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� Î´¥³ ¸ ¶µ¸É ´µ¢±¨ ¨¸¸²¥¤Ê¥³µ° µ¤´µ·µ¤´µ° ±· ¥¢µ° § ¤ Î¨ ¨ ¶² ´  ¥¥
·¥Ï¥´¨Ö. �Ê¸ÉÓ ±¢ ´Éµ¢ Ö Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¢ ¤¥°¸É¢¨É¥²Ó´µ³ ¸¨²µ¢µ³ ¶µ²¥

V (ϕ; c) = c (sec ϕ)2, ϕ ∈ [0, π/2], c = Re c. (1)

�Ê¸ÉÓ p2 ¨ b = 0 Å ¶µ²´ Ö Ô´¥·£¨Ö ¨ Ê£²µ¢µ° ³µ³¥´É ÔÉµ° Î ¸É¨ÍÒ,   ¥¥
¢µ²´µ¢ Ö ËÊ´±Í¨Ö Φ ¶µ¤Î¨´Ö¥É¸Ö ¸É Í¨µ´ ·´µ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· [

∂2
ϕ + p2 − V (ϕ; c)

]
Φ(ϕ; p2) = 0, ϕ ∈ [0, π/2], (2)

¨ Ê¸²µ¢¨Ö³

Φ(0; p2) = 0, Φ(π/2; p2) = 0, Φ(ϕ; p2) ∈ C2
[0,π/2)

⋂
C0
[0,π/2]. (3)

�µ¸²¥¤´¥¥ ¨§ ÔÉ¨Ì Ê¸²µ¢¨° µ§´ Î ¥É, ÎÉµ ¨¸±µ³ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Φ(ϕ; p2)
¤µ²¦´  ¡ÒÉÓ ´¥¶·¥·Ò¢´µ° ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2] ¨§³¥´¥´¨Ö ¥¥  ·£Ê³¥´É 
ϕ, ´µ ³µ¦¥É ´¥ ¨³¥ÉÓ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¨ ¢Éµ·µ£µ ¶µ·Ö¤±µ¢ Éµ²Ó±µ ¢
ÉµÎ±¥ ϕ = π/2. ‘¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ Î ¸É¨ÍÒ µ¶¨¸Ò¢ ¥É¸Ö ¤¥°¸É¢¨É¥²Ó´µ°
Ô´¥·£¨¥° p2 ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¥¥ ¢µ²´µ¢µ° ËÊ´±Í¨¥° Φ, ´µ·³¨·µ¢ ´´µ°
Ê¸²µ¢¨¥³

||Φ||2 ≡
∫ π/2

0

dϕ |Φ(ϕ; p2)|2 = 1. (4)

�·¨ É ±µ³ Ê¸²µ¢¨¨ ¢¥²¨Î¨´  |Φ(ϕ; p2)|2 ¨³¥¥É ¸³Ò¸² ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ-
¸É¨ [1],   ¶·µ¨§¢¥¤¥´¨¥ |Φ(ϕ; p2)|2 dϕ ¥¸ÉÓ ¢¥·µÖÉ´µ¸ÉÓ µ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ
´  µÉ·¥§±¥ [ϕ, ϕ + dϕ] ¡¥¸±µ´¥Î´µ ³ ²µ° ¤²¨´Ò dϕ.

ƒ² ¢´ Ö Í¥²Ó ´ ¸ÉµÖÐ¥° · ¡µÉÒ Å ± Î¥¸É¢¥´´Ò°  ´ ²¨§ ¡µ²ÓÏ¨Ì ¶µ ³µ-
¤Ê²Õ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° p2 = p2(c) ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì
¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° Φ(ϕ; p2(c)) ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢¥²¨Î¨´Ò ¤¥°¸É¢¨É¥²Ó-
´µ£µ ¶ · ³¥É·  c, ¸¨´£Ê²Ö·´µ£µ ¢ ÉµÎ±¥ ϕ = π/2 ¶µ²Ö (1), ¨ ¶µ¶ÊÉ´ Ö ¨²²Õ-
¸É· Í¨Ö ±µ²² ¶¸ .

‚ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ [1] ¶µ¤ ±µ²² ¶¸µ³ (§ Ì¢ Éµ³, ¸ÉÖ£¨¢ ´¨¥³) Î -
¸É¨ÍÒ ¢ ¸¨²µ¢µ³ ¶µ²¥ ¶µ¤· §Ê³¥¢ ¥É¸Ö ²µ± ²¨§ Í¨Ö ¥¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¢
¡¥¸±µ´¥Î´µ ³ ²µ° µ±·¥¸É´µ¸É¨ Í¥´É·  ÔÉµ£µ ¶µ²Ö. ‹µ± ²¨§ Í¨Ö Ë¨§¨Î¥¸±¨
¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¶ ¤¥´¨¥ Î ¸É¨ÍÒ ¢ ÔÉµÉ Í¥´É·.
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�·¥¤² £ ¥³Ò°  ´ ²¨§ Ö¢²Ö¥É¸Ö ´µ¢Ò³ ¨¸¸²¥¤µ¢ ´¨¥³ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö
¨´É¥·¥¸´Ò³, ¢µ-¶¥·¢ÒÌ, ¤²Ö µ¡µ¡Ð¥´¨Ö ¸¶¥±É· ²Ó´µ° É¥µ·¨¨ £ ³¨²ÓÉµ´µ¢ÒÌ
µ¶¥· Éµ·µ¢ [2] ´  ¸²ÊÎ ° ¸¨´£Ê²Ö·´µ£µ ¶µ²Ö (1), ¢µ-¢Éµ·ÒÌ, ¶µÉµ³Ê ÎÉµ §´ -
´¨¥ ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É· , É. ¥. ¸µ¢µ±Ê¶´µ¸É¨ {p2, Φ} ¢¸¥Ì ¤¥°¸É¢¨É¥²Ó-
´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (p2 = Re p2) ¨ µÉ¢¥Î ÕÐ¨Ì ¨³ ¤¥°¸É¢¨É¥²Ó´ÒÌ
¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° (Φ = Re Φ), Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢Ò³ ¤²Ö · ¸Ï¨·¥´¨Ö ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ ¶·µ¡²¥³Ò É·¥Ì Î ¸É¨Í [3] ´  ¸²ÊÎ ° ¶ ·´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨° Í¥´É·µ¡¥¦´µ£µ É¨¶ .

’µÎ´Ò³ ·¥Ï¥´¨Ö³ ¨ ±µ²² ¶¸Ê ¢ § ¤ Î¥ ´¥¸±µ²Ó±¨Ì Î ¸É¨Í ¸ É ±¨³¨ ¢§ ¨-
³µ¤¥°¸É¢¨Ö³¨ ¶µ¸¢ÖÐ¥´Ò · ¡µÉÒ [4]Ä[10]. �·¥¤¸É ¢²¥´¨¥ ÉµÎ´µ£µ ¨, ¢µµ¡Ð¥
£µ¢µ·Ö, ±µ³¶²¥±¸´µ£µ ¸¶¥±É·  {p2, Φ} § ¤ Î¨ (1)Ä(3) Î¥·¥§ ·Ö¤Ò ƒ Ê¸¸  [11]
É¨¶  2F1 ¶·¥¤²µ¦¥´µ ¨ ¨¸¸²¥¤µ¢ ´µ ¢ µ·¨£¨´ ²Ó´µ³ · §¤. 4 µ¡§µ·´µ° · ¡µÉÒ
[10]. �Ö¤Ò 2F1 ¸µ¤¥·¦ É p ¢ ± Î¥¸É¢¥ ¸² £ ¥³µ£µ ¨Ì ¤¢ÊÌ ¶ · ³¥É·µ¢. �µ-
ÔÉµ³Ê ¢ ¸²ÊÎ ¥ ¡µ²ÓÏµ£µ ¶µ ³µ¤Ê²Õ ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö p2 ¶·¥¤¸É ¢²¥´¨¥
¢µ²´µ¢µ° ËÊ´±Í¨¨ Φ(ϕ; p2) Î¥·¥§ ÔÉ¨ ·Ö¤Ò ´¥ ¸Éµ²Ó Ê¤µ¡´µ,   ¨Ì ¸Ê³³¨·µ¢ -
´¨¥ ¸É ´µ¢¨É¸Ö ¤µ¢µ²Ó´µ ¸²µ¦´µ° ¢ÒÎ¨¸²¨É¥²Ó´µ° ¶·µ¡²¥³µ°. …¥ ·¥Ï¥´¨Õ,
  ¨³¥´´µ ¢Ò¢µ¤Ê  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° ¢µ²´µ¢µ° ËÊ´±Í¨¨ Φ(ϕ; p2)
¢ ¶·¥¤¥²¥ ¡µ²ÓÏµ° ¶µ ³µ¤Ê²Õ Ô´¥·£¨¨ p2, ¶µ¸¢ÖÐ¥´  ´ ¸ÉµÖÐ Ö · ¡µÉ . ‚
´¥° Éµ²Ó±µ ¤²Ö µ¶·¥¤¥²¥´´µ¸É¨ ¶µ² £ ¥É¸Ö, ÎÉµ

√
p2 = p ≥ 0, ¥¸²¨ p2 ≥ 0,

¨
√

p2 = i |p|, ¥¸²¨ p2 < 0; ¸¨³¢µ² ³¨ P
(a,b)
n , Γ ¨ Θ µ¡µ§´ Î ÕÉ¸Ö ¶µ²¨´µ³

Ÿ±µ¡¨, £ ³³ - ¨ É¥É -ËÊ´±Í¨Ö;   ¢Ò¶µ²´¥´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¨§² £ ÕÉ¸Ö ¶µ
¸²¥¤ÊÕÐ¥³Ê ¶² ´Ê.

