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‘¶¥±É· ¨ ±µ²² ¶¸ Î ¸É¨ÍÒ ¢ µ¤´µ³ ´¥²µ± ²Ó´µ³ ¶µ²¥
Í¥´É·µ¡¥¦´µ£µ É¨¶ 

ˆ¸¸²¥¤Ê¥³ Ö § ¤ Î  Å µ¤´µ³¥·´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ´Ê²¥¢Ò³¨ £· -
´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ´  ±µ´Í Ì µÉ·¥§±  [0, π/2] ¨ ´¥²µ± ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³,
· ¢´Ò³ ¶·µ¨§¢¥¤¥´¨Õ ¶µÉ¥´Í¨ ² , ¶·µ¶µ·Í¨µ´ ²Ó´µ£µ ±¢ ¤· ÉÊ ¸¥± ´¸   ·£Ê-
³¥´É , ¨ ¸Ê³³Ò ¥¤¨´¨Î´µ£µ ¨ ¨´É¥£· ²Ó´µ£µ µ¶¥· Éµ·µ¢. „²Ö É ±µ° § ¤ Î¨ ± Î¥-
¸É¢¥´´µ ¨ Î¨¸²¥´´µ ¨¸¸²¥¤µ¢ ´  § ¢¨¸¨³µ¸ÉÓ ¸¶¥±É·  ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸µ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨° ¨ µÉ¢¥Î ÕÐ¨Ì ¨³ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° µÉ ¢¥²¨Î¨´Ò ¤¥°¸É¢¨É¥²Ó-
´µ£µ ¶ · ³¥É·  ¶µÉ¥´Í¨ ² . „²Ö  ´ ²¨§  ¶·¥¤²µ¦¥´Ò ¨ ¨¸¶µ²Ó§µ¢ ´Ò ËÊ·Ó¥- ¨
¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ ¨¸±µ³ÒÌ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°. �¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥-
²¥´µ ±µ²² ¶¸Ê Î ¸É¨ÍÒ.

� ¡µÉ  ¢Ò¶µ²´¥´  ¢ ‹ ¡µ· Éµ·¨¨ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ ¨³. �. �. �µ£µ-
²Õ¡µ¢  �ˆŸˆ.
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Spectrum and Collapse of a Particle in a Nonlocal Field
of Centrifugal Type

The investigated problem is the one-dimensional Schréodinger equation with the
zero boundary conditions at the ends of the segment [0, π/2], and the interaction
equal to the product of the potential proportional to squared secant of the argument
and the sum of the unity and integral operators. For this problem the dependence
of the spectrum of real eigenvalues and the corresponding eigenfunctions on the
real potential parameter is analyzed qualitatively and numerically. For analysis the
Fourier- and spline-approximations of the searched eigenfunction are proposed and
applied. Special attention is paid to the particle collapse.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¨¸¸²¥¤Ê¥É¸Ö Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· [
−∂2

ϕ f(ϕ; p2) + 〈ϕ|V eff(ϕ, ϕ′)|f(ϕ′; p2)〉
]

= p2 f(ϕ; p2), ϕ ∈ [0, π/2], (1)

c ´¥²µ± ²Ó´Ò³ µ¶¥· Éµ·µ³ V eff(ϕ, ϕ′):

〈ϕ|V eff(ϕ, ϕ′)|f(ϕ′; p2)〉 =

=
c

(cosϕ)2

[
f(ϕ; p2) + τ

∫ C+(ϕ)

C−(ϕ)

dϕ′f(ϕ′; p2)

]
, (2)

C−(ϕ) ≡ |π/3 − ϕ|, C+(ϕ) ≡ π/2 − |π/6 − ϕ|, (3)

¨ Ê¸²µ¢¨Ö³¨

f(0; p2) = 0 , f(π/2; p2) = 0, f ∈ C2
[0,π/2)

⋂
C0
[0,π/2]. (4)

�µ µ¶·¥¤¥²¥´¨Õ c ¨ τ Å ¤¥°¸É¢¨É¥²Ó´Ò¥ ¶ · ³¥É·Ò; p2 ¨ f Ä ´¥¨§¢¥¸É-
´Ò¥ ¶µ²´ Ö Ô´¥·£¨Ö ¨ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ±¢ ´Éµ¢µ° Î ¸É¨ÍÒ ¢ ´¥²µ± ²Ó´µ³
¶µ²¥ V eff , ¶·¥¤¸É ¢²¥´´µ³ ¶·µ¨§¢¥¤¥´¨¥³ ¸¨´£Ê²Ö·´µ£µ ¢ ÉµÎ±¥ ϕ = π/2 ¶µ-
É¥´Í¨ ²  c (secϕ)2 Í¥´É·µ¡¥¦´µ£µ É¨¶  ¨ ¸Ê³³Ò ¥¤¨´¨Î´µ£µ ¨ ¨´É¥£· ²Ó´µ£µ
(´¥²µ± ²Ó´µ£µ) µ¶¥· Éµ·µ¢.

ˆ¸¸²¥¤Ê¥³ Ö § ¤ Î  µÉ´µ¸¨É¸Ö ± ±² ¸¸Ê ¸¶¥±É· ²Ó´ÒÌ § ¤ Î c ¸¨´£Ê²Ö·-
´Ò³¨ ¨ ´¥²µ± ²Ó´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ Í¥´É·µ¡¥¦´µ£µ É¨¶ . ’ ±¨¥ § ¤ Î¨
µ¸µ¡µ ¨´É¥·¥¸´Ò ¶·¥¦¤¥ ¢¸¥£µ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ±µ²² ¶¸ , ´µ ¤µ ¸¨Ì ¶µ·
³ ²µ¨§ÊÎ¥´Ò ¨ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ [1], ¨ ¢ ¸¶¥±É· ²Ó´µ° É¥µ·¨¨ £ ³¨²ÓÉµ-
´µ¢ÒÌ µ¶¥· Éµ·µ¢ [2], ¨ ¢ É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±µ²Ó±¨Ì Î ¸É¨Í [3].

� Ï  £² ¢´ Ö Í¥²Ó Å ± Î¥¸É¢¥´´Ò° ¨ Î¨¸²¥´´Ò°  ´ ²¨§ § ¢¨¸¨³µ¸É¨
¸¶¥±É·  {p2(c), f(ϕ; p2(c)} ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° p2 = p2(c)
¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° f(ϕ; p2(c)) µÉ ¶ · ³¥É·  c ¨ ¨²-
²Õ¸É· Í¨Ö ±µ²² ¶¸  Î ¸É¨ÍÒ ¢ ÉµÎ±Ê ϕ = π/2. Š ± ¶µÖ¸´Ö²µ¸Ó ¢ [4], É ±µ°
 ´ ²¨§ ¶·¥¤¸É ¢²Ö¥É¸Ö µ¸µ¡¥´´µ §´ Î¨³Ò³ ¶µÉµ³Ê, ÎÉµ Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢Ò³
¤²Ö · ¸Ï¨·¥´¨Ö É¥µ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  [3] ´  ¸²Ê-
Î ° ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´ÒÌ ±¢ ¤· ÉÊ · ¸¸ÉµÖ´¨Ö
³¥¦¤Ê Î ¸É¨Í ³¨.
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‡ ¤ Î  (1)Ä(4) ¶·¨ τ = 4/
√

3 ¨ ¢¶µ²´¥ µ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ¶ · -
³¥É·  c ¨³¥¥É ÉµÎ´Ò¥ ·¥Ï¥´¨Ö, ¶·¥¤¸É ¢¨³Ò¥ ±µ´¥Î´Ò³¨ ²¨´¥°´Ò³¨ ±µ³-
¡¨´ Í¨Ö³¨ ËÊ´±Í¨° sin 2nϕ, n = 1, 2, . . . ’ ±¨¥ ·¥Ï¥´¨Ö ¨¸¸²¥¤µ¢ ´Ò ¢ [5]
¨ [6]. �É  ¦¥ § ¤ Î , ´µ ¶·¨ τ = 0, É.¥. ¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´µ£µ ¨´É¥£· ²Ó´µ£µ
µ¶¥· Éµ· , ¸É ´µ¢¨É¸Ö µ¤´µ·µ¤´µ° ±· ¥¢µ° § ¤ Î¥° ˜·¥¤¨´£¥· :[

∂2
ϕ + p2 − c (secϕ)2

]
Φ(ϕ; p2) = 0, ϕ ∈ [0, π/2], (5)

Φ(0; p2) = 0, Φ(π/2; p2) = 0 , Φ(ϕ; p2) ∈ C2
[0,π/2)

⋂
C0
[0,π/2], (6)

¤²Ö ±µÉµ·µ° ¸¶¥±É· ²Ó´ Ö ¶·µ¡²¥³  ¶µ²´µ¸ÉÓÕ ·¥Ï¥´  ¢ [7,8]. Cµ¡¸É¢¥´´Ò¥
Î¨¸²  p2 § ¤ Î¨ (1)Ä(4), ´µ ²¨ÏÓ ¶·¨ τ = 1 ¨ c = −6,−5, . . . , 0, ¢¶¥·¢Ò¥ ¢ÒÎ¨-
¸²¥´Ò ¢ [9]. —¨¸²¥´´Ò°  ´ ²¨§ § ¢¨¸¨³µ¸É¨ ¤¨¸±·¥É´µ£µ ¸¶¥±É·  {p2

n(c)}∞n=1

¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ÔÉµ° § ¤ Î¨ µÉ ¶ · ³¥É·  c ∈ [−2, 100] ¶·¨ τ = 4/
√

3
¨ ¶·¥¤¶µ²µ¦¥´¨ÖÌ ∂2

ϕ f = 0, ϕ = 0, π/2, ¢Ò¶µ²´¥´ ¢ [4].
‚ ¨´ÒÌ ¸²ÊÎ ÖÌ ´¨ ± Î¥¸É¢¥´´Ò°, ´¨ Î¨¸²¥´´Ò°  ´ ²¨§ § ¢¨¸¨³µ¸É¨

¸¶¥±É·  {p2(c), f} µÉ ¢¥²¨Î¨´Ò ¤¥°¸É¢¨É¥²Ó´µ£µ ¶ · ³¥É·  c ´¨±¥³ ´¥ ¶·¥¤-
²µ¦¥´. �ÉµÉ ¶·µ¡¥² ¢ µ¶·¥¤¥²¥´´µ° ¸É¥¶¥´¨ ¢µ¸¶µ²´Ö¥É ´ ¸ÉµÖÐ Ö · ¡µÉ . ‚
´¥° Éµ²Ó±µ ¤²Ö µ¶·¥¤¥²¥´´µ¸É¨ ¶µ² £ ¥É¸Ö, ÎÉµ

√
p2 = p ≥ 0, ¥¸²¨ p2 ≥ 0, ¨√

p2 = i |p|, ¥¸²¨ p2 < 0; ¤²Ö ¸µ±· Ð¥´¨Ö § ¶¨¸¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö µ¡µ§´ Î¥´¨Ö:
Θ Å É¥É -ËÊ´±Í¨Ö, ν ≡ (c + 1/4)1/2 ¨ s ≡ π/2 − ϕ,   ¢Ò¶µ²´¥´´Ò°  ´ ²¨§
¨§² £ ¥É¸Ö ¶µ ¸²¥¤ÊÕÐ¥³Ê ¶² ´Ê.

‚ · §¤. 1 ¢Ò¢µ¤ÖÉ¸Ö Ö¢´Ò¥  ¸¨³¶ÉµÉ¨±¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨ f ¶·¨ ϕ →
0, π/2 ¢ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨Ö (2),   § É¥³ ¢ Ë¨§¨Î¥¸±¨ ´ ¨¡µ²¥¥ ·¥ ²¨-
¸É¨Î¥¸±µ³ ¸²ÊÎ ¥, ±µ£¤  ¶µÉ¥´Í¨ ² c (secϕ)2 ÔÉµ£µ ¢§ ¨³µ¤¥°cÉ¢¨Ö § ³¥´¥´
ªµ¡·¥§ ´´Ò³ª ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ϕb �= π/2 ¶µÉ¥´Í¨ ²µ³ Θ(ϕb −ϕ) c (secϕ)2.

‚ · §¤. 2 ¶·¥¤² £ ¥É¸Ö ¨ ¨²²Õ¸É·¨·Ê¥É¸Ö ¶·µ¸Éµ° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö,
¢µµ¡Ð¥ £µ¢µ·Ö, ±µ³¶²¥±¸´µ£µ ¸¶¥±É·  {p2, f}, µ¸´µ¢ ´´Ò° ´   ¶¶·µ±¸¨³ Í¨¨
¨¸±µ³µ° ËÊ´±Í¨¨ f ¥¥ ±µ´¥Î´µ° ¸Ê³³µ° ”Ê·Ó¥ [10].

‚ · §¤. 3 ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  {p2, f} ¶·¥¤² £ ÕÉ¸Ö
³µ¤¨Ë¨± Í¨¨  ´µ´¸¨·µ¢ ´´µ£µ ¢ [11] ¨ ¶µ¤·µ¡´µ µ¶¨¸ ´´µ£µ ¢ [7]  ²£µ-
·¨É³  4′′, µ¸´µ¢ ´´µ£µ ´   ¶¶·µ±¸¨³ Í¨¨ ¨¸±µ³µ° ËÊ´±Í¨¨ f ±Ê¡¨Î¥¸±¨³
¸¶² °´µ³ S31 ±² ¸¸  C2, · §²µ¦¥´´Ò³ ¶µ ´µ·³ ²¨§µ¢ ´´Ò³ B-¸¶² °´ ³ [12].

