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1 Introduction

The usual electromagnetic gauge field admits a generalization in terms of anti-
symmetric pth order tensors or p—forms. The revival of interest for the p—forms is
mainly due to there appearance in supergravity or string theory. Furthermore, the
pth antisymmetric gauge fields naturally couple to (p — 1)-dimensional extended
objects. However, the p—forms are known to be relatively rigid in the sense that
there is a few number of consistent interactions for them [1]. Despite these re-
strictions p—forms may present interesting symmetry properties, as it is the case,
for instance, with the duality transformations between types IIA and IIB string
theories [2]. In this paper we investigate a new possible symmetry among p—forms.
This symmetry turns out to be a non-trivial extension of the Poincaré algebra in
D-dimensional space-time, an extension different from supersymmetry.

By definition this symmetry is not in contradiction with the no-go theorems
[3] because its underlying algebraic structure is neither a Lie algebra nor a Lie
superalgebra, but an F'—Lie algebra. The F-Lie algebras were introduced in [4, 5].
They admit a Zp—gradation, the zero—graded part being a Lie algebra and the
non-zero graded parts being appropriate representations of the zero—graded part.
An F—fold symmetric product (playing the role of the anticommutator in the case
F = 2) expresses the zero graded part in terms of the non-zero graded part. In

*) e-mail: moultaka@lpm.univ-montp2.fr

)
9) e-mail: rausch@lpt1.u-strasbg.fr

H) e-mail: atanasa@lptl.u-strasbg.fr

**) Laboratoire de Mathématique et Applications, Université de Haute Alsace, 4 rue des Freres
Lumieéres, 68093 Mulhouse cedex, France



G. Moultaka, M. Rausch de Traubenberg and A. Tanasa

particular when the zero—graded part coincides with the Poincaré algebra, one
has additional generators, denoted V, such that V¥ ~ P, with P the space time
translation generators. Then, it has been realized that, within the framework of
F-Lie algebras, different extensions of the Poincaré algebra can be constructed.
Firstly, one considers the new generators V' belonging to an infinite dimensional
representation of the Poincaré algebra (a Verma module) [4]. Such extensions in
(14 2)-dimensional space-time have been considered, with V' belonging to the spin
1/F-representation of the (1 4+ 2)D Poincaré group. It has been shown that this
symmetry acts on relativistic anyons [6] and can be seen as a direct generalisation
of supersymmetry, named fractional supersymmetry [7].

Secondly, finite dimensional F-Lie algebras have been obtained by an inductive
theorem, starting from any Lie (super)algebras [5]. Inonii-Wigner contractions of
certain of them allow other types of extensions of the Poincaré algebra.

Following this second line, in a previous paper [8] a field theoretical realiza-
tion of the simplest extension (with F' = 3) has been realized in four space-time
dimensions. This new extension of the Poincaré algebra was named cubic super-
symmetry or 3SUSY algebra. Since this extension is based on some new generators
in the vector representation of the Poincaré algebra (see bellow), its representations
contain states of a definite statistics, i.e. the multiplets are purely bosonic or purely
fermionic. Thus, the name cubic supersymmetry may be misleading. In order to
avoid confusion, from now on, this symmetry will be called cubic symmetry.

In this paper, we will extend to an arbitrary number of space—time dimensions
some of the results obtained in [8]. Studying the representation theory of this
algebra, one obtains, among other possibilities, antisymmetric tensor multiplets
containing p—forms. We thus have a symmetry that acts naturally on these p-
forms.

In the next section, we recall briefly the underlying algebra and its matrix rep-
resentation in D—space-time dimensions. Then, we explicitly consider the antisym-
metric tensor multiplets and their transformation laws in D = 1+ (4n — 1). These
transformations acting on p—forms have an interesting geometrical interpretation
in terms of the inner and exterior product with a one—form, the parameter of the
transformation. In section 3, invariant Lagrangians are obtained. We observe that
cubic symmetry invariance requires gauge fixing terms adapted for p—forms thus
generalizing the usual gauge fixing term of electrodynamics. In the last section
some conclusions are given.