‚ · §¤. 1 ¸´ Î ²  ¢Ò¢µ¤ÖÉ¸Ö  ¸¨³¶ÉµÉ¨±¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸¨¸É¥³ ·¥-
Ï¥´¨° (”‘�) {Φ±

0 } ¨ {Φ±} Ê· ¢´¥´¨Ö (2) ¶·¨ ϕ → 0 ¨ ϕ → π/2,   § É¥³ ¸
¶µ³µÐÓÕ ÔÉ¨Ì  ¸¨³¶ÉµÉ¨± Ëµ·³Ê²¨·ÊÕÉ¸Ö ¶· ¢¨²  ¶·¥¤¸É ¢²¥´¨Ö ¢µ²´µ¢µ°
ËÊ´±Í¨¨ Φ ± ± ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°.

‚ · §¤. 2 ´ °¤¥´´Ò¥ ¢ · §¤. 1  ¸¨³¶ÉµÉ¨±¨ ÉµÎ´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨
Φ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö ± Î¥¸É¢¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É· 
{p2, Φ} ¡µ²ÓÏ¨Ì (|p/c| � 1) ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³
¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°. ‘ ÔÉµ° Í¥²ÓÕ ¶·¨³¥´Ö¥É¸Ö ¨§¢¥¸É´ Ö ¨ Ë¨§¨Î¥¸±¨ ¶·µ-
§· Î´ Ö ¢¥·¸¨Ö [1] ³¥Éµ¤  ‚¥´Í¥²ÖÄŠ· ³¥·¸ Ä�·¨²²Õ¥´  (‚Š�) [12]. ‚ ¨Éµ£¥
¶·¨¡²¨¦¥´´Ò¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ô²¥-
³¥´É ·´Ò¥, ÎÉµ ¶µ§¢µ²Ö¥É ¤ ÉÓ  ´ ²¨§ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ µ¸µ¡¥´´µ¸É¥°
É ±¨Ì ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°, ´¥ ¶·¨¡¥£ Ö ± ± ±¨³ ²¨¡µ ¢ÒÎ¨¸²¥´¨Ö³.

‚ · §¤. 3 ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¢Ò¢µ¤ÖÉ¸Ö ¤µ¢µ²Ó´µ ¶·µ¸ÉÒ¥  ¸¨³¶ÉµÉ¨-
Î¥¸±¨¥ ¢ ¶·¥¤¥²¥ ¡µ²ÓÏµ° ¶µ ³µ¤Ê²Õ Ô´¥·£¨¨ ¶·¥¤¸É ¢²¥´¨Ö.

‚ · §¤. 4 ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·µ¸Éµ° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö ¸¶¥±É· , µ¸´µ¢ ´-
´Ò° ´   ¶¶·µ±¸¨³ Í¨¨ ¨¸±µ³µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ Φ ±µ´¥Î´µ° ¶µ¤¸Ê³³µ° ¥¥
ËÊ·Ó¥-· §²µ¦¥´¨Ö ¶µ ¡ §¨¸´Ò³ ¤²Ö ¨¸¸²¥¤Ê¥³µ° µ¤´µ·µ¤´µ° ±· ¥¢µ° § ¤ Î¨
(1)Ä(3) ËÊ´±Í¨Ö³ sin 2nϕ, n = 1, 2, . . .

‚ · §¤. 5 ¨¸¸²¥¤Ê¥É¸Ö ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É· ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö
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¡µ²¥¥ ·¥ ²¨¸É¨Î¥¸±µ° § ¤ Î¨, ¶µ²ÊÎ ¥³µ° ¨§ ¨¸Ìµ¤´µ° § ¤ Î¨ (1)Ä(3) § ³¥´µ°
¸¨´£Ê²Ö·´µ£µ ¶µ²Ö (1) ®µ¡·¥§ ´´Ò³¯ ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ϕb, ¡²¨§±µ° ± ÉµÎ±¥
π/2, ´¥¸¨´£Ê²Ö·´Ò³ ¶µ²¥³ Θ(ϕb − ϕ) c (sec ϕ)2.

‚ ‡ ±²ÕÎ¥´¨¨ ¸Ê³³¨·ÊÕÉ¸Ö µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉµÖÐ¥° · ¡µÉÒ.

1. ��…„‘’�‚‹…�ˆ… ‚�‹��‚�‰ ”“�Š–ˆˆ —…�…‡
”“�„�Œ…�’�‹œ�›… �…˜…�ˆŸ

„²Ö ¶µ¸É·µ¥´¨Ö ËÊ´¤ ³¥´É ²Ó´µ° ¸¨¸É¥³Ò ·¥Ï¥´¨° ”‘� {Φ±
0 } Ê· ¢´¥-

´¨Ö (2) ¢ ³ ²µ° ¶µ²Êµ±·¥¸É´µ¸É¨ ·¥£Ê²Ö·´µ° ÉµÎ±¨ ϕ = 0 ¶µ²µ¦¨³ ¢ ´¥³
Φ(ϕ) = ϕσ(1 + o(1)). “¸É·¥³¨¢ ϕ ± ´Ê²Õ, ¶µ²ÊÎ¨³ Ì · ±É¥·¨¸É¨Î¥¸±µ¥ Ê· ¢-
´¥´¨¥ σ(σ−1) = 0. …£µ ·¥Ï¥´¨Ö³ σ = 1 ¨ σ = 0 µÉ¢¥Î ÕÉ ¨¸±µ³Ò¥ ËÊ´±Í¨¨
Φ+

0 ¨ Φ−
0 ¸  ¸¨³¶ÉµÉ¨± ³¨

Φ+
0 (ϕ; p2) ∼ ϕ, Φ−

0 (ϕ; p2) ∼ const �= 0, ϕ → 0. (5)

—Éµ¡Ò ´ °É¨ ”‘� {Φ±} ¨¸¸²¥¤Ê¥³µ£µ Ê· ¢´¥´¨Ö (2) ¢ ³ ²µ° ¶µ²Êµ±·¥¸É-
´µ¸É¨ ¥£µ µ¸µ¡µ° ·¥£Ê²Ö·´µ° ÉµÎ±¨ ϕ = π/2, Ê¤µ¡´µ ¸´ Î ²  ¶µ²µ¦¨ÉÓ
s ≡ (π/2 − ϕ) ¨ Φ(ϕ) = v(s) = sσ(1 + o(1)). ’µ£¤  ¶µ²ÊÎ¨É¸Ö Ì · ±É¥·¨¸É¨-
Î¥¸±µ¥ Ê· ¢´¥´¨¥ σ(σ − 1) = c. …£µ ±µ·´Ö³ σ = 1/2 ± ν, £¤¥ ν ≡

√
c + 1/4,

¸µµÉ¢¥É¸É¢ÊÕÉ ¨¸±µ³Ò¥ ·¥Ï¥´¨Ö Φ± c  ¸¨³¶ÉµÉ¨± ³¨

Φ±(ϕ; p2) ∼ s1/2±ν , c �= −1/4 , s ≡ (π/2 − ϕ) → 0; (6)

Φ+(ϕ; p2) ∼ s1/2, Φ−(ϕ; p2) ∼ s1/2 ln s, c = −1/4, s → 0.