‚ · §¤. 4 µ¡¸Ê¦¤ ÕÉ¸Ö ¨Éµ£¨ ¢Ò¶µ²´¥´´µ£µ ¶·¥¤²µ¦¥´´Ò³¨ ³¥Éµ¤ ³¨
Î¨¸²¥´´µ£µ  ´ ²¨§  ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  {p2, f}.

‚ ‡ ±²ÕÎ¥´¨¨ ¸Ê³³¨·ÊÕÉ¸Ö µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

1. �‘ˆŒ�’�’ˆŠˆ ‚�‹��‚�‰ ”“�Š–ˆˆ

�Ê¸ÉÓ ϕ → 0. ‘µ£² ¸´µ (3) ¢ Ê· ¢´¥´¨¨ (1) ¶·¥¤¥²Ò C±(ϕ) ¨´É¥£· ² 
¸Ìµ¤ÖÉ¸Ö ± π/3. ’ ±µ° ¨´É¥£· ² ¶µ ¨§¢¥¸É´µ° É¥µ·¥³¥ µ ¸·¥¤´¥° ÉµÎ±¥ [10]
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³µ¦´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ¶·µ¨§¢¥¤¥´¨¥³ 2 ϕf(π/3; p2). ’µ£¤  ¨¸¸²¥¤Ê¥³µ¥
Ê· ¢´¥´¨¥ ¶¥·¥°¤¥É ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¸µµÉ´µÏ¥´¨¥(

∂2
ϕ + p2 − c

)
f(ϕ; p2) ∼ 2cτϕ f(π/3; p2), ϕ → 0 . (7)

ˆ§ ´¥£µ, ¡² £µ¤ ·Ö Ê¸²µ¢¨Õ f = 0 ¶·¨ ϕ = 0, ¸²¥¤Ê¥É, ÎÉµ ∂2
ϕf = 0, ϕ = 0,

¶·¨ ¢¸¥Ì c ¨ p2. ˆ´Ò¥ §´ ´¨Ö µ ¸É·µ¥´¨¨ ËÊ´±Í¨° f ¶·¨ ϕ → 0 ´¥ ´Ê¦´Ò.
‚Ò¢µ¤  ¸¨³¶ÉµÉ¨± ËÊ´±Í¨¨ f ¶·¨ ϕ → π/2, ±µ£¤  s → 0, ¡µ²¥¥ ¸²µ¦¥´.

‚ ¶·¥¤² £ ¥³µ³ ´¨¦¥ ¸¶µ¸µ¡¥ ±²ÕÎ¥¢Ò³¨ ¡Ê¤ÊÉ ³¥Éµ¤ ¢ ·¨ Í¨¨ ¶µ¸ÉµÖ´´ÒÌ
±µÔËË¨Í¨¥´Éµ¢ [13] ¨ ¨§¢¥¸É´Ò¥  ¸¨³¶ÉµÉ¨±¨ [7] ¶·¨ s → 0 ËÊ´¤ ³¥´É ²Ó-
´ÒÌ ·¥Ï¥´¨° Φ± ¢¸¶µ³µ£ É¥²Ó´µ° § ¤ Î¨ (5), (6):

Φ+(ϕ; p2) = s1/2+ν [1 + O(ps)2],
(8)

Φ−(ϕ; p2) = s1/2−ν [1 + O(ps)2]
{

1, c �= −1/4,
ln s, c = −1/4.

�Ê¸ÉÓ ϕ → π/2. ‚ Ê· ¢´¥´¨¨ (1) ¶·¥¤¥²Ò C± ¨´É¥£· ²  · ¢´Ò π/6 ± s
¨ ¸Ìµ¤ÖÉ¸Ö ± π/6. �µ Ê¸²µ¢¨Ö³ (4) f ∈ C2

[0,π/2). �µÔÉµ³Ê ¶·¨ ϕ → π/6
¸ÊÐ¥¸É¢Ê¥É ·Ö¤ ’¥°²µ· :

f(ϕ; p2) =
2∑

n=0

f (n)

n!

(
ϕ − π

6

)n

+ o

[(
ϕ − π

6

)2
]

,

(9)
f (n) ≡ ∂n

ϕf(ϕ; p2)|ϕ=π/6.

‘Î¨É Ö ¥£µ ±µÔËË¨Í¨¥´ÉÒ f (0) ¨ f (2) ¨§¢¥¸É´Ò³¨, § ¶¨Ï¥³ Ê· ¢´¥´¨¥ (1) ¢
¶·¥¤¥²¥ ϕ → π/2 ¢ ¢¨¤¥ ´¥µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö[

∂2
ϕ + p2 − c

(cosϕ)2

]
f(ϕ; p2) =

= R(ϕ) ≡ 2cτ

(cosϕ)2

{
f (0) +

s2

3
f (2) + o

(
s2

)}
(10)

¸ Ê¸²µ¢¨¥³ f(π/2; p2) = 0. �¥Ï¨³ É ±ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ ³¥Éµ¤µ³ ¢ ·¨ Í¨¨
¶µ¸ÉµÖ´´ÒÌ ±µÔËË¨Í¨¥´Éµ¢: µ¡Ð¥¥ ·¥Ï¥´¨¥ f ¶·¥¤¸É ¢¨³ ¸Ê³³µ°

f(ϕ; p2) = Φ(ϕ; p2) + g(ϕ; p2), Φ(ϕ; p2) = AΦ+(ϕ; p2) − BΦ−(ϕ; p2) , (11)

¢ ±µÉµ·µ° g Å Î ¸É´µ¥ ·¥Ï¥´¨¥ ÔÉµ° § ¤ Î¨:

g(ϕ; p2) = Φ−(ϕ; p2)
∫ s

0

Φ+(ϕ′; p2)
W (Φ±, ϕ′)

R(s) ds − (12)

− Φ+(ϕ; p2)
∫ s

0

Φ−(ϕ′; p2)
W (Φ±, ϕ′)

R(s)ds, ϕ′ = π/2 − s, s → 0;

W (Φ±, ϕ′) ≡ Φ+ ∂ϕΦ− − Φ− ∂ϕΦ+,
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A ¨ B Å ´¥±µÉµ·Ò¥ ±µ´¸É ´ÉÒ,   Φ Å ¨§¢¥¸É´µ¥ µ¡Ð¥¥ ·¥Ï¥´¨¥ [7] ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥° µ¤´µ·µ¤´µ° (R ≡ 0) § ¤ Î¨, É.¥. § ¤ Î¨ (5), (6). ’¥¶¥·Ó § ³¥´¨³
Φ± ¸Ê³³ ³¨ (8) ¢ (11) ¨ (12) ¨ ¶µ²ÊÎ¨³  ¸¨³¶ÉµÉ¨±Ê

g(ϕ; p2) = −2 τs
[
f (0) + O(s2f (2))

]
, s ≡ π/2 − ϕ → 0, (13)

  § É¥³ ¨ ¨¸±µ³ÊÕ Ö¢´ÊÕ  ¸¨³¶ÉµÉ¨±Ê ¢µ²´µ¢µ° ËÊ´±Í¨¨ f :

f(ϕ; p2) = −2 τs [f (0) + O(s2f (2))]+

+ s1/2+ν [1 + O((ps)2)]
{

A − B s−2ν , c �= −1/4,
A − B ln s, c = −1/4,

(14)

£¤¥ A, B, f (0) ¨ f (2) Å ´¥¨§¢¥¸É´Ò¥ ±µÔËË¨Í¨¥´ÉÒ,   s → 0.
�µ²ÊÎ¨³ ¨´µ¥ ¶·¥¤¸É ¢²¥´¨¥  ¸¨³¶ÉµÉ¨±¨ ËÊ´±Í¨¨ f ¶·¨ s → 0. �µ²µ-

¦¨³ ¢ (11) ¸´ Î ²  A = 1, B = 0,   § É¥³ A = 0, B = −1. ‚ ¶µ²ÊÎ¥´´ÒÌ
¸Ê³³ Ì f± = Φ± + g± Î ¸É´Ò¥ ·¥Ï¥´¨Ö g± Ê· ¢´¥´¨Ö (10) ¶·¥¤¸É ¢¨³  ´ -
²µ£ ³¨ Ëµ·³Ê² (12),   § É¥³, ¨¸¶µ²Ó§ÊÖ (8), ´ °¤¥³ Ö¢´Ò¥  ¸¨³¶ÉµÉ¨±¨

f+ = s1/2+ν [1 + O((ps)2)] − 2τs[f (0+) + O(s2f (2+))], ∀c;
(15)

f− = −2τ s[f (0−) + O(s2 f (2−))] + s1/2+ν [1 + O((ps)2)]
{

1, c �= −1/4,
lns, c = −1/4,

£¤¥ s → 0,   ±µÔËË¨Í¨¥´ÉÒ f (n±) ≡ ∂n
ϕf±(ϕ; p2), ϕ = π/6, n = 0, 2, ´¥-

¨§¢¥¸É´Ò. ‚ µ¸µ¡µ³ ¸²ÊÎ ¥ c < −1/4, ±µ£¤  ν = i|ν| ¨ (Φ+)∗ = Φ−, ¢
¸Ê³³¥ (11) ³µ¦´µ ¶µ²µ¦¨ÉÓ Φ+ = Re Φ+ ¨ Φ− = Im Φ+, § É¥³ É¥³ ¦¥
¸¶µ¸µ¡µ³ ¶µ²ÊÎ¨ÉÓ ¢³¥¸Éµ ¶·¥¦´¨Ì ±µ³¶²¥±¸´ÒÌ ·¥Ï¥´¨° f± ¸  ¸¨³¶ÉµÉ¨-
± ³¨ (15) ¤¥°¸É¢¨É¥²Ó´Ò¥ ·¥Ï¥´¨Ö f± ¸  ¸¨³¶ÉµÉ¨± ³¨ ¶·¨ s → 0:

f+(ϕ; p2) ∼ s1/2 sin(|ν| ln s) − 2τ s f+(π/6; p2),
(16)

f−(ϕ; p2) ∼ s1/2 cos(|ν| ln s) − 2τ s f−(π/6; p2).

�¥Ï¥´¨Ö f± ¨³¥ÕÉ · §´Ò¥  ¸¨³¶ÉµÉ¨±¨ ¨ ¶µÔÉµ³Ê ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò
¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2. �·¥¤¶µ²µ¦¨³, ÎÉµ É ±¨¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ (²¨´¥°´µ
´¥§ ¢¨¸¨³Ò¥) ·¥Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2], Éµ£¤  µ¡Ð¥¥ ·¥-
Ï¥´¨¥ § ¤ Î¨ (1)Ä(4) Å ¸Ê³³  f = a f+ − b f− ¸ ´¥±µÉµ·Ò³¨ ±µÔËË¨Í¨¥´-
É ³¨ a ¨ b. �µ¤¸É ¢¨³ ÔÉÊ ¸Ê³³Ê ¢ Ê¸²µ¢¨Ö (4) ¨ · ¸¸³µÉ·¨³ ¤¢  ¢µ§³µ¦´ÒÌ
¸²ÊÎ Ö: ¶·¨ ϕ = π/2 ¢ ´Ê²Ó µ¡· Ð ¥É¸Ö Éµ²Ó±µ ËÊ´±Í¨Ö f+ ¨²¨ ¦¥ µ¡¥
ËÊ´±Í¨¨ f±. ‚ ¸¨²Ê (15) ¶¥·¢Ò° ¸²ÊÎ ° ¨³¥¥É ³¥¸Éµ ¶·¨ c ≥ 0, ±µ£¤ 
ν ≥ 1/2,   ¢Éµ·µ° ¶·¨ −1/4 < c < 0, ±µ£¤  ν = Re ν < 1/2 ¨ ¶·¨ c < −1/4,
±µ£¤  ν = Im ν = ı̇|ν|. �µÔÉµ³Ê ¶·¨ c ≥ 0 ¸²¥¤Ê¥É ¶µ²µ¦¨ÉÓ a = 1 ¨
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b = 0, Éµ£¤  ËÊ´±Í¨Ö f = f+ ¡Ê¤¥É · ¢´µ° ´Ê²Õ ¶·¨ ϕ = 0,   ¸¶¥±É· {p2}
µ¶·¥¤¥²¨É¸Ö Ê· ¢´¥´¨¥³ f+(0; p2) = 0 ¨ ¶µÔÉµ³Ê ¡Ê¤¥É ¤¨¸±·¥É´Ò³. ‚ ¸²Ê-
Î ¥ c < 0 ²Õ¡µ³Ê ´ ¶¥·¥¤ § ¤ ´´µ³y p2 µÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö
ËÊ´±Í¨Ö f = af+ − bf− ¸ ±µÔËË¨Í¨¥´É ³¨ a = f−(0; p2) ¨ b = f+(0; p2) ¨,
¸²¥¤µ¢ É¥²Ó´µ, ¸¶¥±É· {p2} ¤µ²¦¥´ ¡ÒÉÓ ¸¶²µÏ´Ò³ ¨ ´¥¢Ò·µ¦¤¥´´Ò³.