2 Non-trivial extension of the Poincaré algebra

In this section we will extend to an arbitrary number of space—time dimensions
the cubic symmetry algebra and its matrix representation. Antisymmetric tensor
multiplets and their transformations laws will then be obtained.
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2.1 The algebra and matrix representations

The cubic symmetry algebra is constructed from the Poincaré generators (Lpsn
and Py, M, N =0,...,D —1) together with some additional generators V), in the
vector representation of the Poincaré algebra,

[Lyn, Lpg) =nnpLpy —nvpLpen +nvpLyvg —nupLng,
[Lvn, Ppl =nnpPy —nup Py, (1)
[Lun, Vel =8PV —nupVn, [Pu,Vn] =0,
{Vi, VN, VrR} = nunPr + nurPn + v P
where {VM, VN, Vp} =VuVNVe + VuVRVN + VNV VR + VN VERVM + VRV VN +
VrVnVar stands for the symmetric product of order 3 and nyy = diag (1, —1,...,—1)

is the D—dimensional Minkowski metric. A matrix representation of our algebra is
given by

0 AY3T )y, 0
Vi = 0 0 AY3T (2)
A—2/3py, 0 0

with T the D—dimensional T—matrices ({T'p7,Tn} = 2nmn), Py = Ou?t) and
A a parameter with mass dimension. When D is an even number (D = 2k) the
i(;)w Zé\4>’ with ¥y = 20 =1, i] =
=Y, I =1,...,D —1 and ¥; the generators of the Clifford algebra SO(2k — 1),
Y185+ 2,8 = 26ry. Thus, the representation (2) is reducible leading to two
inequivalent representations:

I'—matrices can be written as I'j; =

0 AY3Y 0, 0
Vin = 0 0 AV3S
A_Q/BPM 0 0
0 AV3Y 0 ®)
M
Vo = 0 0 AY3%
A—2/3py, 0 0

For simplicity, we set from now on A = 1 (in appropriate units). It has been noticed
before that particles in an irreducible representation of (1) are degenerate in mass
[8], because P? is a Casimir operator.

For further use we introduce the antisymmetric set of I' matrices

1
r® Taryoong, = i E Tar,, - Tadyg 4)
" o€S,

(with Sy the group of permutations with ¢ elements) which for even D gives a
further simplification

r . EMleQ-.-EM2£_12M2£+ perm 0
MueMze = 0 S S Sty 5
My 2My " 2iMyy_q 24 My, T PETI
1) It should be noted that, in this paper, we take the structure constants to be real — see

Eq.(1)— and consequently there is no i factor in Pps.
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_ E1V11'”]\/12£ N 0 >
0 EMI"'MQK ’

T, = = ~
My Maea <2M12M2 '-'EM%EMMJrl + perm 0

_ <~ 0 EMl...M2£+1>
E1V11”']\/12z+1 0 ’

where the definitions of the ¥, & matrices can be deduced from the equalities above.

14 -
For instance, s, . ap = D ( 11 EMU(Qi—l)EMU(Z'i)) and similarly for the other
o€Sy i=1
matrices.

2.2 Antisymmetric tensor multiplets

To build a representation of the algebra (1) using the matrix representations (2)

and (3) we have also to specify the representation of the vacuum. If the vacuum

is in the trivial representation of the Lorentz algebra, the multiplet consists of
Uy

three spinors ¥ = [ Wy | transforming as 6. ¥ = eMV,, ¥. When the space-time
Vs

dimension is even, this representation is reducible and consist of three spinors of

definite chirality. We have two possibilities corresponding to the two choices for

Uy T,
the matrices Vi (see (3)) ¥y = | Wa | or W_ = [ Wy [. They transform as
Way Uy

0. Wy = eMVy Wy, with £ a commuting Lorentz vector that we take real (we stress
that € is not an anticommuting spinor unlike in supersymmetry), ¥ a left—-handed
spinor and W_ a right-handed spinor.