�·¥¤¶µ²µ¦¨³, ÎÉµ µ¡¥ ”‘� {Φ±
0 } ¨ {Φ±} ¸ÊÐ¥¸É¢ÊÕÉ ´¥ Éµ²Ó±µ ¢¡²¨§¨

ÉµÎ¥± ϕ = 0 ¨ ϕ = π/2, ´µ ¨ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2]. ’µ£¤  ²Õ¡µ¥ ·¥-
Ï¥´¨¥ Ê· ¢´¥´¨Ö (2) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ´  ÔÉµ³ µÉ·¥§±¥ ¢ ¢¨¤¥ ²¨´¥°´ÒÌ
±µ³¡¨´ Í¨° ¸ ´¥±µÉµ·Ò³¨ ±µÔËË¨Í¨¥´É ³¨ A0, B0 ¨ A, B:

Φ(ϕ; p2) = A0 Φ+
0 (ϕ; p2) − B0 Φ−

0 (ϕ; p2) = AΦ+(ϕ; p2) − B Φ−(ϕ; p2). (7)

ˆ¸¶µ²Ó§ÊÖ  ¸¨³¶ÉµÉ¨±¨ (5) ¨ (6), ¢Ò¡¥·¥³ ¨§ ¢¸¥Ì ¢µ§³µ¦´ÒÌ ·¥Ï¥-
´¨° (7) Éµ²Ó±µ ·¥Ï¥´¨Ö, ¶µ¤Î¨´¥´´Ò¥ Ê¸²µ¢¨Ö³ (3), É. ¥. · ¢´Ò¥ ´Ê²Õ ¶·¨
ϕ = 0 ¨ ¶·¨ ϕ = π/2. —Éµ¡Ò Ê¤µ¢²¥É¢µ·¨ÉÓ ¶¥·¢µ³Ê ¨§ ´¨Ì, ¢ Ëµ·³Ê²¥
Φ = A0Φ+−B0Φ−

0 ¶·¨¤¥É¸Ö ¶µ²µ¦¨ÉÓ B0 = 0 ¨ ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ³µ¦´µ
¢Ò¡· ÉÓ A0 = 1. ’µ£¤  ¶µ²ÊÎ¨³ Φ = Φ+

0 ¨ Φ ∼ ϕ ¶·¨ ϕ → 0. ‚Éµ·µ¥
¨§ Ê¸²µ¢¨° (3) ¶µ·µ¦¤ ¥É ¸¶¥±É· ²Ó´µ¥ Ê· ¢´¥´¨¥ Φ+

0 (π/2; p2) = 0, µ¶·¥¤¥-
²ÖÕÐ¥¥ ¤µ¶Ê¸É¨³Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ëµ·³Ê²Ò
Φ = AΦ+ − BΦ− ¢µ§³µ¦´Ò ¤¢  ¸²ÊÎ Ö: ¶·¨ ϕ = π/2 ¢ ´Ê²Ó µ¡· Ð ¥É¸Ö
Éµ²Ó±µ ËÊ´±Í¨Ö Φ+ ¨²¨ ¦¥ µ¡¥ ËÊ´±Í¨¨ Φ±. ‚ ¸¨²Ê (6) ¶¥·¢Ò° ¸²ÊÎ °
¨³¥¥É ³¥¸Éµ ¶·¨ c ≥ 0, ±µ£¤  ν ≥ 1/2,   ¢Éµ·µ° ¶·¨ −1/4 < c < 0, ±µ£¤ 
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ν = Re ν < 1/2 ¨ ¶·¨ c < −1/4, ±µ£¤  ν = Im ν = ı̇|ν|. �µÔÉµ³Ê ¶·¨ c ≥ 0
¸²¥¤Ê¥É ¶µ²µ¦¨ÉÓ A = 1 ¨ B = 0, Éµ£¤  ËÊ´±Í¨Ö Φ = Φ+ ¡Ê¤¥É · ¢´µ° ´Ê²Õ
¶·¨ ϕ = π/2,   ¸¶¥±É· {p2} µ¶·¥¤¥²¨É¸Ö Ê· ¢´¥´¨¥³ Φ+(0; p2) = 0.

�Ê¸ÉÓ É¥¶¥·Ó c < 0. ’µ£¤  ²Õ¡µ³Ê ´ ¶¥·¥¤ § ¤ ´´µ³y p2 µÉ¢¥Î ¥É
¥¤¨´¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ = AΦ+ − BΦ− ¸ ±µÔËË¨Í¨¥´É ³¨
A = Φ−(0; p2) ¨ B = Φ+(0; p2). ”Ê´±Í¨Ö Φ = AΦ+ − BΦ− ¸ ´ ¶¥·¥¤
§ ¤ ´´Ò³¨ A ¨ B ¡Ê¤¥É ¸µ¡¸É¢¥´´µ° Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  p2 Ö¢²Ö-
¥É¸Ö ±µ·´¥³ Ê· ¢´¥´¨Ö Φ−(0; p2)/Φ+(0; p2) = A/B. ‚ Î ¸É´µ¸É¨ ·¥Ï¥´¨¥
Φ ³µ¦¥É ¸µ¢¶ ¤ ÉÓ ¸ ËÊ´±Í¨¥° Φ+, ¥¸²¨ A = 1, B = 0, ¨ p2 Å ±µ·¥´Ó
Ê· ¢´¥´¨Ö Φ+(0; p2) = 0, ¨²¨ ¸µ¢¶ ¤ ÉÓ ¸ ËÊ´±Í¨¥° Φ−, ¥¸²¨ A = 0, B = −1
¨ Φ−(0; p2) = 0.

Š ± ¡Ò²µ ¶µ± § ´µ, ¥¸²¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö Φ±
0 ¨ Φ± Ê· ¢´¥-

´¨Ö (2) ¸ÊÐ¥¸É¢ÊÕÉ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2], Éµ ²Õ¡µ¥ ·¥Ï¥´¨¥ Φ ¨¸¸²¥¤Ê-
¥³µ° § ¤ Î¨ (1)Ä(3) ¨³¥¥É  ¸¨³¶ÉµÉ¨±Ê Φ ∼ ϕ, ϕ → 0,   ¢¸¥ ee ¢µ§³µ¦´Ò¥
¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ±µ³¶²¥±¸´Ò¥ ¸¶¥±É·Ò {p2; Φ} µ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
µ¡· §µ³. …¸²¨ c ≥ 0, Éµ

Φ+(0; p2) = 0, Φ(ϕ; p2) = Φ+
0 (ϕ; p2) = AΦ+(ϕ; p2) (8)

¨ ¢ ¸¨²Ê (6) ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2 ·¥Ï¥´¨¥ Φ ´¥ µ¸Í¨²²¨·Ê¥É:

Φ(ϕ) ∼ s1/2+ν , s ≡ (π/2 − ϕ) → 0. (9)

…¸²¨ c < 0, Éµ ¶·¨ ²Õ¡µ³ § ¤ ´´µ³ p2 ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥

Φ(ϕ; p2) = AΦ+(ϕ; p2) − B Φ−(ϕ; p2), A ≡ Φ−(0; p2), B ≡ Φ+(0; p2). (10)

‚ ¸²ÊÎ ¥ −1/4 ≤ c < 0 ÔÉµ ·¥Ï¥´¨¥ ¨³¥¥É ´¥µ¸Í¨²²¨·ÊÕÐÊÕ  ¸¨³¶ÉµÉ¨±Ê

Φ(ϕ; p2) ∼ s1/2+ν
(
A − B s−2ν

)
, ϕ → π/2, (11)

¨ ´¥µ£· ´¨Î¥´´Ò¥ ¢ ÉµÎ±¥ ϕ = π/2 ¶·µ¨§¢µ¤´Ò¥,   ¢ ¸²ÊÎ ¥ c < −1/4, ±µ£¤ 
ν = i|ν|, ¥£µ  ¸¨³¶ÉµÉ¨±  ¢ ¶·¥¤¥²¥ ϕ → π/2 ¡Ò¸É·µ µ¸Í¨²²¨·Ê¥É:

Φ(ϕ; p2) ∼ s1/2 [ (A − B) cos(|ν| ln s) + ı̇ (A + B) sin(|ν| ln s) ] , (12)

  ¶·µ¨§¢µ¤´Ò¥ ´¥ ¨³¥ÕÉ µ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥²µ¢ ¶·¨ ϕ → π/2.
�·µ¤µ²¦¨ÉÓ  ´ ²¨§ § ¤ Î¨ (1)Ä(3) ³µ¦´µ ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨: ¸´ Î ²  ´ °É¨

ÉµÎ´ÊÕ ¨²¨ ¶·¨¡²¨¦¥´´ÊÕ ”‘� {Φ±} ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2],   § É¥³ ¶µ-
²ÊÎ¨ÉÓ ¸¶¥±É· ¶µ Ê¦¥ ¤µ± § ´´Ò³ Ëµ·³Ê² ³ (8)Ä(10), ¨²¨ ¦¥ ´ °É¨ ¸¶¥±É·,
´¥ ¶·¨¡¥£ Ö ± ¶µ¸É·µ¥´¨Õ ”‘�.