ˆÉ ±, ¥¸²¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö f± Ê· ¢´¥´¨Ö (1) ¸  ¸¨³¶ÉµÉ¨-
± ³¨ (15) ¸ÊÐ¥¸É¢ÊÕÉ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2], Éµ ¢¸¥ ¢µ§³µ¦´Ò¥ ¨, ¢µµ¡Ð¥
£µ¢µ·Ö, ±µ³¶²¥±¸´Ò¥ ¸¶¥±É·Ò {p2, f} § ¤ Î¨ (1)Ä(4) µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ ¸²¥¤Ê-
ÕÐ¨³ ¶· ¢¨² ³. �·¨ c ≥ 0

f+(0; p2) = 0 , f(ϕ; p2) = f+(ϕ; p2) (17)

¨ ¢ ¸¨²Ê (15) ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2 ËÊ´±Í¨Ö f ´¥ µ¸Í¨²²¨·Ê¥É:

f(ϕ; p2) = s1/2+ν [1 + O((ps)2)] − 2τ s [f (0) + O(s2f (2))], s → 0. (18)

…¸²¨ c < 0, Éµ ²Õ¡µ³Ê § ¤ ´´µ³Ê p2 µÉ¢¥Î ¥É µ¤´  ¢µ²´µ¢ Ö ËÊ´±Í¨Ö

f(ϕ; p2) = f−(0; p2) f+(ϕ; p2) − f+(0; p2) f−(ϕ; p2) . (19)

Cµ£² ¸´µ (15) ¢ ¸²ÊÎ ¥ −1/4 ≤ c < 0 µ´  ¨³¥¥É ´¥µ¸Í¨²²¨·ÊÕÐÊÕ ¶·¨
ϕ → π/2  ¸¨³¶ÉµÉ¨±Ê

f(ϕ; p2) ∼ asν+1/2−2τs
[
af (0+) − bf (0−)

]
−bs1/2

{
s−ν , c �= −1/4,
ln s, c = −1/4,

(20)

¨ ´¥µ£· ´¨Î¥´´Ò¥ ¢ ÉµÎ±¥ ϕ = π/2 ¶·µ¨§¢µ¤´Ò¥,   ¢ ¸²ÊÎ ¥ c < −1/4, ±µ£¤ 
ν = i|ν|, ¥¥  ¸¨³¶ÉµÉ¨±  ¡Ò¸É·µ µ¸Í¨²²¨·Ê¥É: ¥¸²¨ ϕ → π/2, Éµ

f(ϕ; p2) = s1/2 [(a − b) cos(|ν|ln s) − ı̇(a + b) sin(|ν|ln s)]

− 2τ s
[
af (0+) − bf (0−)

]
+ O(s3/2), (21)

  ¶·µ¨§¢µ¤´Ò¥ ´¥ ¨³¥ÕÉ µ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥²µ¢.
’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° ªµ¡·¥§ ´´µ£µª ¶µ²Ö. ‚ § ¤ Î¥ (1)Ä(4) § ³¥´¨³

¶µÉ¥´Í¨ ² c (secϕ)2 ªµ¡·¥§ ´´Ò³ª ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ϕ = ϕb, ¡²¨§±µ° ±
ÉµÎ±¥ ϕ = π/2, ¶µÉ¥´Í¨ ²µ³ Θ(ϕb − ϕ) c (sec ϕ)2. �µ¸²¥¤´¥¥ ¨§ É·¥Ì Ê¸²µ-
¢¨° (4) µ¸² ¡¨³, ´µ Éµ²Ó±µ ¢ ÉµÎ±¥ ϕ = ϕb: ¶Ê¸ÉÓ ÔÉµ° ÉµÎ±¥ ¶·µ¨§¢µ¤´ Ö
∂ϕf Å ´¥¶·¥·Ò¢´ ,   ¶·µ¨§¢µ¤´ Ö ∂2

ϕf ³µ¦¥É ¨³¥ÉÓ · §·Ò¢ ¶¥·¢µ£µ ·µ¤ .
�¸² ¡²¥´´Ò¥ Ê¸²µ¢¨Ö Å Ê¸²µ¢¨Ö ª¸Ï¨¢±¨ª:

∂n
ϕf<(ϕ; p2) = ∂n

ϕf>(ϕ; p2), n = 0, 1, ϕ = ϕb .

ˆ¸¸²¥¤Ê¥³ § ¢¨¸¨³µ¸ÉÓ ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  {p2(c; ϕb)} ¸Ëµ·³Ê²¨·µ¢ ´-
´µ° § ¤ Î¨ µÉ  ·£Ê³¥´É  c ¨ ¶ · ³¥É·  ϕb ¶·¨ ϕb → π/2, ±µ£¤  ªµ¡·¥§ ´´Ò°ª
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¶µÉ¥´Í¨ ² ¸Ìµ¤¨É¸Ö ± ¨¸Ìµ¤´µ³Ê. �·¨ ϕ > ϕb, É.¥. ¶·¨ s ≤ sb ≡ π/2 − ϕb,
¨¸¶µ²Ó§Ê¥³ ÉµÎ´µ¥ ·¥Ï¥´¨¥ f = f> ≡ sin ps/p, ´¥¶·¥·Ò¢´µ¥ ¶µ p ¢ ÉµÎ±¥
p = 0 ¨ · ¢´µ¥ s ¶·¨ p = 0 ¨ sh |p|s/|p| ¶·¨ p2 < 0, ±µ£¤  p = i|p|. �·¨
ϕ ≤ ϕb, É.¥. ¶·¨ s ≥ sb, ·¥Ï¥´¨¥ f ¨Ð¥³ ¢ ¢¨¤¥ ¸Ê³³Ò (11), É.¥. ¶µ² £ ¥³
f = f< ≡ AΦ+ − BΦ− + g. „²Ö  ¶¶·µ±¸¨³ Í¨¨ ÔÉµ° ¸Ê³³Ò ¶·¨ ϕ, ¡²¨§±µ³
± ϕb ¨ µ£· ´¨Î¥´´µ³ |p|, É.¥. ¶·¨ s → sb + 0 ¨ |ps| � 1, ¨¸¶µ²Ó§Ê¥³ ¥¥
 ¸¨³¶ÉµÉ¨±¨ (14). ŠµÔËË¨Í¨¥´ÉÒ A, B ¨ f (0) ÔÉ¨Ì  ¸¨³¶ÉµÉ¨± µ¶·¥¤¥²¨³
± ± ËÊ´±Í¨¨  ·£Ê³¥´É  p ¨ ¶ · ³¥É·  ϕb ¨§ Ê¸²µ¢¨° ª¸Ï¨¢±¨ª. � ¸¸³µÉ·¨³
¤¢  ¸²ÊÎ Ö.

• ‘²ÊÎ ° c > 0 ¨ f (0) ≡ f(π/6; p2) �= 0. ’ ± ± ± ν > 1/2, Éµ AΦ+ ∼
s1/2+ν = o(s),   g ∼ s. �µÔÉµ³Ê ¢ ¸Ê³³¥ f< = AΦ+ −BΦ− + g ¶·¥´¥¡·¥£ ¥³
¸² £ ¥³Ò³ AΦ+ ¨ ¶µ² £ ¥³ f< ≈ −Bs1/2−ν − 2τs f (0). �É´µÏ¥´¨¥ B/f (0)

¶·¨ ϕb → π/2 µ¶·¥¤¥²Ö¥³ ¨§ Ê¸²µ¢¨° ª¸Ï¨¢±¨ª:

B/f (0) ∼ 4τ s
1/2+ν
b (χb − 1)/(2χb + 2ν − 1), χb ≡ 2psb ctg (psb) .

‘²¥¤µ¢ É¥²Ó´µ, B → 0, ¥¸²¨ ϕb → π/2 ¨ f (0) �= 0.

• ‘²ÊÎ ° c < 0. ‚ ¸Ê³³¥ f< = AΦ+−BΦ−+g ¶·¨ ³ ²µ³ s ¶·¥´¥¡·¥£ ¥³
¸² £ ¥³Ò³ g ∼ s, § É¥³ ¨§ Ê¸²µ¢¨° ª¸Ï¨¢±¨ª ´ Ìµ¤¨³ Ëµ·³Ê²Ò

B

A
∼ χb − 1 − 2ν

χb + 2ν − 1
s2ν

b , c �= −1/4 ; α ∼ 1 − χb

2 + (1 − χb) ln sb
, c = −1/4. (22)

ˆ§ ´¨Ì ¸²¥¤Ê¥É, ÎÉµ B → 0 ¶·¨ ϕb → π/2, ¥¸²¨ c ≥ −1/4,   ¢ ¸²ÊÎ ¥
c < −1/4 µÉ´µÏ¥´¨¥ B/A ´¥ ¨³¥¥É µ¶·¥¤¥²¥´´µ£µ ¶·¥¤¥² , ¶µÔÉµ³Ê ¸Ê³³ 
f< = AΦ+ − BΦ− + g ¶·¨ ²Õ¡µ³ ϕb �= π/2 ¸µ¤¥·¦¨É µ¡¥ ËÊ´±Í¨¨ Φ± ¨ ¢
¸¨²Ê (8) ¡Ò¸É·µ µ¸Í¨²²¨·Ê¥É ¶·¨ ϕ → ϕb − 0.

ˆÉ ±, ¢ (11) ±µÔËË¨Í¨¥´É B → 0 ¶·¨ c ≥ −1/4 ¨ ϕb → π/2, ´µ ¥¸²¨
c < −1/4, Éµ µÉ´µÏ¥´¨¥ B/A ´¥ µ¶·¥¤¥²¥´µ ¶·¨ ϕb → π/2. �µÔÉµ³Ê ¸²¥¤Ê¥É
µ¦¨¤ ÉÓ, ÎÉµ ¸¶¥±É· {p2(c; ϕb), f} ¨³¥¥É É¥ ¦¥ ± Î¥¸É¢¥´´Ò¥ µ¸µ¡¥´´µ¸É¨, ÎÉµ
¨ µ¶¨¸ ´´Ò° ¢ [8] ¸¶¥±É· {p2(c; ϕb), Φ} § ¤ Î¨ (5), (6) ¢ ¸²ÊÎ ¥ ªµ¡·¥§ ´´µ£µª
¢ Éµ° ¦¥ ÉµÎ±¥ ϕb ¶µÉ¥´Í¨ ²  Θ(ϕb − ϕ) c (sec ϕ)2:

1) ¥¸²¨ c ≥ −1/4, Éµ ¶·¨ ²Õ¡µ³ ϕb ¨³¥¥É¸Ö Éµ²Ó±µ ¤¥°¸É¢¨É¥²Ó´Ò° ¨
¸Î¥É´Ò° ¸¶¥±É· {p2

n(c; ϕb), f}∞n=1, ±µÉµ·Ò° ¢ ¶·¥¤¥²¥ ϕb → π/2 ¸Ìµ¤¨É¸Ö ±
¸¶¥±É·Ê {p2

n(c), f}∞n=1 ¨¸Ìµ¤´µ° § ¤ Î¨ (1)Ä(4);
2) ¶·¨ c < −1/4 ¨ ²Õ¡µ³ ϕb �= π/2 ¨³¥¥É¸Ö ¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É-

´Ò° ¨ µ£· ´¨Î¥´´Ò° ¸´¨§Ê ¸¶¥±É· {p2
n(c; ϕb), f}∞n=1, ´µ ¨¸Ìµ¤´ Ö § ¤ Î  ¶·¨

²Õ¡µ³ p2 ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ f ¨ ¤¥°¸É¢¨É¥²Ó´Ò°, ¸¶²µÏ´µ° ¨ ´¥
µ£· ´¨Î¥´´Ò° ´¨ ¸´¨§Ê, ´¨ ¸¢¥·ÌÊ ¸¶¥±É· {p2}.

�É¨ £¨¶µÉ¥§Ò ¶µ¤É¢¥·¦¤ ÕÉ ¶·¥¦´¨¥ [4] ¨ ´µ¢Ò¥ · ¸Î¥ÉÒ, ¢Ò¶µ²´¥´´Ò¥
¶µ µ¶¨¸ ´´Ò³ ¢ · §¤. 2, 3 ¸Ì¥³ ³ ¨ ¶·¥¤¸É ¢²¥´´Ò¥ ¢ · §¤. 4.
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2. ”“�œ…-�����Š‘ˆŒ�–ˆŸ ‚�‹��‚�‰ ”“�Š–ˆˆ

‘´ Î ²  ¸Ëµ·³Ê²¨·Ê¥³ ¤µ± § ´´Ò° ¢ [6] ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ÉµÎ´ÒÌ
·¥Ï¥´¨° § ¤ Î¨ (1)Ä(4) ¨ ¥£µ ¸²¥¤¸É¢¨¥ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° É¥µ·¥³Ò.

’¥µ·¥³ . ‡ ¤ Î  (1)Ä(4) ¨³¥¥É ÉµÎ´Ò¥ ·¥Ï¥´¨Ö

f(ϕ; p2) =
m−1∑
n=1

Xn

n2 − m2
sin 2nϕ + Xm sin 2mϕ, (23)

Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  p2 = 4m2, m = 0, 1, . . ., ¶ · ³¥É· c · ¢¥´ ´Ê²Õ
cµ ¤¥É¥·³¨´ ´É  É·¥Ì¤¨ £µ´ ²Ó´µ° ³ É·¨ÍÒ A ¸ Ô²¥³¥´É ³¨

An,n±1 = 1, Ann = 2 + c
(1 + 2Kn)
n2 − p2/4

; Kn ≡ sin 2πn/3
n sin 2π/3

, n = 1, 2, . . . , (24)

¸Éµ²¡¥Í X ≡ (X1, X2, . . . , Xm−1)T ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Xn ¶µ¤Î¨´Ö-
¥É¸Ö Ê· ¢´¥´¨Õ AX = 0,   Xm = −Xm−1/(4c). ‚ Î ¸É´µ¸É¨, ¶·¨ ²Õ¡µ³
c ¨ p2 = 16 ¸ÊÐ¥¸É¢Ê¥É ÉµÎ´µ¥ ·¥Ï¥´¨¥ f = sin 4ϕ,   ¶·¨ c = 4 ¨ p2 = 36
ÉµÎ´µ¥ ·¥Ï¥´¨¥ É ±µ¢µ:

f(ϕ; p2 = 36) = sin 2ϕ − (4/5) sin 4ϕ + sin 6ϕ. (25)

‚ ¸²ÊÎ ¥ c �= cµ ²Õ¡µ¥ ·¥Ï¥´¨¥ f Å ¡¥¸±µ´¥Î´Ò° (N = ∞) ËÊ·Ó¥-·Ö¤

f(ϕ; p2) =
N∑

n=1

anp Xn sin 2nϕ, anp ≡
{

1, p2 = 4n2,
(n2 − p2/4)−1, p2 �= 4n2.