From now on we consider the case of D =1 + (4n — 1) space-time dimensions,
the general case will be studied elsewhere. We concentrate on the case where
the vacua are in the spinor representations of the Lorentz algebra. We take two
copies W, AL transforming with Vi, and two copies of the vacuum in the spinor
representation 24, wy. From the decomposition of the product of spinors on the
set of p—forms

S8y =[0]@®2]@®- - [2n]+,
S_S_=[0a)21®- - [2n]_, (6)
SiesS_=[1]e3l&---2n—1]

with St a left/right handed spinor and [p] representing a p—form and [2n]+ an

4
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(anti-)self-dual 2n—form, one gets the four multiplets

i+ Aoy © Apg) © -+ D Apgny
Eir =000, = Z 4 | = A[l] & A[3] S @ Appy |,
S3 44 A @A[Q]@...@A2n1+
i 14/01 DAy @ @ Ay
B =000 =5 |= f‘ff/l] @f‘}fg - @A[% |
=3-- Agodye o A[Qn ) "
1o+ Ap © Ay @ -+ & Apnyy
Eg=Aoui=| G | = An©Ap @ v{}mn ,
Sa— A @A @ © Apn
—_ I I .
g Ay @Ay @ @ A[zn .
—_ / !
/ ~1
§a4- Am OA®- D Apn,l]

Thus in each = multiplets we have various set of p—forms, with 0 < p < 2n.
Due to the property of (anti—)self-duality of 2n—forms in 1 + (4n — 1)—dimensions,
*Apny, = iApn, *Afzn] 1A[2n , etc (with *Apa,,), the Hodge dual of Ay, ),
the 2n—forms are complex representations of SO(1,D — 1) and consequently also
the other p—forms (see Eq.[14] below). The multiplets in (7) can be taken complex

conjugate of each other (2%, =Z__ and 2% _ =E_,), that is
{11210] = {%210] ) Ar2n = ~£2n],
A[2p] = A[2p1 ) A[2n A[gn], > (8)
* —
A 2p+1] — A[2p+1]

(the complex conjugate A* of A should not to be confused with its dual *A) and
similarly for the fields coming from =_ and = _.

The underlying algebra (1) and its representations (2) and (3) have a Zs—graded
structure. Hence, one can assume that the fields with no tilde symbol are in the
(—1)-graded sector, the fields with one tilde are in the 0-graded sector and the
fields with two tilde symbols are in the 1-graded sector. For example, for the
multiplet =, the fields Ajg, ..., Aj2), are in the (—1)-graded sector, the fields

fl[l], e fl[zn_l] are in the 0—graded sector and the fields A[O], ce A[Qn]+ are in the
1-graded sector.

Now, in order to obtain the transformation laws of the p—forms, we give first
the general relations which allow to project out any p—form wy, from the product
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of two spinors, denoted ¥4 ® .. One has

n—1

1 11
= t = _— (2p) L 2~ (2n)
Ui =V @0 = pgo (zp)yw[zp]E s (2n)!w[2n]+2 .
n—1 1 1 1
U =0 U =5 — 5P 4 s
o 2;; Ep BI= T T =
o (9)
U, =0, U!iC_ = Z W NPT
= (2p+ 1)!
n—1 1 ~
Uop =W @WC =) mw/{%ﬂ]z(%“) :
p=0 ’

Since the ¥ matrices (5) act on spinors, they have the first spinor index up and the
second spinor index down. This means that in the equations above the index of
the second spinor has to be raised by means of the charge conjugation matrix C =

<CJ CO ) . In the correspondence (9), we use the symbolic notations W[QP]E(QP) =

Wiz2p| Ml...szEM%”'Ml. These relations which originate from the properties of the
Dirac I'-matrices, translate in fact (6) with explicit normalizations. Conversely,
using the trace properties of the I' matrices one gets

1 1 .
Wizn = g It (E(Qp)qj++) ) Wienly = o I (2(2 )‘I’++)7
1 ~ 1 = (om
1 (et (10)
Wiept1] = QWTY (Z( P )‘I’+—) ;

1
w'l2pt1) = QWTY (Z(2p+1)‘1’—+) .