�¥·¢Ò³ ¸¶µ¸µ¡µ³ ¢ · ¡µÉ¥ [10] ¸´ Î ²  ”‘� ¢Ò· ¦ ² ¸Ó Î¥·¥§ ·Ö¤Ò
ƒ Ê¸¸  2F1,   § É¥³ ¤µ± §Ò¢ ² ¸Ó ¸²¥¤ÊÕÐ Ö É¥µ·¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö.
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’¥µ·¥³  1. ‡ ¤ Î  (1)Ä(3) ¶·¨ ²Õ¡µ³ c ≥ 0 ¨³¥¥É Éµ²Ó±µ ¤¥°¸É¢¨É¥²Ó-
´Ò°, ¶·¨Î¥³ ¤¨¸±·¥É´Ò° ¸¶¥±É·:

p2
n(c) =

(
2n − 1

2
+ ν

)2

, ν ≡
√

c + 1/4, (13)

Φ(ϕ; p2
n) = sin ϕ (cosϕ)1/2+ν P

(1/2,ν)
n−1 (cos 2ϕ), n = 1, 2, . . . ,

¶·¨ ²Õ¡µ³ c < 0 ¨ ²Õ¡µ³ ±µ³¶²¥±¸´µ³ p2 ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ¸µ¡-
¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ(φ; p2), ¢ÒÎ¨¸²Ö¥³ Ö ¶µ Ëµ·³Ê² ³ (10), ¢ ±µÉµ·ÒÌ ¶·¨
c �= m2 − 1/4, m = 0, 1, . . .,

Φ±(ϕ; p2) = sin ϕ (cosϕ)1/2±ν
2F 1

(
α±, β±, 1 ± ν; cos2 ϕ

)
, (14)

α± ≡ 3
4
± ν

2
+

p

2
, β± ≡ α± − p;

Φ±(0; p2) =
√

π Γ(1 ± ν)
Γ(α±) Γ(β±)

. (15)

‚Éµ·µ° ¸¶µ¸µ¡ ¶·¨³¥´Ö¥É¸Ö ¢ · §¤. 2, ´µ Éµ²Ó±µ ¤²Ö µ¶·¥¤¥²¥´¨Ö ¤¥°-
¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  {p2, Φ} ¶·¨ |p2| � |c| ¨ ¸µ£² ¸ÊÕÐ¨Ì¸Ö ¸ ÉµÎ´Ò³¨
 ¸¨³¶ÉµÉ¨± ³¨ (5), (11) ¨ (12) Ê¸²µ¢¨ÖÌ

Φ(ϕ; p2) ∼ ϕ, ϕ → 0; (16)

Φ(ϕ; p2) ∼ s1/2 Re
[
Asν + Bs−ν(1 + δ4c,−1 ln s)

]
, ϕ → π/2.

�ÉµÉ ¦¥ ¸¶µ¸µ¡ ·¥ ²¨§Ê¥É¸Ö ¢ · §¤. 3 ¨ 4, ´µ Ê¦¥, ¢µµ¡Ð¥ £µ¢µ·Ö, ¤²Ö ¶·¨-
¡²¨¦¥´´µ£µ ¢ÒÎ¨¸²¥´¨Ö ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¨ Φ(ϕ; p2), µÉ¢¥Î ÕÐ¥° § · ´¥¥
§ ¤ ´´µ³Ê ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ p2.

2. ‚�‹��‚�Ÿ ”“�Š–ˆŸ ‚ ��ˆ�‹ˆ†…�ˆˆ ‚Š�

�·¨¸ÉÊ¶¨³ ± ¨¸¸²¥¤µ¢ ´¨Õ ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  {p2, Φ} ¢ ¶·¥¤¥²¥
|p2/c| → ∞. „²Ö ÔÉµ£µ ¶·¨³¥´¨³ ¨§¢¥¸É´ÊÕ ¢¥·¸¨Õ [1] ³¥Éµ¤  BK� [12], ´µ,
ÎÉµ¡Ò ‚Š�-·¥Ï¥´¨¥ Φ = Re Φ µ¡² ¤ ²µ ¶· ¢¨²Ó´µ°  ¸¨³¶ÉµÉ¨±µ° (16) ¶·¨
ϕ → π/2, ¶·¥¤¢ ·¨É¥²Ó´µ ¸¤¥² ¥³ ¤µ¶Ê¸É¨³ÊÕ ¢ · ³± Ì ³¥Éµ¤  ‚Š� § ³¥´Ê
c ´  ν2 ≡ c + 1/4.

�Ê¸ÉÓ ϕb Å ÉµÎ±  ¶µ¢µ·µÉ , µ¶·¥¤¥²Ö¥³ Ö ± ± ¤¥°¸É¢¨É¥²Ó´Ò° ´Ê²Ó ³µ-
¤Ê²Ö ±¢ §¨¨³¶Ê²Ó¸  q ≡ q(ϕ) = 0,   I(ϕb, ϕ) Å ¨´É¥£· ² µÉ ÔÉµ£µ ³µ¤Ê²Ö:

q(ϕ) ≡
∣∣∣p2 − (ν secϕ)2

∣∣∣1/2

, ϕb ≡ arccos (ν/p) , I(ϕb, ϕ) ≡
∫ ϕ

ϕb

q(ϕ′) dϕ′.

(17)
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�¡² ¸ÉÓ ¨§³¥´¥´¨Ö  ·£Ê³¥´É  ϕ, £¤¥ ¶µ²´ Ö Ô´¥·£¨Ö p2 ¡µ²ÓÏ¥ ¶µÉ¥´Í¨-
 ²Ó´µ° Ô´¥·£¨¨ (ν sec ϕ)2, ´ §Ò¢ ¥É¸Ö ±² ¸¸¨Î¥¸±¨ · §·¥Ï¥´´µ°, µ¸É ¢Ï Ö¸Ö
µ¡² ¸ÉÓ Ä ±² ¸¸¨Î¥¸±¨ § ¶·¥Ð¥´´µ°. �¥¶·¥·Ò¢´µ¥ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2]
‚Š�-·¥Ï¥´¨¥, µ¶·¥¤¥²¥´´µ¥ ¢ · §·¥Ï¥´´µ° µ¡² ¸É¨ Ëµ·³Ê² ³¨

Φ(ϕ; p2) =
1
√

q
cos

(
| I(ϕb, ϕ)| − π

4

)
, p2 > (ν secϕ)2 , (18)

¶·¨ ´¥¶¥·¥·Ò¢´µ ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ¶·µ¤µ²¦¥´¨¨ ¢ § ¶·¥Ð¥´´ÊÕ µ¡² ¸ÉÓ
¶·¨´¨³ ¥É ¢¨¤

Φ(ϕ; p2) =
1

2
√

q
exp (− |I(ϕb, ϕ)| ) , p2 < (ν secϕ)2 . (19)

’ ± ± ± ¨´É¥£· ² I(ϕ, ϕb) ¸¢µ¤¨É¸Ö ± É ¡²¨Î´µ³Ê ( [13], ¸É·. 219) ¶·¨ ²Õ¡ÒÌ
ν2 ¨ p2, Éµ ‚Š�-·¥Ï¥´¨¥ ´¥ É·Ê¤´µ ´ °É¨ ¢ Ö¢´µ³ ¢¨¤¥. � ¸¸³µÉ·¨³ ¢¸¥
¢µ§³µ¦´Ò¥ ¸²ÊÎ ¨.

‘²ÊÎ ° c ≥ −1/4 ¨ p > 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ν ≥ 0. � §·¥Ï¥´´ Ö µ¡² ¸ÉÓ Ä
¶µ²Ê¨´É¥·¢ ² 0 ≤ ϕ < ϕb. ‚ ÔÉµ° µ¡² ¸É¨

I(ϕ, ϕb) =
π

2
(p − ν) + ν arctg

(
ν

q
tg ϕ

)
− p arcsin

p sin ϕ√
p2 − ν2

,

  ËÊ´±Í¨Ö (18) · ¢´  ´Ê²Õ ¶·¨ ϕ = 0 Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  ¶ · ³¥É· p
¸µ¢¶ ¤ ¥É ¸ ¶µ²µ¦¨É¥²Ó´Ò³ ±µ·´¥³ pn ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ Ê· ¢´¥´¨Ö

I(0, ϕb) −
π

4
= πn − π

2
, n = 1, 2, . . .