(26)

„µ¶µ²´¨³ ÔÉÊ É¥µ·¥³Ê ¤µ± § É¥²Ó¸É¢µ³ ¸²¥¤ÊÕÐ¥£µ ÊÉ¢¥·¦¤¥´¨Ö: ¥¸²¨
¶·¨ ¤ ´´ÒÌ c ¨ p2, µÉ²¨Î´ÒÌ µÉ Ê± § ´´ÒÌ ¢ ´¥° (c �= cµ), ·¥Ï¥´¨¥ f
¸ÊÐ¥¸É¢Ê¥É, Éµ µ´µ ¥¤¨´¸É¢¥´´µ¥ ¨ ¥£µ ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ± ± ·Ö¤ (26), §´ Ö
Éµ²Ó±µ ±µÔËË¨Í¨¥´É X1, ¥¸²¨ p2 �= m2, m = 1, 2, . . .,   ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ Å
±µÔËË¨Í¨¥´É Xm.

• ‘²ÊÎ ° p2 �= 4m2, m Å Í¥²µ¥. ˆ¸±µ³Ò° ·Ö¤ (26) Å ¡¥¸±µ´¥Î´Ò°. ‡ -
³¥´¨³ ¨³ ËÊ´±Í¨Õ f ¢ Ê· ¢´¥´¨¨ (1), Ê³´µ¦¥´´µ³ ´  (cosϕ)2. �µ²ÊÎ¥´´µ¥
¸µµÉ´µÏ¥´¨¥ ¸ ¶µ³µÐÓÕ É·¨£µ´µ³¥É·¨Î¥¸±¨Ì Éµ¦¤¥¸É¢

4 (cosϕ)2 sin 2nϕ = sin 2(n − 1)ϕ + 2 sin 2nϕ + sin 2(n + 1)ϕ

¨ ¸¶¥±É· ²Ó´ÒÌ Éµ¦¤¥¸É¢ [6]

(4/
√

3)

+(ϕ)∫
−(ϕ)

dϕ′ sin 2nϕ′ = 2 Kn sin 2nϕ, Kn ≡ sin 2nπ/3
n sin 2π/3

,
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¸¶· ¢¥¤²¨¢ÒÌ ¶·¨ ²Õ¡ÒÌ ϕ ¨ Í¥²ÒÌ n, ¸¶·µ¥Í¨·Ê¥³ ´  ¢¸¥ ¡ §¨¸´Ò¥
ËÊ´±Í¨¨ sin 2nϕ ¨ É ±¨³ µ¡· §µ³ ¶µ¤Î¨´¨³ ¡¥¸±µ´¥Î´Ò° ¸Éµ²¡¥Í X =
(X1, X2, . . .)T ³ É·¨Î´µ³Ê Ê· ¢´¥´¨Õ AX = 0, £¤¥ A Å É·¥Ì¤¨ £µ´ ²Ó-
´ Ö ³ É·¨Í  ¸ ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´É ³¨ (24). �µÔÉµ³Ê ¢¸¥ ´¥¨§¢¥¸É´Ò¥ Xn

¸ n ≥ 2 ¶µ¸²¥¤µ¢ É¥²Ó´µ ¨ µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±µÔËË¨Í¨¥´É X1

Ëµ·³Ê² ³¨ Xn = C(c, p, n)X1, £¤¥ C(c, p, n) Å ¢¶µ²´¥ µ¶·¥¤¥²¥´´ Ö ËÊ´±-
Í¨Ö  ·£Ê³¥´Éµ¢ c, p, n.

Š ± ¸²¥¤¸É¢¨¥ ÔÉµ£µ Ë ±É , ¤µ± ¦¥³ É ±µ¥ ÊÉ¢¥·¦¤¥´¨¥: ¥¸²¨ ¶·¨ ¤ ´´ÒÌ
c ¨ p2 ·¥Ï¥´¨¥ f ¸ÊÐ¥¸É¢Ê¥É, Éµ µ´µ ¥¤¨´¸É¢¥´´µ¥. �·¥¤¶µ²µ¦¨³ ¶·µÉ¨¢´µ¥:
¶Ê¸ÉÓ f = f1 ¨ f = f2 Å · §´Ò¥ ·¥Ï¥´¨Ö. ’µ£¤  ¸Éµ²¡ÍÒ X1 ¨ X2 ¨§
±µÔËË¨Í¨¥´Éµ¢ X1

n ¨ X2
n ¨Ì ·Ö¤µ¢ ”Ê·Ó¥ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ AX = 0.

�µÔÉµ³Ê Xk
n = C(c, p, n)Xk

1 , k = 1, 2, n ≥ 2, ¨ ¸²¥¤µ¢ É¥²Ó´µ, X2
n/X1

n =
λ ≡ X2

1/X1
1 ¶·¨ ¢¸¥Ì n. ‹Õ¡µ¥ ·¥Ï¥´¨¥ f µ¶·¥¤¥²¥´µ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ

Ê³´µ¦¥´¨Ö ´  ´¥±µÉµ·ÊÕ ±µ´¸É ´ÉÊ, ¶µÔÉµ³Ê ³µ¦´µ ¶µ²µ¦¨ÉÓ X1
1 = 1, X2

1 =
1 ¨ ¶µ²ÊÎ¨ÉÓ Éµ¦¤¥¸É¢µ f1(ϕ; p2) ≡ f2(ϕ; p2) ¶µ ϕ ¨ É¥³ ¸ ³Ò³ µ¶·µ¢¥·£´ÊÉÓ
· ´¥¥ ¢Ò¸± § ´´µ¥ ¶·¥¤¶µ²µ¦¥´¨¥.

• ‘²ÊÎ ° c < 4, p2 = 4m2, £¤¥ m = 1, 2, . . . ˆ¸±µ³Ò° ·Ö¤ (26) Å
¡¥¸±µ´¥Î´Ò°. Œ É·¨Î´Ò°  ´ ²µ£ Ê· ¢´¥´¨Ö (1) Å ¡¥¸±µ´¥Î´µ³¥·´µ¥ Ê· ¢-
´¥´¨¥ AX = 0. ’ ± ± ± p2 = 4m2, Éµ Ô²¥³¥´ÉÒ Am±1,m ³ É·¨ÍÒ A
· ¢´Ò ´Ê²Õ,   ¢¸¥ µ¸É ²Ó´Ò¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê² ³ (24). �µÔÉµ³Ê ³ -
É·¨Î´µ¥ Ê· ¢´¥´¨¥ AX = 0 · ¸Ð¥¶²Ö¥É¸Ö ´  ¤¢  Ê· ¢´¥´¨Ö A−X− = 0 ¨
A+X+ = 0 ¤²Ö ±µ´¥Î´µ£µ ¨ ¡¥¸±µ´¥Î´µ£µ ¸Éµ²¡Íµ¢ X− = (X1, . . . , Xm−1)T

¨ X+ = (Xm+1, Xm+2, . . .)T ¨ ¸µµÉ´µÏ¥´¨¥ Xm+1 = −4cXm − Xm−1. ’ ±
± ± A− Å ³ É·¨Í  ¸ ¤µ³¨´¨·ÊÕÐ¥° £² ¢´µ° ¤¨ £µ´ ²ÓÕ, Éµ detA− �= 0
¨ ¶µÔÉµ³Ê Ê· ¢´¥´¨¥ A−X− = 0 ¨³¥¥É ²¨ÏÓ µ¤´µ ·¥Ï¥´¨¥ Xn = 0, n =
1, 3, . . . , m − 1. ‘²¥¤µ¢ É¥²Ó´µ, Xm+1 = −4c Xm,   ¢¸¥ µ¸É ²Ó´Ò¥ ´¥¨§-
¢¥¸É´Ò¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¨ µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Xm ¨§ Ê· ¢´¥´¨Ö
A+X+ = 0. �µÔÉµ³Ê, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÏ¥³ ¸²ÊÎ ¥, ¥¸²¨ ¶·¨ ¤ ´´ÒÌ c ¨
p2 = 4m2 ·¥Ï¥´¨¥ f ¸ÊÐ¥¸É¢Ê¥É, Éµ µ´µ ¥¤¨´¸É¢¥´´µ¥.

Šµ´¥Î´Ò¥ (N < ∞) ¶µ¤¸Ê³³Ò ·Ö¤µ¢ ”Ê·Ó¥ (26) ¸ ±µÔËË¨Í¨¥´É ³¨
X2, X3, . . . , XN , ¢ÒÎ¨¸²¥´´Ò³¨ µ¶¨¸ ´´Ò³ ¢ÒÏ¥ ¸¶µ¸µ¡µ³, ¶·¥¤² £ ¥É¸Ö ¨¸-
¶µ²Ó§µ¢ ÉÓ ¤²Ö  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨¨ f , µÉ¢¥Î ÕÐ¥° § ¤ ´´Ò³ §´ Î¥´¨Ö³
c, p2 ¨ X1 ¨²¨ Xm. „²Ö ¶·¨³¥·  ¨¸¸²¥¤µ¢ ²¨¸Ó Î¥ÉÒ·¥ ¸²ÊÎ Ö: c =
−25/4,−4,−2,−0.3. ‚ ± ¦¤µ³ ¨§ ´¨Ì ¶µ² £ ²µ¸Ó p2 = ±10; ±1; ±0, 1
¨ X1 = 1,   ±µÔËË¨Í¨¥´ÉÒ Xn, n ≤ N , ¢ÒÎ¨¸²Ö²¨¸Ó. „µ¸É ÉµÎ´µ¥ ¤²Ö
¸Ìµ¤¨³µ¸É¨ ·Ö¤  (26) Ê¸²µ¢¨¥ |Xn| ≈ const ´ ¡²Õ¤ ²µ¸Ó ¶·¨ ¤µ¢µ²Ó´µ ¡µ²Ó-
Ï¨Ì n ≥ 105, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¥¤¨´¸É¢¥´´µ£µ ·¥Ï¥´¨Ö f
§ ¤ Î¨ (1)Ä(4) ¶·¨ ²Õ¡ÒÌ c < −1/4 ¨ p2.

�Ê¸ÉÓ É¥¶¥·Ó §´ Î¥´¨¥ c § ¤ ´µ, ¶·¨Î¥³ c > 0 ¨ c �= cµ,   É·¥¡Ê¥É¸Ö ¢ÒÎ¨-
¸²¨ÉÓ ¶·¨¡²¨¦¥´¨¥ p̃2

n(c) ¸µ¡¸É¢¥´´µ£µ Î¨¸²  p2
n(c) ¨ ¶·¨¡²¨¦¥´¨¥ f̃(ϕ; p̃2

n)
¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¨ f(ϕ; p2

n). ˆ¸±µ³ Ö ËÊ´±Í¨Ö f Å ¡¥¸±µ´¥Î´Ò° ·Ö¤ ”Ê-
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·Ó¥ (26). ‚ ± Î¥¸É¢¥ ¥¥ ¶·¨¡²¨¦¥´¨Ö f̃ ¨¸¶µ²Ó§Ê¥³ ±µ´¥Î´ÊÕ ¸Ê³³Ê ”Ê·Ó¥:

f̃ =
N∑

n=1

X̃n

n2 − p2/4
sin 2nϕ , N < ∞ . (27)

‡ ³¥´¨³ ËÊ´±Í¨Õ f ÔÉµ° ¸Ê³³µ° ¢ Ê· ¢´¥´¨¨ (1), Ê³´µ¦¥´´µ³ ´  (cosϕ)2.
�·µ¥Í¨·ÊÖ ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥, ´µ Éµ²Ó±µ ´  ËÊ´±Í¨¨ sin 2nϕ ¸ n ≤ N ,
¢Ò¢¥¤¥³ Ê· ¢´¥´¨¥ A(c; p2) X̃ = 0, £¤¥ A Å É·¥Ì¤¨ £µ´ ²Ó´ Ö ³ É·¨Í  ¸
§ ¢¨¸ÖÐ¨³¨ µÉ p2 ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´É ³¨ (24),   X̃ ≡ (X̃1, X̃2, . . . , X̃N )T Å
¸Éµ²¡¥Í ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢. •µÉÖ ¡Ò µ¤¨´ ¨§ ´¨Ì µÉ²¨Î¥´ µÉ ´Ê²Ö Éµ£¤ 
¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  p2 Ö¢²Ö¥É¸Ö ±µ·´¥³ p̃2

k Ê· ¢´¥´¨Ö det A(c; p2) = 0. ’ ±
± ± A Å ³ É·¨Í  Ÿ±µ¡¨ [14], Éµ ¢¸¥ ±µ·´¨ p̃2

k, k = 1, 2, . . . , N , ¶·µ¸ÉÒ¥ ¨
± ¦¤µ³Ê ¨§ ´¨Ì µÉ¢¥Î ÕÉ Éµ²Ó±µ µ¤¨´ ¢¥±Éµ·-¸Éµ²¡¥Í X̃k. �µÔÉµ³Ê, ¶µ²µ¦¨¢
X̃1 = 1 ¨ p2 = p2

k ¢ Ê· ¢´¥´¨¨ A(c; p2) X̃ = 0, ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¨
µ¤´µ§´ Î´µ ¢ÒÎ¨¸²¨ÉÓ ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ X̃n, n ≥ 2,   § É¥³ ¢ÒÎ¨¸²¨ÉÓ ¨
¶·¨¡²¨¦¥´¨¥ f̃(ϕ; p̃2

k) ËÊ´±Í¨¨ f ± ± ¸Ê³³Ê (27), ¢ ±µÉµ·µ° p2 = p̃2
k.