In components this gives for instance wyg, M- Mer = 2720 Ty (XM Mo ). Us-
ing the relations (9) and (10) can associate the p—forms listed in (7) to the mul-
tiplets Z11. We now calculate the transformation laws of these various p—forms.
For example, for Z, , from the transformation

0.4y = (MVyTy) @ Q4 (11)
we obtain
6:E144 = eMEnEr g,
0504 = eMSMEs iy, (12)
6:E314 = eMOMEr 4y .
To calculate from (12) the transformation laws of the p—forms, we use the identities

EM1---szcZM%JA = EMI---MQkMQkJrl + nM2kM2k+1EM1~~~M2k—1 -+ perm. (13)
EMI---M2k+1 E]\/12&-;-2 = EM1~~~M2k+1M2k+2 + nM2k+1M2k+2EM1---M2k =+ perm.

6



Non-trivial extension of the Poincaré algebra for antisymmetric gauge fields

(where perm means sum on all permutations with the sign corresponding to its sig-
nature) for k < n (when k > n the situation is more involved because the X(2++2)
> (2k+1) matrices are related to the X (2k+2-27)  $1(2k+1-20) matrices). Similar rela-
tions hold for the () matrices.

To obtain from (12) the transformation properties of the p—forms, we proceed
differently for 2144 and Z5_, in order to avoid the presence of £(9) or 5() matrices
with ¢ > 2n.

Starting from 6.2, _, = EMEM53++, and using (10) we first have §€A[Qp+1] =
eM2=2nTy (E(2p+1)iMEg++). Using (13), we calculate (2Pt %, Then, from
the trace identities for the ¥ matrices, one obtains the transformations laws for
Ay (see (14)). )

In order to calculate 6,214, = ¢™¥E5_ 4, we proceed in the reverse order.
Firstly, using (9) and the identity (13), we compute the product ¥3;Z5 ;. Then,
using the trace formulae, we get the transformation laws of Ay

The last case §.Z344 is not difficult to handle. Finally we get

5514[0] = isA[l] 5514[1] = Z.EA[Q] + A[O] Ne

0 App) = icAppyn + Ay A e 0cAppy1) = iAo + App) A e

0cApn), = Apn—1yNe—1 *(A[znq] A 6) ScAjgn—1) = icApn), + Apn_o A
(14)

55/1[0] = EA[O], ce 55A[2n]+ = 5A[2n]+-

In these relations i. A represents the inner product of ¢ and A?), A A € represents
the exterior product of A and ¢, €A represents the action of the vector field ¢ =

My on A and *A represents the dual of A3). The terms —i *([l[gn_l] A E) in

0cAfan), preserve the self-dual character of App,),. Similar transformation laws
can be obtained for the other multiplets. In the case of multiplets involving anti—
self-dual 2n—forms, the —i becomes a +1i, in perfect agreement with the complex
conjugation (8).

3 Invariant Lagrangians

The transformations (14) suggest that an invariant Lagrangian should contain
only zero—graded terms. Thus, one is forced to couple the fields in the (—1)—graded
sector to the fields in the 1-graded sector and the fields in the 0—graded sector to

—

themselves. Furthermore, if we consider for example the Z,, multiplet, in order

2) In this paper, we take (isA[p])MlmMpfl = A[p]MlmMPEMP.
3) We remark that the transformation laws (14) have a geometrical interpretation in terms of

inner and exterior product.
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to have a real Lagrangian, one has also to take into consideration the conjugate
multiplet =__ (see (8)). For the 2, and E__ multiplets, the Lagrangian writes

L=LE41)+LE)=Lpop+- oo+ L+ Ly +o+ Ly =

= dA[O]dA[O] +... =

—l#dx‘iz 1 d[lz 1] — lidn‘lz 1 dTAQ 1]+
2 (2p+2)  EeRHEARR T gy T Ale el T AR

1 = 1 ~
gy Ve Wiaps + Gy Capsa 4 e +
+.. 4
11 = 11 =
——————dAp,, dA ———— _dfAp,. dTA
+2@n+D! [2n]) ¢ [%“+2@n—n! 2n). 4 Ap2n) +

~!