‘µ£² ¸´µ Ëµ·³Ê² ³ (17)Ä(19) ±¢ ¤· ÉÊ p2 = p2
n ± ¦¤µ£µ É ±µ£µ ±µ·´Ö

p2
n = p2

n(c) =
(

2n − 1
2

+ ν

)2

, n = 1, 2, . . . , (20)

¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° · §·¥Ï¥´´µ° µ¡² ¸É¨ 0 ≤ ϕ < ϕbn ≡ arccos (ν/pn) µÉ¢¥-
Î ¥É ¥¤¨´¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö

Φ(ϕ; p2) =
(−1)n+1

√
q

sin

[
ν arctg

(
ν

q
tg ϕ

)
− p arcsin

p sin ϕ√
p2 − ν2

]
, (21)

±µÉµ· Ö ¢ § ¶·¥Ð¥´´µ° µ¡² ¸É¨ ϕbn < ϕ ≤ π/2 ¸É ´µ¢¨É¸Ö ËÊ´±Í¨¥°

Φ(ϕ; p2) =
Q(ϕ)
2
√

q

( √
p2 − ν2

p sin ϕ + q cosϕ

)p

; Φ(ϕ; p2) ∼ (cos ϕ)1/2+ν , ϕ → π/2. (22)
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‡¤¥¸Ó ¨ ¤ ²¥¥ ¤²Ö ¸µ±· Ð¥´¨Ö § ¶¨¸¨ ¨¸¶µ²Ó§Ê¥É¸Ö ËÊ´±Í¨Ö Q É ± Ö, ÎÉµ

Q(ϕ) ≡
∣∣∣∣ |ν|tg ϕ − q

|ν|tg ϕ + q

∣∣∣∣
|ν|/2

< ∞, ϕ ∈ [0, π/2]; Q(ϕ) ∼ (cosϕ)|ν|, ϕ → π/2,

(23)
  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (20) ¸Î¨É ÕÉ¸Ö Ô²¥³¥´É ³¨ ¡¥¸±µ´¥Î´µ° ¨ ¢µ§· ¸É -
ÕÐ¥° ¶µ ´µ³¥·Ê n ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ³µ´µÉµ´´µ · ¸ÉÊÐ¨Ì ËÊ´±Í¨°  ·£Ê-
³¥´É  c ≥ −1/4

{p2
n(c)}∞n=1 : p2

n+1(c) > p2
n(c) > 4n2, p2

n(c) > p2
n(c′), c > c′, n = 1, 2, . . .

(24)
C²ÊÎ ° c ≥ −1/4, ν ≥ 0, ´µ p2 < 0. �ÉµÉ ¸²ÊÎ ° ±² ¸¸¨Î¥¸±¨ § ¶·¥Ð¥´:

§ ¤ Î  (1)Ä(3) ´¥ ¨³¥¥É ‚Š�-·¥Ï¥´¨Ö, µÉ²¨Î´µ£µ µÉ É·¨¢¨ ²Ó´µ£µ (Φ ≡ 0).
‘²ÊÎ ° c < −1/4, ν2 < 0 ¨ p2 > 0. Š² ¸¸¨Î¥¸±¨ ¤µ¸ÉÊ¶´ Ö µ¡² ¸ÉÓ

Ä ¢¥¸Ó µÉ·¥§µ± 0 ≤ ϕ ≤ π/2. �µÔÉµ³Ê ³µ¦´µ ¶µ²µ¦¨ÉÓ ϕb = 0,   ¢³¥¸Éµ
Ëµ·³Ê² (18) ¨ (19) ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2] ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥

Φ(ϕ; p2) =
1
√

q
sin [ I(0, ϕ) ] , I(0, ϕ) = − ln Q(ϕ)+ p arcsin

p sinϕ√
p2 + |ν|2

, (25)

±µÉµ·µ¥ ¶·¨ ²Õ¡µ³ p2 µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶µ²´¥´¨¥ Ê¸²µ¢¨° (3). „¥°¸É¢¨É¥²Ó´µ,
Φ(0; p2) = 0, ¨ ÌµÉÖ ¨§-§  ËÊ´±Í¨¨ (23) ¨´É¥£· ² I(0, ϕ) · ¸Ìµ¤¨É¸Ö ¶·¨
ϕ → π/2, ¸ ³µ ·¥Ï¥´¨¥ Φ ¢ ÔÉµ³ ¶·¥¤¥²¥, µ¸Í¨²²¨·ÊÖ, ¸Ìµ¤¨É¸Ö ± ´Ê²Õ:

Φ(ϕ; p2) ∼ (cos ϕ)1/2 sin

(
|ν| ln cosϕ − |ν| ln 2|ν|√

p2 + |ν2|
− p arctg

p

|ν|

)
.

(26)
C²ÊÎ ° c < −1/4, ν2 < 0 ¨ p2 < 0. ‚ ÔÉµ³ ¶µ¸²¥¤´¥³ ¨§ ¢¸¥Ì ¢µ§³µ¦´ÒÌ

¸²ÊÎ ¥¢ ±² ¸¸¨Î¥¸±¨ ¤µ¸ÉÊ¶´  µ¡² ¸ÉÓ 0 < ϕb < ϕ ≤ π/2. ‚ ´¥° ¨´É¥£· ²
I(ϕb, ϕ) ´¥µ£· ´¨Î¥´ ²¨ÏÓ ¶·¨ ϕ = π/2, ´µ ·¥Ï¥´¨¥ (18), ¢ÒÎ¨¸²Ö¥³µ¥ ± ±

Φ(ϕ; p2) =
1
√

q
cos

[
ln Q(ϕ) + |p| arctg

(
|p|
q

tg ϕ

)
+ |p| π

2
− π

4

]
, (27)

¶·¨ ϕ → π/2, µ¸Í¨²²¨·ÊÖ, ¸Ìµ¤¨É¸Ö ± ´Ê²Õ:

Φ(ϕ; p2) ∼ (cosϕ)1/2 cos ( |ν| ln cosϕ + δ) (28)

δ ≡ −|ν| ln 2|ν|√
|p2| − |ν2|

+ |p| arctg
|p|
|ν| + |p| π

2
− π

4
.

‚ § ¶·¥Ð¥´´µ° µ¡² ¸É¨ 0 ≤ ϕ < ϕb ¨´É¥£· ² I(ϕb, ϕ) ¨ ·¥Ï¥´¨¥ (19), É. ¥.

Φ(ϕ; p2) =
1

2
√

q
exp

[
|ν| arctg

(
q

|ν|ctg ϕ

)
+ |p| arctg

(
q

|p| ctg ϕ

)]
, (29)
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µ£· ´¨Î¥´Ò, ´µ, ± ¸µ¦ ²¥´¨Õ, ¶·¨ ϕ = 0 ÔÉµ ·¥Ï¥´¨¥ µÉ²¨Î´µ µÉ ´Ê²Ö:

Φ(ϕ; p2) ∼ exp

[
− |p|2 + |ν2|√

|p2| − |ν2|
ϕ

]
, ϕ → 0, (30)

ÎÉµ ´ ¢¥·´µ¥ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶·¥´¥¡·¥¦¥´¨Ö ¢ ¨¸¶µ²Ó§µ¢ ´´µ° ¢¥·¸¨¨
³¥Éµ¤  ‚Š� ¸² £ ¥³Ò³¨ ¶µ·Ö¤±  O(|p−3/2|).

‚Ò¢µ¤Ò ¨ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö. Š ± ¢¨¤´µ ¨§ Ëµ·³Ê² (17)Ä(30), ¶·¨
|p2/c| � 1 ¤¥°¸É¢¨É¥²Ó´Ò° ‚Š�-¸¶¥±É· {p2, Φ} § ¤ Î¨ (1)Ä(3) µ¡² ¤ ¥É ¸²¥-
¤ÊÕÐ¨³¨ ± Î¥¸É¢¥´´Ò³¨ µ¸µ¡¥´´µ¸ÉÖ³¨.