„²Ö ¶·¨³¥· , ¨²²Õ¸É·¨·ÊÕÐ¥£µ ¸Ìµ¤¨³µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö p2
1 ≈ p̃2

1, ¸´ -
Î ²  ¢ÒÎ¨¸²Ö²¨¸Ó ¢¥²¨Î¨´Ò p̃2

1(c), c = 0, 2; 0, 5; 1; 2; 3; 5, ¸ ÉµÎ´µ¸ÉÓÕ
¤µ Î¥ÉÒ·´ ¤Í É¨ §´ Î Ð¨Ì Í¨Ë·, ¤µ¸É¨£´ÊÉµ° ¶·¨ §´ Î¥´¨¨ 5000 ¢¥·Ì´¥£µ
¨´¤¥±¸  N ¸Ê³³Ò (27), ¤ ²¥¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨¨

χ(p2
1(c), N) ≡ log

∣∣p̃2
1(c)/p2

1(c) − 1
∣∣ (28)

É ±¨¥ ¢¥²¨Î¨´Ò ¨¸¶µ²Ó§µ¢ ²¨¸Ó ± ± ÉµÎ´Ò¥ §´ Î¥´¨Ö p2
1(c),   ¢¥²¨Î¨´Ò p̃2

1(c),
´ °¤¥´´Ò¥ ¶·¨ N < 200, Å ± ± ¶·¨¡²¨¦¥´´Ò¥. Š ± ¸²¥¤Ê¥É ¨§ É ¡²¨ÍÒ,
£¤¥ ¸µ¡· ´Ò §´ Î¥´¨Ö ËÊ´±Í¨¨ (28), µÉ´µ¸¨É¥²Ó´ Ö ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö
p2
1(c) ≈ p̃2

1(c) ¡Ò¸É·µ Ê²ÊÎÏ ¥É¸Ö ¸ ·µ¸Éµ³ c ¨ N .

�±·Ê£²¥´´Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨¨ (28) ¶·¨ Ê± § ´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  c
¶µ²Ö (2) ¨ ¢¥·Ì´¥£µ ¨´¤¥±¸  N ¸Ê³³Ò (27)

N\c 0,2 0,5 1,0 2,0 3,0 5,0

50 Ä2,5 Ä3,0 Ä3,5 Ä5 Ä6,5 Ä8

100 Ä3 Ä3,5 Ä4 Ä6 Ä7,5 Ä10

150 Ä3,5 Ä4 Ä4,5 Ä6,5 Ä8 Ä11

200 Ä4 Ä4,5 Ä5 Ä7 Ä8,5 Ä14

�·¥¤²µ¦¥´´ Ö ËÊ·Ó¥- ¶¶·µ±¸¨³ Í¨Ö ¨³¥¥É ¤¢  ¶·¥¨³ÊÐ¥¸É¢ , µ¡Ê¸²µ-
¢²¥´´ÒÌ É¥³, ÎÉµ ¢ ´¥° A Å É·¥Ì¤¨ £µ´ ²Ó´ Ö ³ É·¨Í  Ÿ±µ¡¨: ¤²Ö ¢ÒÎ¨¸²¥-
´¨Ö ¸ ¶·¥Í¨§¨µ´´µ° ÉµÎ´µ¸ÉÓÕ ´Ê²¥° ¤¥É¥·³¨´ ´É  ¸±µ²Ó Ê£µ¤´µ ¡µ²ÓÏ¨Ì
³ É·¨Í É ±µ£µ É¨¶  ¨§¢¥¸É¥´ Ô±µ´µ³¨Î´Ò°  ²£µ·¨É³ [14],   ¢ÒÎ¨¸²¥´¨¥ ±µ-
ÔËË¨Í¨¥´Éµ¢ Xn ¢µ§³µ¦´µ ¡¥§ §´ ´¨Ö ¢¸¥° ³ É·¨ÍÒ A.
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‚ ¸²ÊÎ ¥ c < 0 ËÊ·Ó¥- ¶¶·µ±¸¨³ Í¨Ö ¨³¥¥É ¸ÊÐ¥¸É¢¥´´Ò° ´¥¤µ¸É Éµ±:
¸Ê³³Ò ”Ê·Ó¥ (27) ¶·¨ N → ∞ ³¥¤²¥´´µ ¸Ìµ¤ÖÉ¸Ö ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2 ¨§-
§  Éµ£µ, ÎÉµ ²Õ¡ Ö ¨Ì ´¨Ì ¨³¥¥É  ¸¨³¶ÉµÉ¨±Ê s + const s3, s → 0,   ¨¸±µ³ Ö
ËÊ´±Í¨Ö f µ¡² ¤ ¥É ¡¥¸±µ´¥Î´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨, ¥¸²¨ c ∈ [−1/4, 0), ¨²¨
¦¥ ¡Ò¸É·µ µ¸Í¨²²¨·Ê¥É, ¥¸²¨ c < −1/4. ‚ÒÎ¨¸²¥´¨¥ ËÊ´±Í¨° ¸ É ±¨³¨
µ¸µ¡¥´´µ¸ÉÖ³¨ ¢µ§³µ¦´µ ²¨ÏÓ ¸¶¥Í¨ ²Ó´Ò³¨  ²£µ·¨É³ ³¨. ’ ±¨¥  ²£µ·¨É³Ò
¶·¥¤² £ ÕÉ¸Ö ¢ · §¤. 3.

3. ‘�‹�‰�-�����Š‘ˆŒ�–ˆŸ ‚�‹��‚�‰ ”“�Š–ˆˆ

� ¶µ³´¨³ µ¶·¥¤¥²¥´¨Ö ¨ ¸¢µ°¸É¢  ±Ê¡¨Î¥¸±¨Ì ¸¶² °´µ¢ [12].
�Ê¸ÉÓ ´  µÉ·¥§±¥ [0, π/2] § ¤ ´Ò ·¥£Ê²Ö·´ Ö ¸¥É±  �ϕ ¸ Ê§² ³¨ ϕj ¨

Ï £µ³ π/2M ¨ ¥¥ ·¥£Ê²Ö·´µ¥ · ¸Ï¨·¥´¨¥ δϕ Ê§² ³¨ ϕj , j < 0, j > M :

�ϕ : 0 = ϕ0 < ϕ1 < . . . < ϕM = π/2, ϕj+1 − ϕj = π/2M ; (29)

δϕ : ϕ−3 < ϕ−2 < ϕ−1 < ϕ0 < . . . < ϕM < ϕM+1 < ϕM+2 < ϕM+3.

ŠÊ¡¨Î¥¸±¨³ ¸¶² °´µ³ S31(ϕ) ±² ¸¸  C2 ¸ Ê§² ³¨ ´  ¸¥É±¥ �ϕ ´ §Ò¢ ¥É¸Ö
¤¢ ¦¤Ò ´¥¶·¥·Ò¢´µ ¤¨ËË¥·¥´Í¨·Ê¥³ Ö ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2] ËÊ´±Í¨Ö,
¶·¥¤¸É ¢¨³ Ö ´  ± ¦¤µ³ µÉ·¥§±¥ [ϕj , ϕj+1] ±Ê¡¨Î¥¸±¨³ ¶µ²¨´µ³µ³. �µ·³ -
²¨§µ¢ ´´Ò° ±Ê¡¨Î¥¸±¨³ ¡ §¨¸´Ò° ¸¶² °´ Bj(ϕ), ¨²¨ ¸µ±· Ð¥´´µ B-¸¶² °´,
µ¶·¥¤¥²Ö¥É¸Ö ± ± ¸¶² °´ S31(ϕ), · ¢´Ò° ´Ê²Õ ¢´¥ ¥£µ ¨´É¥·¢ ² -´µ¸¨É¥²Ö
[ϕj−2, ϕj+2] ¨ § ¤ ´´Ò° ´  ± ¦¤µ³ µÉ·¥§±¥ [ϕk, ϕk+1], k = j − 2, . . . , j + 1,
ÔÉµ£µ ´µ¸¨É¥²Ö ±Ê¡¨Î¥¸±¨³ ¶µ²¨´µ³µ³  ·£Ê³¥´É  t ≡ (ϕ − ϕk)2M/π:

Bj =
1
6
t3, Bj =

1
2
t(−t2 + t + 1) +

1
6
, Bj =

1
2
t2(t − 1) +

2
3
, Bj =

1
6
(1 − t)3 .

‘¨¸É¥³  ¸¶² °´µ¢ Bj , j = −1, . . . , M + 1, Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¡ §¨¸µ³ ¢ ²¨-
´¥°´µ³ ¶·µ¸É· ´¸É¢¥ S31(�ϕ) ¸¶² °´µ¢ S31 c Ê§² ³¨ ´  ¸¥É±¥ �ϕ: ²Õ¡µ°
¸¶² °´ ¨§ ÔÉµ£µ ¶·µ¸É· ´¸É¢  Å ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö B-¸¶² °´µ¢ ¨ µ¤´µ-
§´ Î´µ µ¶·¥¤¥²Ö¥³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Xj :

S31(ϕ) =
M+1∑
j=−1

Xj Bj(ϕ), 0 ≤ ϕ ≤ π/2 . (30)

…¸²¨ É ±µ° ¸¶² °´ S31 ¨´É¥·¶µ²¨·Ê¥É ËÊ´±Í¨Õ f ±² ¸¸  C8
[0,π/2] ´  µÉ·¥§±¥

[0, π/2] ¶µ ¥¥ § ¤ ´´Ò³ Ê§²µ¢Ò³ §´ Î¥´¨Ö³ fj ≡ f(ϕj), Éµ

f(ϕ) = S31(ϕ) + O((π/2M)4), ϕ ∈ [0, π/2], M → ∞,
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  ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ϕ = ϕj , j = 1, 2, . . . , M − 1, ¸¥É±¨ �ϕ ¨³¥¥É ³¥¸Éµ
Ëµ·³Ê²  ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨:

∂2
ϕf(ϕ) = ∂̄2

ϕSj
31 + O((π/2M)4), ϕ = ϕj , j = 1, 2, . . . , M − 1;

∂̄2
ϕSj

31 =
[
2(M/3π)2

]
[Xj−2 + 8Xj−1 − 18Xj + 8Xj+1 + Xj+2] .

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ (1)Ä(4) ¶·¥¤² £ ¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ  ²£µ-
·¨É³ 4′′ (¸³. [7]) ¨ ¥£µ ¶·¥¤¸É ¢²¥´´Ò¥ ´¨¦¥ ³µ¤¨Ë¨± Í¨¨. Š²ÕÎ¥¢Ò³¨ ¡Ê¤ÊÉ
§ ³¥´Ò

f(ϕ; p2) → S31(ϕ) =
M+1∑
j=−1

Xj Bj(ϕ), ϕ ∈ [0, π/2] ; (31)

∂2
ϕf(ϕ; p2) → ∂̄2

ϕSj
31, ϕ = ϕj , j = 1, . . . , M − 1.

  ¨¸±µ³Ò³ Å ¸Éµ²¡¥Í X = (X−1, . . . , XM+1)T ¨§ ±µÔËË¨Í¨¥´Éµ¢ Xj .
�·¨¤¥É¸Ö · §²¨Î ÉÓ Î¥ÉÒ·¥ ¸²ÊÎ Ö.
• ‘²ÊÎ ° c > 0. ‚ ¸¨²Ê (4), (7) ¨ (18) ²Õ¡µ¥ ·¥Ï¥´¨¥ f Ê· ¢´¥´¨Ö (1)

¶·¨ c ∈ (0, 2] Ê¤µ¢²¥É¢µ·Ö¥É · ¢¥´¸É¢ ³ |∂2
ϕf | = ∞, ϕ = π/2, ¨

f, ∂2
ϕf = 0, ϕ = 0; f = 0, ∂ϕf(ϕ; p2) = 2τf(π/6; p2), ϕ = π/2, (32)

  ¶·¨ c > 2 Å · ¢¥´¸É¢ ³

f , ∂2
ϕf = 0, ϕ = 0; f, ∂2

ϕf = 0, ϕ = π/2. (33)

�µÔÉµ³Ê ¶·¨ c ∈ (0, 2] Ê· ¢´¥´¨¥ (1) ¤µ¶µ²´Ö¥É¸Ö ¤µ ±· ¥¢µ° § ¤ Î¨ £· ´¨Î-
´Ò³¨ Ê¸²µ¢¨Ö³¨ (32),   ¶·¨ c > 2 Å £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (33). ‡ É¥³
± É ±µ° ±· ¥¢µ° § ¤ Î¥ ¶·¨³¥´Ö¥É¸Ö  ²£µ·¨É³ 4′′: ¶µ¸²¥ § ³¥´Ò (31) Ê· ¢-
´¥´¨¥ (1) § ¶¨¸Ò¢ ¥É¸Ö ¢µ ¢´ÊÉ·¥´´¨Ì (0 < j < M ) Ê§² Ì ϕj ¸¥É±¨ �ϕ,  
£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö Å ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±· °´¨Ì Ê§² Ì ϕ0 = 0 ¨ ϕM = π/2.
�µ²ÊÎ¥´´µ¥ ³ É·¨Î´µ¥ Ê· ¢´¥´¨¥ A(c, p2)X = 0 ·¥Ï ¥É¸Ö Î¨¸²¥´´µ: ¶·¨-
¡²¨¦¥´´µ¥ §´ Î¥´¨¥ p̃2(c) Ô´¥·£¨¨ p2(c) ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ±µ·¥´Ó Ê· ¢´¥´¨Ö
det A(c, p2) = 0, § É¥³ µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¸Éµ²¡¥Í X. �¶¶·µ±-
¸¨³¨·ÊÕÐ¨° ËÊ´±Í¨Õ f ¸¶² °´ S31 ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ¸Ê³³  (31).