+d A dAg + ... — (15)
ST S TR S T L +
2(2p +2)! [2p+1] 7 2p+1] T o (2p)! [2p+1] [2p+1]

1 ! 1 =1

T T
+ (2p + 3)' dAf2p+2] dA[2p+3] + (2p + 1)' d Af2p+2] d A[2p+2] +
+.. 4
11 . 1 11 ‘o .y
T3 @n 1y Vzn e+ 5Ty 4 AR
M;..Mp

Here w[p]wfp] stands for wyarn .., wfp] , where wp,; and wfp] are two p—

forms?). In the Lagrangian (15), dA, is the exterior derivative of Ap, and dfAp,
its adjoint df A, = (—1)PPTP*d* Ay, = *d* Ay, for even D.

To prove that (15) is invariant under (14), we firstly note that 6.£(Z44) and
0:L(2-_) do not mix. It is thus sufficient to check separately their invariance,
which we do here only for £(Z;4) as an illustration. Starting from a specific
normalization for Ly, its variation fixes the normalization for L£;). By a step-by-
step process, the normalizations for L,,0 < p < 2n are also fixed. At the very
end, all the terms of §.L£ compensate each others, up to a total derivative. Thus,
the Lagrangian (15) is invariant.

If one considers the terms involving the (anti-)self-dual 2n—form one can have
further simplifications. Indeed, for the self-dual 2n—form we have

11 = 11 =
= - dAp,. dA At Ap,. dT Arg. =
Lizn) 3 @n g 1y e Hpn + 5 5oy 4 A 4 Az,
1 =
= dAp,. dA
2n + 1) [2n] G4 2n] 4

because of the self-duality condition * Az, = iA[2,),. A more interesting way of

4) In p—form notation we can rewrite dew w[p]wfp] as fw[p] A *wfp].

8
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regrouping the terms involving the self-dual and the anti—self-dual 2n—forms is

]. ]. = 1 1 ~,
Lizn) + Lign) = 2@t 1) dApn), dApn), + 5 @n D d" Ay, A Ay, +

L1 qa, . did LV gra, aid

G M- e 5 T 4 A s =

1 1 ~ ~1

T 2@2n+ 1) A(Apn), + Ay ) A(Apny, + A ) + (16)

11 . .,

o) A" (Apzny, + Afgry_ )" (Apzny, + Apry ),

since Az +Af2n ~ =0when D =1+ (4n—1), for a self-dual and an anti-self-dual

2n—forms. The final real 2n—forms
1 , 1 (= %

Aipon) = 7 (A[Qn]+ + A[zn]_) y Atjon) = 7 Any, +Apn ) (17)

are neither self-dual nor anti—self-dual, which is in agreement with the representa-
tion theory of the Poincaré algebra.
Considering the gauge invariance

App) — Ap) +dxp—1 with p> 1, (18)

(where x},_1] is a (p — 1)~form), the terms involving d' in £ (15) fix partially the
gauge
d"dxpp-1 =0. (19)

Hence, these terms involving the df operators can be seen as gauge fixing terms
(Feynman gauge adapted for p—forms). Another way of seeing this is to rewrite the
Lagrangian using Fermi-like terms. For instance, for the Ljp,41] part in (15) we
have

11 . 1 .
Lppsr) = —5 <m Az ddpapin) + 5 4 Ay dTA[2p+1]> =
! . -
- _§W 8M1A[2p+1]Mz"'M2p+28M1A[2P+1]M2 Maptz =
1 .
= “3@p 11y CAeernd4ip -

We now look at the physical degrees of freedom in (15). By construction, the
various p—forms are complex; thus we introduce real p—forms through

A1y = 5 (A[zp] + Afzp]) , Azpzp) = 5 (A[zm - Afzp]) ,

Atpppr1] = 5 (A[2p+1] + Af2p+1]) o Aoy = T (Appra — Af2p+1]) »(20)
= = ~/ b . s ~/

Arpy) = 5 (A[2p1 + A[2p]) ) A212) = 5 | At2w) — Amp])
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with p = 0,...,n — 1. Observe that in the substitution (17) we have two 2n—
forms, although for the other substitution (20) we have four p—forms. After these
redefinitions, we have a Lagrangian expressed only with real fields. However, some
of the terms in £ are not diagonal namely the ones involving the fields of the
(—1)- and 1-graded sectors (e.g (2p+1)' dAj gy dAl[Qp] + dT Ay dTAl[Qp])
Therefore, in order to diagonalise £ we introduce

(2p n!