‚ ¸²ÊÎ ¥ c ≥ −1/4 ¨³¥¥É¸Ö Éµ²Ó±µ ¤¨¸±·¥É´Ò° ¸¶¥±É· ¶µ²µ¦¨É¥²Ó´ÒÌ
¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (20) ¸µ ¸¢µ°¸É¢µ³ (24). �É¢¥Î ÕÐ¨¥ ÔÉµ³Ê ¸¶¥±É·Ê
¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê² ³ (21), (22), ¨³¥ÕÉ ±µ´¥Î´µ¥
Î¨¸²µ ´Ê²¥° ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ²Ê¨´É¥·¢ ² Ì 0 ≤ ϕ < ϕbn, ³µ´µÉµ´´µ
Ê¡Ò¢ ÕÉ ¶·¨ ϕ → π/2 ´  ¶µ²Ê¨´É¥·¢ ² Ì ϕbn < ϕ ≤ π/2 ¨ µ¡² ¤ ÕÉ É·¥¡Ê¥-
³Ò³¨  ¸¨³¶ÉµÉ¨± ³¨ (16) ¸ ´Ê²¥¢Ò³ ±µÔËË¨Í¨¥´Éµ³ B. ‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ
¶·¨ c ≥ −1/4 ¶µ²ÊÎ¥´´Ò° ¢ · ³± Ì ¶·¨¡²¨¦¥´¨Ö BK� ¸¶¥±É· ¸µ¡¸É¢¥´´ÒÌ
§´ Î¥´¨° (20) ¸µ¢¶ ¤ ¥É ¸ ÉµÎ´Ò³ ¤¥°¸É¢¨É¥²Ó´Ò³ ¸¶¥±É·µ³ ¸µ¡¸É¢¥´´ÒÌ
§´ Î¥´¨°, ¢ÒÎ¨¸²Ö¥³ÒÌ ¶µ Ëµ·³Ê² ³ (13) ´¥ Éµ²Ó±µ ¶·¨ c ≥ 0, ´µ ¨ ¶·¨
∈ [−1/4, 0).

‚ ¸²ÊÎ ¥ c < −1/4, ±µ£¤  ν = ı̇|ν|, ¨³¥¥É¸Ö ¸¶²µÏ´µ° ¶µ²µ¦¨É¥²Ó´Ò°
¸¶¥±É·: ¶·¨ ²Õ¡µ³ (p2 � |c|) § ¤ ´´µ³ p2 ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥
(25), µ¡² ¤ ÕÐ¥¥ ¸µ£² ¸´µ (26) ¡¥¸±µ´¥Î´Ò³ ¸Î¥É´Ò³ Î¨¸²µ³ ´Ê²¥°, ¸£ÊÐ -
ÕÐ¨Ì¸Ö ± ÉµÎ±¥ ϕ = π/2, ¨ ÉµÎ´Ò³¨  ¸¨³¶ÉµÉ¨± ³¨ (16).

‚ Éµ³ ¦¥ ¸²ÊÎ ¥ (c < −1/4), ´µ ¶·¨ ²Õ¡µ³ p2 < 0 Ê· ¢´¥´¨¥ (2) ¨³¥¥É
·¥Ï¥´¨¥ (27), (29), µ¡² ¤ ÕÐ¥¥  ¸¨³¶ÉµÉ¨± ³¨ (28) ¨ (30) ¨ ¡²¨§±µ¥ ± ´Ê²Õ
¶·¨ ϕ = 0 ¢ ¶·¥¤¥² Ì ÉµÎ´µ¸É¨ ¨¸¶µ²Ó§µ¢ ´´µ° ¢¥·¸¨¨ ³¥Éµ¤  ‚Š�. �Éµ ·¥-
Ï¥´¨¥ Ë¨§¨Î¥¸±¨ µ¸µ¡µ ¨´É¥·¥¸´µ, ¶µÉµ³Ê ÎÉµ ¶·¨ p2 → −∞ µ´µ Ô±¸¶µ´¥´-
Í¨ ²Ó´µ Ê¡Ò¢ ¥É ¢ § ¶·¥Ð¥´´µ° µ¡² ¸É¨ ¨, ¡Ò¸É·µ µ¸Í¨²²¨·ÊÖ, ²µ± ²¨§Ê¥É¸Ö
¢ ¡¥¸±µ´¥Î´µ ³ ²µ° ¶µ²Êµ±·¥¸É´µ¸É¨ ϕb < ϕ < π/2 ÉµÎ±¨ ϕ = π/2.

ˆ§-§  µ¸Í¨²²ÖÍ¨° ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2 ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ |Φ|2,
±·µ³¥ £² ¢´µ£µ ³ ±¸¨³Ê³ , ¨³¥¥É ¸¶· ¢  µÉ ´¥£µ ¡¥¸±µ´¥Î´µ ³´µ£µ Ê¡Ò¢ Õ-
Ð¨Ì ¶·¨ ϕ → π/2 ³ ±¸¨³Ê³µ¢. �µ²µ¦¥´¨¥ £² ¢´µ£µ ³ ±¸¨³Ê³  ϕ0 ¸³¥Ð -
¥É¸Ö ¶·¨ p2 → −∞ ± ÉµÎ±¥ ϕ = π/2, ¨ ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ ²µ± ²¨§Ê¥É¸Ö
¢¡²¨§¨ ÔÉµ° ÉµÎ±¨. ‹µ± ²¨§ Í¨Ö ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ µ§´ Î ¥É ±µ²² ¶¸,É. ¥.
¶ ¤¥´¨¥ ¨²¨ ¸ÉÖ£¨¢ ´¨¥ Î ¸É¨ÍÒ ¢ ÉµÎ±Ê ϕ = π/2 ¶·¨ p2 = −∞. Šµ²² ¶¸
Ö¢²Ö¥É¸Ö µ¸µ¡Ò³ ¸µ¸ÉµÖ´¨¥³, É ± ± ± ¢ ´¥³ Ô´¥·£¨Ö ¸¢Ö§¨ (−p2) Î ¸É¨ÍÒ
¡¥¸±µ´¥Î´µ ¢¥²¨±  ¨ ¶µÔÉµ³Ê ¸·¥¤´¥¥ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í¥° ¨ ¸¨´£Ê-
²Ö·´µ° ÉµÎ±µ° ϕ = π/2 ¶µ²Ö c (sec ϕ)2 ¡¥¸±µ´¥Î´µ ³ ²µ. �¨¸. 1 ¨²²Õ¸É·¨·Ê¥É
±µ²² ¶¸ ¢ ¸²ÊÎ ¥ c = −25/4 < −1/4.
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�¨¸. 1. ‚µ²´µ¢Ò¥ ËÊ´±Í¨¨ Φ(ϕ; p2), ¢ÒÎ¨¸²¥´´Ò¥ ¶µ Ëµ·³Ê² ³ (27), (29) ¨ ´µ·³¨-
·µ¢ ´´Ò¥ Ê¸²µ¢¨¥³ (4) (a), ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ |Φ(ϕ; p2)|2 (¡)
¶·¨ c = −25/4 ¨ §´ Î¥´¨ÖÌ Ô´¥·£¨¨ p2, Ê± § ´´ÒÌ Í¨Ë· ³¨ ´ ¤ ±·¨¢Ò³¨

3. �‘ˆŒ�’�’ˆŠ� ‚�‹��‚�‰ ”“�Š–ˆˆ ‚ ��…„…‹… ��‹œ˜�‰
�� Œ�„“‹� 	�…�ƒˆˆ

�£· ´¨Î¨³¸Ö  ´ ²¨§µ³ Ë¨§¨Î¥¸±¨ ´ ¨¡µ²¥¥ ¨´É¥·¥¸´µ£µ ¸²ÊÎ Ö ¶·¨ÉÖ-
£¨¢ ÕÐ¥£µ (c < 0) ¶µ²Ö (1), ±µ£¤  ¶·¨ ²Õ¡µ³ §´ Î¥´¨¨ Ô´¥·£¨¨ p2 ¨³¥¥É¸Ö
¸µµÉ¢¥É¸É¢ÊÕÐ Ö, ¶·¨Î¥³ ¥¤¨´¸É¢¥´´ Ö, ¢µ²´µ¢ Ö ËÊ´±Í¨Ö (10). ‚Ò¢¥¤¥³ ¤²Ö
É ±µ° ËÊ´±Í¨¨ ¡µ²¥¥ ¶·µ¸Éµ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶·¨ p2 → ±∞ ¶·¥¤¸É ¢²¥´¨¥,
Î¥³ ¨¸¸²¥¤µ¢ ´´µ¥ ¢ÒÏ¥ ‚Š�-¶·¨¡²¨¦¥´¨¥.

Š ± ¶µ± § ´µ ¢ [10], ´µ·³¨·µ¢ ´´ Ö Ê¸²µ¢¨¥³ (4) ¢µ²´µ¢ Ö ËÊ´±Í¨Ö (10),
´µ Éµ²Ó±µ ´  ¶µ¤³´µ¦¥¸É¢¥ [0, ϕb], ∀ϕb < π/2, ¢¸¥£µ µÉ·¥§±  [0, π/2] ¨§³¥´¥-
´¨Ö ¥¥  ·£Ê³¥´É , ¨³¥¥É  ¸¨³¶ÉµÉ¨±Ê

Φ(ϕ; p2) = Φ<(ϕ; p2) [1 + O(|p|−1)], (31)

Φ<(ϕ; p2) ≡
{

(2/
√

π) sin pϕ, p2 → +∞,
2|p| exp[−|p|(π/2 − ϕ)], p2 → −∞,

ϕ ∈ [0, π/2).