�µÉµÎ¥Î´ÊÕ ¸Ìµ¤¨³µ¸ÉÓ É ±µ°  ¶¶·µ±¸¨³ Í¨¨ Î¥É¢¥·Éµ£µ ¶µ·Ö¤±  ¶µ
Ï £Ê ¸¥É±¨ �ϕ ¨²²Õ¸É·¨·Ê¥É ·¨¸. 1. �  ´¥³ ¨§µ¡· ¦¥´Ò £· Ë¨±¨ ¤¥¸Ö-
É¨Î´µ£µ ²µ£ ·¨Ë³  χ0,

χ0(ϕ; M) ≡ log

∣∣∣∣ |S31(ϕ)|
|f(ϕ; p2 = 36)|+ δ

− 1
∣∣∣∣ , δ = 10−14, (34)
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µÉ´µ¸¨É¥²Ó´µ° ÉµÎ´µ¸É¨, ¸ ±µÉµ·µ° ¸¶² °´ S31, ¢ÒÎ¨¸²¥´´Ò° ¶·¨ §´ Î¥´¨ÖÌ
c = 4 ¨ M = 30, 102, 300, 501, ¶·¨¡²¨¦ ¥É ÉµÎ´µ¥ ·¥Ï¥´¨¥ Å ´µ·³¨·µ¢ ´-
´ÊÕ Ê¸²µ¢¨¥³ f(π/4; p2 = 36) = S31(π/4) ¸Ê³³Ê (25). ‚ÒÎ¨¸²¥´´µ¥ §´ Î¥-
´¨¥ p̃2

1 ¸Ìµ¤¨É¸Ö ± ÉµÎ´µ³Ê ¸¢¥·ÌÊ: p̃2−36 = 2 ·10−4, 2 ·10−6, 2 ·10−8, 3 ·10−9,
¥c²¨ M = 30, 102, 300, 501.

‚¸¥ ±µ·´¨ Ê· ¢´¥´¨Ö detA(c, p2) = 0, ¢ÒÎ¨¸²¥´´Ò¥ ¶·¨ §´ Î¥´¨ÖÌ c =
0,1; 1; 10; 100 ¨ M = 30, 102, 300, 501, Å ¤¥°¸É¢¨É¥²Ó´Ò¥, ¶·µ¸ÉÒ¥ ¨ ¸Ìµ¤ÖÉ-

�¨¸. 1. ”Ê´±Í¨Ö χ0(ϕ, M): ±·¨¢ Ö 1 Å
M = 31, 2 Å M = 103, 3 Å M = 301,
4 Å M = 502

¸Ö ± ¸¢µ¨³ ¶·¥¤¥²Ó´Ò³ ¶·¨ M →
∞ §´ Î¥´¨Ö³. �·¥¤¥²Ó´µ¥ ³´µ¦¥¸É¢µ
É ±¨Ì ±µ·´¥° ¤¨¸±·¥É´µ, ÎÉµ ¶µ¤É¢¥·-
¦¤ ¥É £¨¶µÉ¥§Ê µ ¤¨¸±·¥É´µ¸É¨ ¤¥°-
¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  § ¤ Î¨ (1)Ä(4) ¢
· ¸¸³µÉ·¥´´µ³ ¸²ÊÎ ¥ c ≥ 0.

• ‘²ÊÎ ° c < 0. ’¥¶¥·Ó µ¦¨-
¤ ¥É¸Ö, ÎÉµ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·
{p2} Å ¸¶²µÏ´µ° ¨ ´¥¢Ò·µ¦¤¥´´Ò°.
�µÔÉµ³Ê ¶µ¸É ´µ¢±  § ¤ Î¨ ¨´ Ö: ´¥-
µ¡Ìµ¤¨³µ ¢ÒÎ¨¸²¨ÉÓ ¤¥°¸É¢¨É¥²Ó´ÊÕ
¸µ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ f ¶·¨ § ¤ ´-
´ÒÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ c ¨ p2. �¸¨³¶Éµ-
É¨±  (14) ÔÉµ° ËÊ´±Í¨¨ ¶·¨ ϕ → π/2
¸µ¤¥·¦¨É § · ´¥¥ ´¥ ¨§¢¥¸É´Ò¥ ±µÔË-
Ë¨Í¨¥´ÉÒ A ¨ B. �¸¨³¶ÉµÉ¨±¨ (15)
¨²¨ (16) ¤¥°¸É¢¨É¥²Ó´ÒÌ ËÊ´¤ ³¥´-
É ²Ó´ÒÌ ·¥Ï¥´¨° f± ´¥ ¸µ¤¥·¦ É ´¨-
± ±¨Ì ´¥¨§¢¥¸É´ÒÌ ±µÔËË¨Í¨¥´Éµ¢.

�µÔÉµ³Ê Ê¤µ¡´¥¥ ¸´ Î ²  ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨¨ f±,   § É¥³ ´ °É¨ ËÊ´±Í¨Õ
f ¶µ Ëµ·³Ê²¥ (19). �µ¢¥¤¥´¨¥ ËÊ´±Í¨° f± ¶·¨ ϕ → 0 ´¥¨§¢¥¸É´µ, Ê¦¥
¶µÔÉµ³Ê ´¥µ¡Ìµ¤¨³µ ³µ¤¨Ë¨Í¨·µ¢ ÉÓ  ²£µ·¨É³ 4′′.

�¶¨Ï¥³ ¶·¥¤² £ ¥³Ò¥ ³µ¤¨Ë¨Í¨± Í¨¨ ´  ¶·¨³¥·¥ ËÊ´¤ ³¥´É ²Ó´µ£µ
·¥Ï¥´¨Ö f ≡ f+ Ê· ¢´¥´¨Ö (1) ¶·¨ Ê¸²µ¢¨¨, ÎÉµ c ¨ p2 § ¤ ´Ò, ´µ ¨§-
¢¥¸É´  ²¨ÏÓ  ¸¨³¶ÉµÉ¨±  (15) ¨²¨ (16) ÔÉµ£µ ·¥Ï¥´¨Ö ¶·¨ ϕ → π/2. �Ê¸ÉÓ
ϕk Å ´¥±µÉµ· Ö ÉµÎ±  ¸¥É±¨ �ϕ, ´ ¸Éµ²Ó±µ ¡²¨§± Ö ± ¥¥ ¶µ¸²¥¤´¥° ÉµÎ±¥
ϕM = π/2, ÎÉµ ´  µÉ·¥§±¥ [ϕk, ϕM ] ËÊ´±Í¨Õ f+ ³µ¦´µ ¶µ²µ¦¨ÉÓ · ¢-
´µ° ¸Ê³³¥ ¤¢ÊÌ ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ ¥¥  ¸¨³¶ÉµÉ¨±¨ (15) ¨²¨ (16). �µ¸²¥ § -
³¥´Ò (31) ¨¸±µ³µ° ËÊ´±Í¨¨ f ≡ f+ ¸¶² °´µ³ S31 § ¶¨Ï¥³ Ê· ¢´¥´¨¥ (1) ¢
Ê§² Ì ϕ = ϕj , j = 1, ..., k,   Ê¶µ³Ö´ÊÉµ¥ ¢ÒÏ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ · ¢¥´¸É¢µ Å
¢ µ¸É ²Ó´ÒÌ Ê§² Ì ϕ = ϕk+1, . . . , ϕM . �µ²ÊÎ¥´´ÊÕ ¸¨¸É¥³Ê M ²¨´¥°´ÒÌ
¨ ´¥µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨° ¤²Ö M + 3 ´¥¨§¢¥¸É´ÒÌ Xn ´¥µ¡Ìµ¤¨³µ ¤µ¶µ²-
´¨ÉÓ É·¥³Ö Ê· ¢´¥´¨Ö³¨ ¤µ ¸¨¸É¥³Ò ¸ ±¢ ¤· É´µ° ³ É·¨Í¥°. „µ¶µ²´¨É¥²Ó´Ò¥
Ê· ¢´¥´¨Ö ³µ¦´µ ¢Ò¢¥¸É¨ ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨: ¶µ¤Î¨´¨ÉÓ ¨c±µ³Ò° ¸¶² °´ S31

¢³¥¸Éµ ËÊ´±Í¨¨ f Ê· ¢´¥´¨Õ (1) ¨²¨ ¦¥  ¸¨³¶ÉµÉ¨Î¥¸±µ³Ê · ¢¥´¸É¢Ê ¢ É·¥Ì
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ÉµÎ± Ì, µÉ²¨Î´ÒÌ µÉ Ê§²µ¢ ¸¥É±¨ ¨ ¶·¨´ ¤²¥¦ Ð¨Ì ¢ ¶¥·¢µ³ ¸²ÊÎ ¥ ¨´É¥·¢ ²Ê
(0, ϕk),   ¢µ ¢Éµ·µ³ Å ¨´É¥·¢ ²Ê (ϕk, ϕM ). ‚ ²Õ¡µ³ ¸²ÊÎ ¥ ¤¨¸±·¥É´Ò³  ´ -
²µ£µ³ ±· ¥¢µ° § ¤ Î¨ (1), (15) ¨²¨ (1), (16) ¤²Ö ËÊ´¤ ³¥´É ²Ó´µ£µ ·¥Ï¥´¨Ö
f = f+ ¡Ê¤¥É ´¥µ¤´µ·µ¤´µ¥ ³ É·¨Î´µ¥ Ê· ¢´¥´¨¥ A+ X = C+. �²¥³¥´ÉÒ
¥£µ ¸Éµ²¡Í  C+ Å §´ Î¥´¨Ö ËÊ´±Í¨¨ s1/2+ν ¨²¨ s1/2 sin(|ν| ln s) ¢ Ê§² Ì
ϕj > ϕk . „¨¸±·¥É´Ò°  ´ ²µ£ A− X = C− ¤²Ö ËÊ´¤ ³¥´É ²Ó´µ£µ ·¥Ï¥´¨Ö
f− ¢Ò¢µ¤¨É¸Ö É ±¨³ ¦¥ ¸¶µ¸µ¡µ³.

• ‘²ÊÎ ° ªµ¡·¥§ ´´µ£µª ¶µ²Ö. ’¥¶¥·Ó ¢ Ê· ¢´¥´¨¨ (1) ¶µÉ¥´Í¨ ² c (sec ϕ)2

§ ³¥´¥´ ´Ê²¥³ ¶·¨ ϕ > ϕb �= π/2,   ËÊ´±Í¨Ö f Å ¸Ê³³ 

f = Θ(ϕb −ϕ) f< +Θ(ϕ−ϕb) f> , f> ≡ sin ps/p = s+(ps)3/(6p)+ · · · (35)

�·¨ ²Õ¡µ³ c É ± Ö ¸Ê³³  Ê¤µ¢²¥É¢µ·Ö¥É · ¢¥´¸É¢Ê ∂2
ϕf = 0, ϕ = π/2, ¨

¢¸¥³ µ¸É ²Ó´Ò³ · ¢¥´¸É¢ ³ (33). ˆ¸¸²¥¤Ê¥³µ¥ Ê· ¢´¥´¨¥ ¸ £· ´¨Î´Ò³¨ Ê¸²µ-
¢¨Ö³¨ (33) ¸¢µ¤¨É¸Ö É¥³ ¦¥, ÎÉµ ¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¸²ÊÎ ¥ c > 0,
¸¶µ¸µ¡µ³ ± Ê· ¢´¥´¨Õ A(p2, c)X = 0 ¨ ¶·¨ c ≥ 0, ¨ ¶·¨ c < 0. ‚ÒÎ¨-
¸²Ö¥³Ò° ¸¶¥±É· {p2(c)} µ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³ det A(p2, c) = 0 ¨ ¶µÔÉµ³Ê
Ö¢²Ö¥É¸Ö ¤¨¸±·¥É´Ò³ ¶·¨ ²Õ¡µ³ c.

• ‘²ÊÎ ° ∂2
ϕf = 0, ϕ = π/2. ‚¥·´¥³¸Ö ± ¨¸Ìµ¤´µ³Ê Ê· ¢´¥´¨Õ (1).

�·¨³¥³ Ê¸²µ¢¨¥ ∂2
ϕf = 0, ϕ = π/2, ¤²Ö ¢¸¥Ì §´ Î¥´¨° ¶ · ³¥É·  c. ’µ£¤ ,

± ± ¨ ¢ ¸²ÊÎ ¥ ªµ¡·¥§ ´´µ£µª ¶µ²Ö, Ê· ¢´¥´¨¥ (1) ¶·¨ ²Õ¡µ³ c ¤µ¶µ²´¨É¸Ö
£· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (33), ¶µ²ÊÎ¥´´ Ö ±· ¥¢ Ö § ¤ Î  ¸¢¥¤¥É¸Ö ± ³ É·¨Î-
´µ³Ê Ê· ¢´¥´¨Õ A(p2, c)X = 0,   ¢ÒÎ¨¸²Ö¥³Ò° ¸¶¥±É· {p2(c)} É ±¦¥ ¡Ê¤¥É
¤¨¸±·¥É´Ò³ ¶·¨ ²Õ¡µ³ c.