A1[2p] = % (A1[2p] +{il[2p]) ’ A1[2p] =1 (Al Al ) ) p= Oa RN

A2[2p] = % (A2[2p] +A2[2p]) ’ A2[2p] = (AZ _A [2;0]) ) p207"'7n_17
(21)
which are mixtures of fields of gradation (—1) and 1.

Finally, after the field redefinitions (20) and (21), the new ﬁelds are fll 2p]>
Aspay), Avjapls Aspop)s Avjapra]s Aoppra)s p = 0,...,n — 1 and Ajpa,, Al[zn Usu-
ally, the kinetic term for a p—form wy, writes, w1th our convention for the metric,
(—1)P 5=y 5 +1) 7 dwpy dwpy,). Expressed with these fields, the Lagrangian has these con-
ventional kinetic terms except that (i) we have also gauge fixing terms in addition to

the kinetic terms and (ii) some of the fields (Al[gp], A, 2p]» A, 2p+1, P =0,...,n—1,

A]_[Qn]), have the opposite sign for the kinetic and the gauge fixing terms. This im-
plies that these fields have an energy density not bounded from bellow.

One possible way to avoid this problem is based on Hodge duality. For a given
p—form wy,] we have

1 1
(=1)7 (m dwip) dwip) + mdm[p} dTW[m) = (22)

1 1
= (=17 (7@ — d'pp—p d'ppp—y) + D—px1) Y- dP[DpJ)

with p = *w the Hodge dual of w. This substitution is due to the special form of
our Lagrangian: through the substitution w — p, the kinetic term of w becomes the
gauge fixing term of p and vice versa. Thus the following substitutions are made

Al (2p] — Bl[D 2p] = A1[2p]7

Asppy) — BQ[D 2p] = A2[2p] ; (23)
A - B2[D 2p—1] = A2 [2p+1] »

A1[2n — Bip_on = Al [2n]

with p =0,...,n — 1. Let us emphasize that the substitutions (23) are done with
respect to the gauge fields. This is quite different from the usual duality transforma-
tions (generalizing the electric-magnetic duality) where the duality transformations
are done with respect to the field strengths. With the “duality” transformations
(23) the number of degree of freedom is not the same for wp, and pp_, = *wyy,

10
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which is not the case for the usual duality transformations. Hence, the two La-
grangians (15) and (24) (see below) describe inequivalent theories.

Thus, starting from the Lagrangian (15) and performing the field redefinitions
(20), (21) and (23) we get

) A 1 b
L= B dAl[O] dAl[O] + B dAg[O] dAg[o] +

+...—
11 i LR i
S 2(2p+2)! dAi(2p1) dAizpy) — 5 (2p)! M A 1) AT Ar ) +
@y A + 2 ATy T Ay +
2 2p 3] 12p+2] A1 [2p42) T+ 5 2p+ 1) 1[2p+2] 1[2p+2]
A A e gy g d A +
2 2p 1 3) 2[2p+2] A4202p42) T 5 2p+ 1) 2[2p+2] 2[2p+2]
+...+
11 ; ] 11 i i
_|_2 (2n+ 1)' dA1[2n] dAl[gn] + D) (2n — 1)' d A1[2n71] d Al[?n] +
1 1 ~ X 1 1 2 2
S By dB > d'Bifan-1 4" Bigzn 2
+2(2n+1)! 1[2n] 1[2”]+2(2n—1)' 1[2n—1] 1[2n] + (24)
+...+
1 1 e 5
T35 2y =Ty Brp-2-2 dBup-zp-ay +
1 1 A 3
35—y 4 Bip-2-1 A Bip -z +
1 1 - :
3D =2y =Ty D022 dBapzp +
1 1 > 3
+§m d'Bap_sp-2yd' Bap_op2) —
1 1 = 5
"D = 2p) B2 AB2io—2p) —
1 1 3 B
sy =gy Bem-2 1A' Bappzp +
+...+
1 1 N X 1 1 > »
At the very end, we have one one-form, one threeform, ..., one (D — 1)-form in
the zero—graded sector and two zero—forms, two two—forms, ... and two D-form