�¥¶·¥·Ò¢´µ ¤¨ËË¥·¥´Í¨·Ê¥³µ¥ ¶·µ¤µ²¦¥´¨¥ ÔÉµ°  ¸¨³¶ÉµÉ¨±¨ ´  µ¸É ¢-
Ï¨°¸Ö µÉ·¥§µ± [ϕb, π/2] Ä ¸Ê³³  Φ> = AΦ+ +B Φ−, ±µÔËË¨Í¨¥´ÉÒ ±µÉµ·µ°
A ¨ B Ê¤µ¢²¥É¢µ·ÖÕÉ ¸¨¸É¥³¥ ¤¢ÊÌ (n = 0, 1) Ê· ¢´¥´¨°:

∂n
ϕ

[
Φ<(ϕ; p2) − Φ>(ϕ; p2)

]
= 0 , n = 0, 1, ϕ = ϕb. (32)

�É  ¸¨¸É¥³  ¸µ£² ¸´µ ¶·¨´ÖÉµ° ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ [1] É¥·³¨´µ²µ£¨¨ µ¡ÒÎ´µ
´ §Ò¢ ¥É¸Ö Ê¸²µ¢¨Ö³¨ ®¸Ï¨¢±¨¯ ¢ ÉµÎ±¥ ϕ = ϕb ¨²¨ Ê¸²µ¢¨¥³ ´¥¶·¥·Ò¢´µ¸É¨
²µ£ ·¨Ë³¨Î¥¸±µ° ¶·µ¨§¢µ¤´µ° (∂ϕΦ) ¨¸±µ³µ° ËÊ´±Í¨¨ Φ ¢ ÔÉµ° ¦¥ ÉµÎ±¥.
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…¸²¨ ¤²Ö ËÊ´±Í¨° Φ± ¨¸¶µ²Ó§µ¢ ÉÓ ¨Ì ÉµÎ´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (14), Éµ ¤²Ö
±µÔËË¨Í¨¥´Éµ¢ A ¨ B ¶µ²ÊÎ É¸Ö Ö¢´Ò¥, ´µ ´¥ ¸Éµ²Ó ¶·µ¸ÉÒ¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
¢Ò· ¦¥´¨Ö Î¥·¥§ É·¨£µ´µ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ·Ö¤Ò ƒ Ê¸¸ .

—Éµ¡Ò ¢Ò· §¨ÉÓ ±µÔËË¨Í¨¥´ÉÒ A ¨ B Î¥·¥§ Ô²¥³¥´É ·´Ò¥ ËÊ´±Í¨¨,
¶µ¸ÉÊ¶¨³ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‘´ Î ²  ¢Ò¡¥·¥³ ÉµÎ±Ê ϕb ´ ¸Éµ²Ó±µ ¡²¨§±µ°
± ÉµÎ±¥ ϕ = π/2, ÎÉµ¡Ò ´  µÉ·¥§±¥ [ϕb, π/2] ËÊ´±Í¨¨ Φ± ³µ¦´µ ¡Ò²µ ¡Ò
 ¶¶·µ±¸¨³¨·µ¢ ÉÓ ¸É ·Ï¨³¨ ¸² £ ¥³Ò³¨ ¨Ì  ¸¨³¶ÉµÉ¨± (6) ¶·¨ ϕ → π/2
¸ µÉ´µ¸¨É¥²Ó´µ° ÉµÎ´µ¸ÉÓÕ O(|p|−1) ¶·¨ |p| → ∞. ‡ É¥³, ¨¸¶µ²Ó§ÊÖ É ±µ¥
¶·¨¡²¨¦¥´¨¥, ´ °¤¥³ A ¨ B ¨§ Ê¸²µ¢¨° ®¸Ï¨¢±¨¯ ¨ ¢Ò¶¨Ï¥³ ¶µ²ÊÎ¨¢Ï¨¥¸Ö
¶·¥¤¸É ¢²¥´¨Ö ¨¸±µ³µ°  ¸¨³¶ÉµÉ¨±¨ Φ> ËÊ´±Í¨¨ Φ ´  µÉ·¥§±¥ [ϕb, π/2].

„²Ö ·¥ ²¨§ Í¨¨ ´ ³¥Î¥´´µ£µ ¶² ´  ¶µ²µ¦¨³

s ≡ π/2 − ϕ, sb ≡ π/2 − ϕb = g|p|−3/2,

£¤¥ g Ä ´¥±µÉµ· Ö ´¥´Ê²¥¢ Ö ¤¥°¸É¢¨É¥²Ó´ Ö ±µ´¸É ´É . ’µ£¤  ¸µ£² ¸´µ (14)
¶·¨ s < sb, É. ¥. ¶·¨ ϕ > ϕb = π/2 − g|p|−3/2, ¡Ê¤ÊÉ ¢¥·´Ò ¨¸±µ³Ò¥  ¶¶·µ±-
¸¨³ Í¨¨

Φ±(ϕ; p2) = s1/2±ν [ 1 + O(|sp|2) ] = s1/2±ν
[
1 + O(|p|−1

]
,

   ¸¨³¶ÉµÉ¨±¨ ËÊ´±Í¨¨ Φ = Φ> ´  µÉ·¥§±¥ [ϕb, π/2] ¶·¨ p2 → ±∞ ¶·¥¤¸É -
¢ÖÉ¸Ö ¤µ¢µ²Ó´µ ¶·µ¸ÉÒ³¨ Ëµ·³Ê² ³¨. �·¨¢¥¤¥³ ¨Ì.

…¸²¨ p2 → ∞, Éµ ¶·¨ c ∈ (−1/4, 0)

Φ>(ϕ; p2) = − sin pϕb

2ν
√

π

(
s

sb

)1/2+ν

{
[1 − 2ν + χb] − [1 + 2ν + χb]

(
s

sb

)−2ν
}

,

¶·¨ c = −1/4

Φ>(ϕ; p2) =
sin pϕb√

π

(
s

sb

)1/2 [
2 − (1 + χb/2) ln

(
s

sb

) ]
,

  ¶·¨ c < −1/4

Φ>(ϕ; p2) = − 2 sin pϕb√
π sin τb

(
s

sb

)1/2

sin
[
|ν| ln

(
s

sb

)
− arctg τb

]
,

£¤¥ χb ≡ 2psb ctg p sb ¨ τb ≡ 2|ν|/(1 + χb).
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…¸²¨ ¦¥ p2 → −∞, Éµ ¶·¨ c ∈ (−1/4, 0)

Φ>(ϕ; p2) = −|p|
2ν

exp(−|p|ϕb)
(

s

sb

)1/2+ν

{
[1 − 2ν + χb] − [1 + 2ν + χb]

(
s

sb

)−2ν
}

,

¢ ¸²ÊÎ ¥ c = −1/4

Φ>(ϕ; p2) = |p| exp(−|p|ϕb)
(

s

sb

)1/2 [
2 − (1 + χb/2) ln

(
s

sb

) ]
,

¨, ´ ±µ´¥Í, ¶·¨ c < −1/4

Φ>(ϕ; p2) = −2|p| exp(−|p|ϕb)
sin τb

(
s

sb

)1/2

sin
[
|ν| ln

(
s

sb

)
− arctg τb

]
,

£¤¥ χb ≡ 2|p|sb ¨ τb ≡ 2|ν|/(1 + χb).

4. ”“�œ…-��‡‹�†…�ˆ… ‚�‹��‚�‰ ”“�Š–ˆˆ

ˆ³¥¥É ³¥¸Éµ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥.
’¥µ·¥³  2. ‹Õ¡µ¥ ·¥Ï¥´¨¥ Φ § ¤ Î¨ (1)Ä(3) ¶·¨ c = b(b + 1) ¨ Î¥É´µ³ b

¶·¥¤¸É ¢¨³µ ±µ´¥Î´Ò³ (N < ∞) ·Ö¤µ³ ”Ê·Ó¥ ¸ ±µÔËË¨Í¨¥´É ³¨ Xn:

Φ(ϕ; p2) =
N∑

n=1

α(n, p2)Xn sin 2nϕ, α(n, p2) ≡
{

1, p2 �= 4n2,
(n2 − p2/4)−1, p2 = 4n2,

(33)
  ¢µ ¢¸¥Ì µ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ Å ¡¥¸±µ´¥Î´Ò³ (N = ∞).