�Ê¸ÉÓ f Å ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö (35) ¢ ¸²ÊÎ ¥ ªµ¡·¥§ ´´µ£µª ¶µ²Ö,  
ϕb = ϕM−1. ‘· ¢´¨³ ¥¥ ¸ ¢ÒÎ¨¸²¥´´Ò³ ¶·¨ Éµ³ ¦¥ ¸µ¡¸É¢¥´´µ³ §´ Î¥´¨¨
p2 ¸¶² °´µ³ S31(ϕ). ”Ê´±Í¨¨ f , S31 ¨ ∂2

ϕf , ∂2
ϕS31 ¶µ¤Î¨´¥´Ò µ¤¨´ ±µ¢Ò³

£· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ ¢ ÉµÎ± Ì ϕ = 0, π/2,   ¢ ÉµÎ± Ì ϕ1, . . . , ϕM−1 Ê¤µ¢²¥-
É¢µ·ÖÕÉ µ¤´µ³Ê ¨ Éµ³Ê ¦¥ Ê· ¢´¥´¨Õ (1). „ ²¥¥, ¢ ÉµÎ±¥ ϕ = ϕM−1 ËÊ´±Í¨¨
f ¨ S31 ´¥¶·¥·Ò¢´µ ¤¨ËË¥·¥´Í¨·Ê¥³Ò. …¸²¨ ϕ ≥ ϕM−1, Éµ ¸¶² °´ S31 Å
¶µ²¨´µ³ αs + βs3. …£µ ±µÔËË¨Í¨¥´ÉÒ α ¨ β ´¥ ¨§³¥´ÖÉ¸Ö, ¥¸²¨ ¶µÉ¥´-
Í¨ ² c (secϕ)2 ¶·¨ ϕ > ϕM−1 § ³¥´¨ÉÓ ²Õ¡µ° ¤·Ê£µ° ËÊ´±Í¨¥°, ´ ¶·¨³¥·,
¶µ²µ¦¨ÉÓ · ¢´Ò³ ´Ê²Õ, É.¥. ªµ¡·¥§ ÉÓª ¢ ÉµÎ±¥ ϕM−1. ‚ Éµ° ¦¥ µ¡² ¸É¨
ϕ ≥ ϕM−1 ËÊ´±Í¨Ö f = f>  ¶¶·µ±¸¨³¨·Ê¥É¸Ö ¶µ²¨´µ³µ³ Éµ£µ ¦¥ É¨¶ , ÎÉµ
¨ ¸¶² °´ S31. ‘²¥¤µ¢ É¥²Ó´µ, ¸¶² °´ S31 ¶·¨¡²¨¦ ¥É ¸µ¡¸É¢¥´´ÊÕ ËÊ´±-
Í¨Õ f Ê· ¢´¥´¨Ö (1) ¢ ¸²ÊÎ ¥ ªµ¡·¥§ ´´µ£µª ¢ ¶·¥¤¶µ¸²¥¤´¥° ÉµÎ±¥ ϕM−1

¸¥É±¨ �ϕ ¶µÉ¥´Í¨ ²  Θ(ϕb − ϕ) c (sec ϕ)2. ’ ±¨³ µ¡· §µ³ ¢¢¥¤¥´¨¥ Ê¸²µ¢¨Ö
∂2

ϕf = 0, ϕ = π/2 ¨ ¶·¨³¥´¥´¨¥  ²£µ·¨É³  4′′ Ô³Ê²¨·Ê¥É ¸²ÊÎ ° ªµ¡·¥§ ´-
´µ£µª ¶µ²Ö.

‚ ¸²ÊÎ ¥ c < 0 ¶·¥¤²µ¦¥´´Ò° ³µ¤¨Ë¨Í¨·µ¢ ´´Ò° ¸¶² °´- ²£µ·¨É³ ¶µ-
§¢µ²Ö¥É ¢µ¸¶·µ¨§¢µ¤¨ÉÓ ¸²µ¦´ÊÕ  ¸¨³¶ÉµÉ¨±Ê ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¨ f ¢¡²¨§¨
ÉµÎ±¨ ϕ = π/2 ¶·¨ ¸· ¢´¨É¥²Ó´µ ·¥¤±µ° ¸¥É±¥ �ϕ, É.¥. ¶·¨ ´¥¡µ²ÓÏµ°
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· §³¥·´µ¸É¨ ³ É·¨ÍÒ A. ‚ ÔÉµ³ § ±²ÕÎ ¥É¸Ö ´¥µ¸¶µ·¨³µ¥ ¶·¥¨³ÊÐ¥¸É¢µ
¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ ¶µ ¸· ¢´¥´¨Õ ¸ ËÊ·Ó¥- ¶¶·µ±¸¨³ Í¨¥°, µ¶¨¸ ´´µ° ¢
· §¤. 2. �¸´µ¢´µ° ´¥¤µ¸É Éµ± ¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ µÎ¥¢¨¤¥´: ¤²Ö ¥¥ ·¥-
 ²¨§ Í¨¨ ¶·¨Ìµ¤¨É¸Ö ´¥ Éµ²Ó±µ Ì· ´¨ÉÓ ¢ µ¶¥· É¨¢´µ° ¶ ³ÖÉ¨ ±µ³¶ÓÕÉ¥· 
¢¸Õ ´¥¸¨³³¥É·¨Î´ÊÕ ¨ ´¥· §·Ö¦¥´´ÊÕ ³ É·¨ÍÊ A, ´µ ¨ µ¶¥·¨·µ¢ ÉÓ É ±µ°
³ É·¨Í¥°.

4. —ˆ‘‹…��›‰ ���‹ˆ‡ „…‰‘’‚ˆ’…‹œ��ƒ� ‘�…Š’��

�¥·¥°¤¥³ ± µ¡¸Ê¦¤¥´¨Õ ¨Éµ£µ¢ Î¨¸²¥´´µ£µ  ´ ²¨§  § ¤ Î¨ (1)Ä(4), ¢Ò-
¶µ²´¥´´µ£µ ¶µ µ¶¨¸ ´´Ò³¨ ¢ · §¤. 3 ¸Ì¥³ ³ ¶·¨ τ = 4/

√
3.

„²Ö ¢ÒÖ¸´¥´¨Ö ± Î¥¸É¢¥´´ÒÌ µ¸µ¡¥´´µ¸É¥° ¶µ¢¥¤¥´¨Ö ¸µ¡¸É¢¥´´ÒÌ ËÊ´±-
Í¨° ¢Ò¸µ± Ö ÉµÎ´µ¸ÉÓ ¨Ì ¢ÒÎ¨¸²¥´¨Ö ´¥ É·¥¡µ¢ ² ¸Ó ¨ ¶µÔÉµ³Ê ¨¸¶µ²Ó§µ¢ -
² ¸Ó ¸· ¢´¨É¥²Ó´µ ·¥¤± Ö (M = 80) ¸¥É±  �ϕ. �µ² £ ²µ¸Ó c = 1, 5, 70,
§ É¥³ ¢ÒÎ¨¸²Ö²µ¸Ó ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´ ¨³¥´ÓÏ¥¥ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ p2 =
p2
1(c) ≈ 13,87; 41,05; 157,5 ¨ ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö f , É.¥. ¢µ²´µ¢ Ö ËÊ´±-

Í¨Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. ‡ É¥³ § ¤ ¢ ² ¸Ó ¶ ·Ò (c, p2
1) = (−0,5;−5,13),

(−0,3;−0,173), (0,4), (0,3; 7,28), (0,5; 9,27) §´ Î¥´¨° c ¨ p2, ¢ ± Î¥¸É¢¥ ϕk

¨¸¶µ²Ó§µ¢ ²¸Ö Ê§¥² ¸¥É±¨ �ϕ ¸ ´µ³¥·µ³ k = 60,   ¶µÉµ³ ¢ÒÎ¨¸²Ö² ¸Ó ¸µµÉ¢¥É-
¸É¢ÊÕÐ Ö É ±¨³ c, p2 ¨ k ËÊ´±Í¨Ö f . ƒ· Ë¨±¨ ¢ÒÎ¨¸²¥´´ÒÌ ËÊ´±Í¨°, ´µ·-
³¨·µ¢ ´´ÒÌ Ê¸²µ¢¨¥³ max f(ϕ; p2) = 1, ϕ ∈ [0, π/2], ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 2.

�¨¸. 2. ”Ê´±Í¨Ö f(ϕ; p2
1(c)), Í¨Ë·Ò Ê ±·¨¢ÒÌ Å §´ Î¥´¨Ö ¶ · ³¥É·  c ¶µ²Ö (2): a) Å

c = 0,±0, 3,±0, 5; ¡) Å c = 1, 5, 70

Š ± ¢¨¤´µ ¨§ ·¨¸. 2,  , ¥¸²¨ ¶µÉ¥´Í¨ ² c (sec ϕ)2 ¢§ ¨³µ¤¥°¸É¢¨Ö V eff

¶·¨ÉÖ£¨¢ ÕÐ¨° (c < 0),   Ô´¥·£¨Ö p2 = p̃2
1 µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö Î ¸É¨ÍÒ

Ê³¥´ÓÏ ¥É¸Ö, Éµ ¥¥ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö f ²µ± ²¨§ÊÕÉ¸Ö ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2
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¨ Î ¸É¨Í  ¸ÉÖ£¨¢ ¥É¸Ö ¢ ÉµÎ±Ê ϕ = π/2, É.¥. ¶·µ¨¸Ìµ¤¨É ±µ²² ¶¸. ‘µ£² ¸´µ
·¨¸. 2, ¡ ¢ ¸²ÊÎ ¥ µÉÉ ²±¨¢ ÕÐ¥£µ (c > 0) ¶µÉ¥´Í¨ ²  ¶·¨ Ê¢¥²¨Î¥´¨¨ Ô´¥·-
£¨¨ p2 = p2

1 Î¨¸²µ µ¸Í¨²²ÖÍ¨° ¢µ²´µ¢µ° ËÊ´±Í¨¨ f µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö
¢µ§· ¸É ¥É.

”¨§¨Î¥¸±¨ ´ ¨¡µ²¥¥ ¨´É¥·¥¸´Ò ¸µ¸ÉµÖ´¨Ö Î ¸É¨ÍÒ ¢ ¸²ÊÎ ¥ ¶·¨ÉÖ£¨¢ Õ-
Ð¥£µ ¶µÉ¥´Í¨ ²  c (sec ϕ)2, c < 0, ¢§ ¨³µ¤¥°¸É¢¨Ö V eff . „²Ö  ´ ²¨§  µ¸µ¡¥´-
´µ¸É¥° ¶µ¢¥¤¥´¨Ö ¥¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ f(ϕ; p2), ´µ·³¨·µ¢ ´´µ° ¨§¢¥¸É´Ò³
¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ [1] Ê¸²µ¢¨¥³∫ π/2

0

|f(ϕ; p2)|2 dϕ = 1 (36)

´  ¥¤¨´¨Î´ÊÕ ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ |f |2, § ¤ ¢ ²¨¸Ó É¥ ¦¥ §´ Î¥´¨Ö c =
−1/8 ¨ p2 = −9,−3, 0, 4, 6 ¨²¨ c = −25/4 ¨ p2 = −36,−9, 0, 9, ¤²Ö ±µÉµ·ÒÌ
·¥Ï¥´¨Ö Φ § ¤ Î¨ (5), (6), ¶µ¤Î¨´ÖÕÐ¨¥¸Ö Ê¸²µ¢¨Õ∫ π/2

0

|Φ(ϕ; p2)|2 dϕ = 1,

¨§µ¡· ¦¥´Ò ´  ·¨¸. 8 ¢ · ¡µÉ¥ [7]. �± § ²µ¸Ó, ÎÉµ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ f ¨
¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ |f |2, ¢ÒÎ¨¸²¥´´Ò¥ ± ± ¸¶² °´Ò S31(ϕ) ¶·¨ ¤µ¢µ²Ó´µ
£Ê¸Éµ° (M = 999) ¸¥É±¥ �ϕ ¨ ¢Ò¡µ·¥ ϕk c k = 700, ¨³¥ÕÉ É¥ ¦¥ µ¸µ¡¥´´µ¸É¨,
ÎÉµ ¨ ËÊ´±Í¨¨ Φ ¨ |Φ|2: ¸ Ê³¥´ÓÏ¥´¨¥³ p2 ËÊ´±Í¨Ö |f |2 ²µ± ²¨§Ê¥É¸Ö ¢¡²¨§¨
ÉµÎ±¨ π/2, ¶·¨Î¥³ ¢ ¸²ÊÎ ¥ c = −1/8 > −1/4 ¢¡²¨§¨ ÔÉµ° ÉµÎ±¨ |f |2 ´¥
¨³¥¥É ´Ê²¥°,   ¢ ¸²ÊÎ ¥ c = −25/4 < −1/4 µ¡² ¤ ¥É É ±µ¢Ò³¨. �É¨ ¢Ò¢µ¤Ò
¨²²Õ¸É·¨·ÊÕÉ ±µ²² ¶¸ Î ¸É¨ÍÒ ¢ ¸¨´£Ê²Ö·´ÊÕ ÉµÎ±Ê ϕ = π/2 ´¥²µ± ²Ó´µ£µ
¶µ²Ö (2).

„ ²¥¥ ¨¸¸²¥¤µ¢ ²¸Ö ¸²ÊÎ ° ªµ¡·¥§ ´´µ£µª ¶µ²Ö. „²Ö  ´ ²¨§  § ¢¨¸¨³µ¸É¨
Ô´¥·£¨¨ p2 = p2

n(c; ϕb) Î ¸É¨ÍÒ µÉ ¶ · ³¥É·µ¢ c ¨ ϕb · ¸Î¥ÉÒ ¢Ò¶µ²´Ö²¨¸Ó
¢ Î¥ÉÒ·¥Ì ¸²ÊÎ ÖÌ: M = 102, 300, 501, 999. ‚ ± ¦¤µ³ ¨§ ÔÉ¨Ì ¸²ÊÎ ¥¢ ¶µ-
² £ ²µ¸Ó ϕb = ϕM−1, sb = π/2 − ϕb = π/2M ,   ¢ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö
Ê¶µ·Ö¤µÎ¨¢ ²¨¸Ó ¶µ ¨Ì ´µ³¥·Ê: p2

n(c; ϕb) < p2
n+1(c; ϕb).