in the mixture of the sectors of gradation (—1) and 1. In the Lagrangian (24), all
the p—forms have a kinetic term and a gauge fixing term; the only exceptions are
the zero—forms, which have only kinetic terms, and the D—forms, which have only
gauge fixing terms.

The gauge invariance (18) and the field equations imply (for a p-form Ay,
with p < D —2) PM Ay aag,..., = 0 and P? = 0 (with PM the momentum), thus

11
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Apy) gives rise to a massless state in the p-order antisymmetric representation of
the little group SO(D — 2). But, in our decomposition, there are also appearing
p—forms with p = D — 1, D. Of course these p—forms do not propagate. It is
interesting to note that such p—forms also appear in D = 10 in the context of type
ITA, IIB string theory [9].

As we have seen, cubic symmetry is compatible with gauge invariance if the
gauge is partially fixed. Thus, in order that the field equations obtained from (24)
reproduce the usual field equations for a free p—form, one has to impose the analo-
gous of the Lorentz condition dTA[p] = 0 (to eliminate the unphysical components).
All this has to be implemented at the quantum level, for instance using an appro-
priate extension of the Gupta—Bleuler quantization for p—forms. Of course one has
to check if this procedure is compatible with cubic symmetry.

p

D_1 degrees of freedom off—

Finally, a massless p—form (p < D — 1) has

D-2
no degree of freedom on—shell and a D—form has no degree of freedom off— and
on—shell. Therefore, one can check that we have twice as many degrees of freedom
in the (—1)— and 1-graded sector than in the O-graded sector.
To the Lagrangian (15) one can add the following invariant mass terms

shell and < p on-shell, a (D — 1)-form has 1 degree of freedom off-shell and

< 11 = 1
2
Ly =m (A[O]A[O] o g DA A + g gy Ae
1 ~ =/ 1 1 b1 e
+.o+ —(2n)!A[2n]A[2n] + Al A -~ §m‘4f2p+l]f%2p+l +
1 ’ =/ 1 o q
+WA[2P+2]A[2P+2] e (Zn)!A[%]A[?”])' (25)

:3'>zl

[2p+2] +

This means that with the same multiplets (7) one can have massless or massive
invariant terms. Thus, the matrix representations (2) and (3) do not depend on
whether or not we are considering massless or massive particles. Of course one
can also proceed along the same lines as before (Eq.(20)—(21)—(23)), in order to
express L, in terms of the physical degrees of freedom.

4 Conclusion

In this paper, we have explicitly built a D—dimensional field theory implemen-
tation of the cubic symmetry algebra. This symmetry acts naturally on p—forms
and has a geometrical interpretation in terms of inner and exterior products with
a one—form, the parameter of the transformation. Due to the interest for p—forms,
mostly within supergravity and superstring theories, it is appealing to consider
new possible symmetries on these antisymmetric tensor fields. As we have seen,
the cubic symmetry invariance requires the presence of gauge fixing terms, thus
placing the theory in a Feynman gauge adapted for p—forms. One of the possi-
ble invariant Lagrangians contains p—forms, with 0 < p < D. Amongst them,
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the (D — 1)~ and D—forms are non-propagating, which is also the case for types
ITA and IIB string theories [9]. Finally, when one considers the way the p—forms
Al2p]s A[QP_H] transform under cubic symmetry (14), one sees an analogy with the
T—duality transformations relating the p—forms of types ITA and type IIB strings.
Indeed, looking at (14) and taking e along a given direction, the transformation
laws correspond to the T—duality formulae (C.1) and (C.2) of Ref.[2] (when gravity

is not present).
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