V (x) with suitable potentials
V(z). This fact has recently been discussed in [14] (see also [11]).

Now, the proof of the main theorem is immediate. In Theorem 3.1, with £ > 0
consider exp[—it(r'/? (1, + V (r))r'/? Fier)] instead of exp[—it(r'/?(rx + V (r))r/?)].
Then we can get by Theorem 3.1 the expression (26) corresponding to this case.
Then taking into account the relation between the radial Dirac operator 7, + V(1)
and the relevant operator r'/2(7; + V(r))r'/? with the relation (3) in mind, we
have only take the Laplace transform of both sides to get (5). This shows the main
theorem.

4 Application to a problem in Yukawas; quantum field theory

Battle and Rosen [1] used Vekua—Bers’s theory of generalized analytic functions
to show the FKG inequality for Yukawas quantum field theory. The Y5 measure is
formally given by

() = 5" T o).,

rzeR?
W(z):=-1(¢,(-A4+m})¢) + Tt K — 3 : Tt K*K : + TrIn(l — K),

with a normalization constant Z, where ¢ is the Boson field with Boson mass
myp > 0. K is an operator with integral kernel

K(z,y) = S(x,y)0(y)xa(y)

with xa the indicator function of the set A C R?, and for x = (zg,21) € R?,

S(x,y) := (=00 +mys) T, B0y = Podo+ 101,

ﬂ()ﬁ:((l)(l)):(fl, 511=<(1)_01)=U37

with my > 0 being the Fermi mass. They considered the two cases

a) T := ( (1) (1) ) =1 (scalar Yq),
0 —1 :
b) I' := < 10 > = —ioy  (pseudo-scalar Ys).
Then the FKG Inequality (like (fg) > (f){g)) holds if 752W >0,z#y
y Z =2 U, .
5¢(x)69(y)

This condition is equivalent to showing that tr .S’(x,y)S’(y,z) <0, x # y, where tr

11
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strands for the 2 x 2- matrix trace, and S’ := (1 — K)~1S is the Green’s function
(vanishing at oo) for the 2-dimensional Euclidean Dirac equation

[T (=B0s +my) — ¢(a)xa(x)] §'(z,y) = 6(x —y).

The approach of the present note will give a path integral representation for this
Green’s function S’(x,y), though it may be the case where the function ¢ and the
set A are rotation-invariant on R?, and be suggested to give an alternative proof
to the FKG inequality. The issue will be discussed elsewhere.

The author wishes to thank the organizers of this Path Integral Conference, Prague, June
2005, for their invitation. The research was partially supported by the Grant-in-Aid for
Scientific Research (B) No. 16340038 and Grand-in-Aid for Exploratory Research No.
17654030, Japan Society for the Promotion of Science.
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