� ¡²Õ¤ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥ § ±µ´µ³¥·´µ¸É¨. �´¥·£¨Ö p2
n(c; ϕb) Å ³µ´µ-

Éµ´´µ ¢µ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö ¶ · ³¥É·  c ´  µÉ·¥§±¥ c ∈ [−10, 100]. �´¥·-
£¨Ö p2

n(c; ϕb) ¸² ¡µ § ¢¨¸¨É µÉ ϕb, ¥¸²¨ c ∈ [−1/4, 100]. …¸²¨ ¦¥ c ∈
[−10,−1/4), Éµ p2

n(c; ϕ′
b) < p2

n(c; ϕb) ¶·¨ ϕ′
b > ϕb, ¨ p2

n(c; ϕb) ¸ÊÐ¥¸É¢¥´´µ
§ ¢¨¸¨É µÉ ϕb. � ¶·¨³¥·, ¥¸²¨ ϕb = π/2 − π/2M ,   M ¶·¨´¨³ ¥É §´ Î¥-
´¨Ö 102, 300, 501, 999, Éµ ´Ê²Ó c1(ϕb) ËÊ´±Í¨¨ p2

1(c; ϕb) ¶·¨¡²¨¦¥´´µ · -
¢¥´ −0, 286,−0, 275,−0, 271,−0, 267. �·¨ M = 999 ËÊ´±Í¨¨ p2

n(c; ϕb),
n = 1, 2, 3, ¨³¥ÕÉ ´Ê²¨ cn(ϕb) ≈ −0,267;−0,532;−1,167.

�¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ Ë ±ÉÒ Ê± §Ò¢ ÕÉ ´  Éµ, ÎÉµ ¶·¨ ϕb → π/2 ¨
c ≥ −1/4 Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· {p2(c; ϕb)}∞n=1 ¸Ìµ¤¨É¸Ö ± ¥¤¨´¸É¢¥´´µ³Ê
¨ ¤¨¸±·¥É´µ³Ê ¸¶¥±É·Ê {p2(c)}∞n=1 ¨¸Ìµ¤´µ° § ¤ Î¨ (1)Ä(4) ¸ ª´¥µ¡·¥§ ´´Ò³ª
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¢§ ¨³µ¤¥°¸É¢¨¥³ V eff ,   ¶·¨ ϕb → π/2, ´µ c < −1/4 ´Ê²¨ cn(ϕb) ¸£ÊÐ -
ÕÉ¸Ö ± ÉµÎ±¥ c = −1/4 ¸²¥¢  ¶·¨ Ê³¥´ÓÏ¥´¨¨ ´µ³¥·  n. ‘²¥¤µ¢ É¥²Ó´µ,
¥¸²¨ ¸¶¥±É· {p2(c)}∞n=1 µ¶·¥¤¥²ÖÉÓ ± ± ¶·¥¤¥²Ó´Ò° ¶·¨ ϕb → π/2, Éµ §´ -
Î¥´¨Ö p2(c) < 0 ¨³¥ÕÉ¸Ö Ê¦¥ ¶·¨ ²Õ¡µ³ c, ³¥´ÓÏ¥³ −1/4, ´ ¶·¨³¥·, ¶·¨
c < c1(ϕb) ≈ −0, 267.

� £²Ö¤´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ ¢ÒÎ¨¸²¥´´µ³ ¸¶¥±É·¥ {p2
n(c)}M−1

n=1 ¢ ¸²ÊÎ ¥
M = 999 ¨ ϕb = (π/2)/999 ¤ ÕÉ ·¨¸. 3, a, ¡, ´  ±µÉµ·ÒÌ ¸¶²µÏ´Ò³¨ ²¨´¨Ö³¨
¨§µ¡· ¦¥´Ò ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2

n(c) ≡ p2
n(c; ϕb) ± ± ËÊ´±Í¨¨  ·£Ê³¥´É 

c,   µÉ·¥§µ± £µ·¨§µ´É ²Ó´µ° ¶·Ö³µ° Ö¢²Ö¥É¸Ö £· Ë¨±µ³ µ¸µ¡µ£µ ¸µ¡¸É¢¥´´µ£µ
§´ Î¥´¨Ö p2(c) = 16, ±µÉµ·µ³Ê µÉ¢¥Î ¥É ÉµÎ´µ¥ ·¥Ï¥´¨¥ f = sin 4ϕ. � 
·¨¸. 3,   ¸¨³¢µ²µ³ � µ¡µ§´ Î¥´Ò ÉµÎ±¨ (c, p2) ¸  ¡¸Í¨¸¸ ³¨ c = −2,−1 ¨
µ·¤¨´ É ³¨ p2, ´ °¤¥´´Ò³¨ ¢ · ¡µÉ¥ [9] Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³ § ¤ Î¨ (1)Ä
(4) ¶·¨ τ = 1. ˆ¸¶µ²Ó§µ¢ ´´Ò°  ²£µ·¨É³ ¢ ÔÉµ° · ¡µÉ¥ ´¥ ¡Ò² µ¶¨¸ ´. � 
·¨¸. 3, ¡ ¸¨³¢µ²µ³ � µ¡µ§´ Î¥´Ò ÉµÎ±¨ (c, p2) ¸  ¡¸Í¨¸¸ ³¨ c = cµ ¨ µ·¤¨-
´ É ³¨ p2 = 4m2 = (t + 2)2. ‡´ Î¥´¨Ö cµ ¢§ÖÉÒ ¨§ É ¡². 4 · ¡µÉÒ [6]. �·¨
É ±¨Ì §´ Î¥´¨ÖÌ c ¨ p2 ¸ÊÐ¥¸É¢ÊÕÉ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö (23). �  µ¡µ¨Ì µ¡¸Ê¦¤ -
¥³ÒÌ ·¨¸. 3, a, ¡ ¤²Ö ¸· ¢´¥´¨Ö ÏÉ·¨Ì¶Ê´±É¨·´Ò³¨ ²¨´¨Ö³¨ ¶·¥¤¸É ¢²¥´Ò
£· Ë¨±¨ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° p2

n(c; ϕb) § ¤ Î¨ (5), (6) ¢ ¸²ÊÎ ¥ ªµ¡·¥§ ´-
´µ£µª ¢ Éµ° ¦¥ ÉµÎ±¥ ϕb = (π/2)/999 ¶µÉ¥´Í¨ ²  Θ(ϕb − ϕ) c (sec ϕ)2. „²Ö
¢ÒÎ¨¸²¥´¨Ö É ±¨Ì ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ÔÉ  § ¤ Î  ¤µ¶µ²´Ö² ¸Ó £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨ ∂2

ϕΦ = 0, ϕ = 0, π/2,   ¶µ²ÊÎ¥´´ Ö § ¤ Î  ·¥Ï ² ¸Ó É¥³ ¦¥ ¸¶² °´-
 ²£µ·¨É³µ³ 4′′.

�¨¸. 3. ‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2
n(c). �µÖ¸´¥´¨Ö ¢ É¥±¸É¥

‚ ¸²ÊÎ ¥ c = 0 µ¡¥ § ¤ Î¨ (1)Ä(4) ¨ (5), (6) ¢Ò·µ¦¤ ÕÉ¸Ö ¢ µ¤´Ê ¨ ÉÊ ¦¥
±· ¥¢ÊÕ § ¤ ÎÊ,   ¨³¥´´µ: ¢ Ê· ¢´¥´¨¥ (∂2

ϕ + p2) f = 0 ¸ Ê¸²µ¢¨Ö³¨ f = 0,
ϕ = 0, π/2. ‘¶¥±É· É ±µ° § ¤ Î¨ {p2

n = 4n2}∞n=1 Å ¸Î¥É´Ò°. ‘¶²µÏ´ÊÕ ¨
ÏÉ·¨Ì¶Ê´±É¨·´ÊÕ ±·¨¢Ò¥, ¢ÒÌµ¤ÖÐ¨¥ ¶·¨ c = 0 ¨§ µ¤´µ° ¨ Éµ° ¦¥ ÉµÎ±¨
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(c = 0, p2
n = 4n2), ´ §µ¢¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨. ‘µ£² ¸´µ ·¨¸. 3 ¶·¨ ¤ ´-

´µ³ §´ Î¥´¨¨ c ¸¶²µÏ´ Ö ±·¨¢ Ö ²¥¦¨É ¢ÒÏ¥ ¨²¨ ´¨¦¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¥°
ÏÉ·¨Ì¶Ê´±É¨·´µ° ±·¨¢µ° ¨²¨ ¤ ¦¥ ¶¥·¥¸¥± ¥É¸Ö ¸ ´¥°. ‘²¥¤µ¢ É¥²Ó´µ, ¢±² ¤
¨´É¥£· ²Ó´µ£µ ¸² £ ¥³µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö V eff ¢ Ô´¥·£¨Õ p2

n ³µ¦¥É ¡ÒÉÓ ¶µ-
²µ¦¨É¥²Ó´Ò³, µÉ·¨Í É¥²Ó´Ò³ ¨ ´Ê²¥¢Ò³.

‡�Š‹�—…�ˆ…

‘Ê³³¨·Ê¥³ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ.
�µ¸É ¢²¥´´ Ö ¢µ ‚¢¥¤¥´¨¨ § ¤ Î  ·¥Ï¥´ : ¶·¨ ²Õ¡µ³ ¤¥°¸É¢¨É¥²Ó´µ³

¶ · ³¥É·¥ c ´¥²µ± ²Ó´µ£µ ¢§ ¨³µ¤¥°cÉ¢¨Ö V eff ¶·¥¤²µ¦¥´Ò ¨ ¶·µ¨²²Õ¸É·¨-
·µ¢ ´Ò ¤¢  ¤µ¢µ²Ó´µ ¶·µ¸ÉÒÌ ¸¶µ¸µ¡  ¢ÒÎ¨¸²¥´¨Ö ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±-
É·  ±· ¥¢µ° § ¤ Î¨ ˜·¥¤¨´£¥·  (1)Ä(4), µ¸´µ¢ ´´Ò¥ ´  ËÊ·Ó¥- ¨ ¸¶² °´-
 ¶¶·µ±¸¨³ Í¨¨ ¨¸±µ³µ° ËÊ´±Í¨¨.

�¥·¢Ò° ¸¶µ¸µ¡ ·¥ ²¨§Ê¥É¸Ö ·¥Ï¥´¨¥³ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ · §-
·¥¦¥´´Ò³¨,   ¨³¥´´µ c É·¥Ì¤¨ £µ´ ²Ó´Ò³¨ ³ É·¨Í ³¨ Ÿ±µ¡¨, ¨ ¶µ¸²¥¤ÊÕ-
Ð¨³ ¢ÒÎ¨¸²¥´¨¥³ ¸Ê³³ ”Ê·Ó¥, ¢Éµ·µ° Å ·¥Ï¥´¨¥³ ¸¨¸É¥³ Éµ£µ ¦¥ É¨¶ , ´µ
¸ ´¥¸¨³³¥É·¨Î´µ° ¨ ´¥· §·Ö¦¥´´µ° ³ É·¨Í¥°, ¨ ¶µ¸²¥¤ÊÕÐ¨³ ¢ÒÎ¨¸²¥´¨¥³
±Ê¡¨Î¥¸±µ£µ ¸¶² °´ .

�¥·¥Î¨¸²¨³ £² ¢´Ò¥ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¢Ò¶µ²´¥´´ÒÌ · ¸Î¥Éµ¢.
‚ ´¥²µ± ²Ó´µ³ ¶µ²¥ V eff ¶·¨ c > 0 Î ¸É¨Í  ¨³¥¥É ¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸-

±·¥É´Ò° ¨ µ£· ´¨Î¥´´Ò° ¸´¨§Ê ¢¥²¨Î¨´µ° p2
1(c) Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·; ¢

¸²ÊÎ ¥ c < 0 ¥¥ ¤¥°¸É¢¨É¥²Ó´Ò° Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· Å ¸¶²µÏ´µ° ¨ ´¥
µ£· ´¨Î¥´ ´¨ ¸´¨§Ê, ´¨ ¸¢¥·ÌÊ; Ê¸²µ¢¨¥ c < 0 Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´Ò³ ¤²Ö
±µ²² ¶¸  Î ¸É¨ÍÒ.

‚ ²Õ¡µ³ ªµ¡·¥§ ´´µ³ª ¶µ²¥ Θ(ϕb − ϕ)V eff , ϕb �= π/2, Î ¸É¨Í  ¨³¥¥É
¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É´Ò°, ´¥ µ£· ´¨Î¥´´Ò° ¸¢¥·ÌÊ ¨ µ£· ´¨Î¥´´Ò° ¸´¨§Ê
¢¥²¨Î¨´µ° p2

1(c; ϕb) Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·; ¶·¨ c ≥ −1/4 ¨ ϕb → π/2 ÔÉµÉ
¸¶¥±É· ¸Ìµ¤¨É¸Ö ± ÉµÎ´µ³Ê ¸¶¥±É·Ê ¢ ¶µ²¥ V eff ; ´¨ ¶·¨ ± ±¨Ì c ¨ ϕb �= π/2
§´ Î¥´¨¥ p2 = −∞ ´¥ ¤µ¸É¨¦¨³µ ¨ ±µ²² ¶¸ ´¥ ¢µ§³µ¦¥´.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �””ˆ (¶·µ¥±É 04-02-16828).
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