�·¨¸ÉÊ¶¨³ ± ¤µ± § É¥²Ó¸É¢Ê. �µ É¥µ·¥³¥ 1 ËÊ´±Í¨Ö Φ, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö
§ ¤ Î¥ (1)Ä(3), ´¥¶·¥·Ò¢´  ´  µÉ·¥§±¥ [0, π/2] ¨, ¸²¥¤µ¢ É¥²Ó´µ ¶·¥¤¸É ¢¨³ 
´  ÔÉµ³ µÉ·¥§±¥ ·Ö¤µ³ (33).

�Ê¸ÉÓ c = b(b + 1), £¤¥ b = 2k,   k Å ¢Ò¡· ´´µ¥ Í¥²µ¥ Î¨¸²µ. ’µ£¤ 
¶µ É¥µ·¥³¥ 1 § ¤ Î  (1)Ä(3) ¶·¨ ± ¦¤µ³ n = 1, 2, . . . ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥
¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ p2 = p2

n = (2n + b)2 = 4m2, £¤¥ m Å Í¥²µ¥, ¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐÊÕ ¥³Ê ¸µ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ Φ(ϕ; p2 = 4m2), ¢Ò· ¦ ÕÐÊÕ¸Ö Î¥·¥§
¶µ²¨´µ³ Ÿ±µ¡¨ ¸ ¶µ²ÊÍ¥²Ò³¨ ¢¥·Ì´¨³¨ ¨´¤¥±¸ ³¨:

Φ(ϕ; p2 = 4m2) = sin ϕ (cosϕ)b+1 P
(1/2,b+1/2)
m−b/2−1 (cos 2ϕ).
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‡ ³¥´¨¢ ÔÉµÉ ¶µ²¨´µ³ ¨§¢¥¸É´µ° ±µ´¥Î´µ° ¸Ê³³µ° [11] ¶µ Í¥²Ò³ ¸É¥¶¥´Ö³
¥£µ  ·£Ê³¥´É  cos 2ϕ, ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ Φ(ϕ; p2 = 4m2) Å ±µ´¥Î´ Ö
(N = m − 1 < ∞) ¸Ê³³  ”Ê·Ó¥ (33):

Φ(ϕ; p2 = 4m2) =
m−1∑
n=1

Xn

n2 − m2
sin 2nϕ + Xm sin 2mϕ. (34)

�Ê¸ÉÓ É¥¶¥·Ó c �= b(b + 1), £¤¥ b = 0, 2, 4, . . . ’µ£¤  ¶·¥¤¶µ²µ¦¨³, ÎÉµ
· §²µ¦¥´¨¥ (33) ËÊ´±Í¨¨ Φ Å ±µ´¥Î´ Ö (N < ∞) ¸Ê³³ . „¨ËË¥·¥´Í¨·ÊÖ
¥¥, ¨³¥¥³ |∂2n

ϕ Φ| = 0 ¶·¨ ϕ = π/2 ¨ ²Õ¡µ³ n = 0, 1, . . . ‘ ¤·Ê£µ° ¸Éµ·µ´Ò,
¨§  ¸¨³¶ÉµÉ¨± (9) ¨²¨ (11), (12) ¸²¥¤Ê¥É, ÎÉµ |∂2n

ϕ Φ(ϕ; p2)| = ∞, ϕ = π/2,
¢ ¸²ÊÎ ¥ c ≥ 0 ¨ 2n > ν + 1/2 ¨²¨ ¢ ¸²ÊÎ ¥ c < 0 ¨ n ≥ 1. �µ²ÊÎ¥´´µ¥
¶·µÉ¨¢µ·¥Î¨¥ § ¢¥·Ï ¥É ¤µ± § É¥²Ó¸É¢µ É¥µ·¥³Ò.

�Ê¸ÉÓ c ¨ p2 § ¤ ´Ò ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ É¥µ·¥³µ° 1, É. ¥. ¶·¨ É ±¨Ì c ¨
p2 ·¥Ï¥´¨¥ Φ ¸ÊÐ¥¸É¢Ê¥É. ’µ£¤  ¶µ É¥µ·¥³¥ 1 µ´µ ¥¤¨´¸É¢¥´´µ¥,   ¶µ É¥-
µ·¥³¥ 2 ¶·¥¤¸É ¢¨³µ ·Ö¤µ³ ”Ê·Ó¥ (33). ‚Ò¢¥¤¥³ ¸ ³Ò¥ ¶·µ¸ÉÒ¥ Ê· ¢´¥´¨Ö
¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ Xn, n = 1, 2, . . ., ÔÉµ£µ ·Ö¤  ¨ µ¶¨Ï¥³ µ¶É¨-
³ ²Ó´ÊÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨° ¢ É·¥Ì ¢µ§³µ¦´ÒÌ
¸²ÊÎ ÖÌ. Š²ÕÎ¥¢Ò³¨ ¤²Ö ¢Ò¢µ¤  ¡Ê¤ÊÉ ¨¸Ìµ¤´µ¥ Ê· ¢´¥´¨¥ (2), Ê³´µ¦¥´´µ¥
´  (cos ϕ)2, É. ¥. Ê· ¢´¥´¨¥[

(cosϕ)2
(
∂2

ϕ + p2
)
− c

]
Φ(ϕ; p2) = 0 , (35)

¨ ¸¶· ¢¥¤²¨¢Ò¥ ¶·¨ ²Õ¡ÒÌ ϕ ¨ Í¥²ÒÌ n É·¨£µ´µ³¥É·¨Î¥¸±¨¥ Éµ¦¤¥¸É¢ 

4 (cosϕ)2 sin 2nϕ = sin 2(n − 1)ϕ + 2 sin 2nϕ + sin 2(n + 1)ϕ. (36)

‘²ÊÎ ° c = b(b + 1), b = 0, 2, . . ., p2 = 4m2 = (2n + b)2. �µ É¥µ·¥³¥ 2
¢ ÔÉµ³ ¸²ÊÎ ¥ Φ Å ±µ´¥Î´ Ö ¸Ê³³  (34). ‡ ³¥´¨³ Φ ¢ Ê· ¢´¥´¨¨ (35) ÔÉµ°
¸Ê³³µ°. ˆ¸¶µ²Ó§ÊÖ Éµ¦¤¥¸É¢  (36), ¸¶·µ¥±É¨·Ê¥³ ¶µ²ÊÎ¥´´µ¥ ¸µµÉ´µÏ¥´¨¥
´  ¢¸¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ sin 2nϕ, n = 1, 2, . . . ‚Ò¢¥¤¥´´Ò¥ É ±¨³ µ¡· -
§µ³ ²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Xn, n = 1, 2, . . .m,
¶·¥¤¸É ¢¨³ ¸µ¢µ±Ê¶´µ¸ÉÓÕ µ¤´µ·µ¤´µ£µ ³ É·¨Î´µ£µ Ê· ¢´¥´¨Ö AX = 0 ¤²Ö
¸Éµ²¡Í  X ≡ (X1, X2, . . . , Xm−1)T ¨ · ¢¥´¸É¢  Xm = −Xm−1/(4), µ¶·¥¤¥-
²ÖÕÐ¥£µ ±µÔËË¨Í¨¥´É Xm Î¥·¥§ ±µÔËË¨Í¨¥´É Xm−1. ’ ± ± ± ³ É·¨Í  A
É·¥Ì¤¨ £µ´ ²Ó´ Ö,   ¢¸¥ ¥¥ ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ô²¥³¥´É ·-
´Ò³ Ëµ·³Ê² ³

An,n±1 = 1, Ann = 2 + c/(n2 − p2/4), n = 1, 2, . . . , (37)

Éµ ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ X2, . . . , Xm−1,   § É¥³ ¨ Xm ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ
¨ µ¤´µ§´ Î´µ ¢Ò· §¨ÉÓ Î¥·¥§ µ¤¨´ ±µÔËË¨Í¨¥´É X1, ±µÉµ·Ò° ¤²Ö Ê¶·µÐ¥´¨Ö
¢ÒÎ¨¸²¥´¨° Ê¤µ¡´µ ¶·¨´ÖÉÓ · ¢´Ò³ ¥¤¨´¨Í¥.
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‘²ÊÎ ° c �= b(b + 1), p2 �= 4m2, £¤¥ b = 0, 2, 4 . . .,   m = 1, 2, . . . �µ É¥µ-
·¥³¥ 2 ¨¸±µ³Ò° ·Ö¤ (33) ¡¥¸±µ´¥Î´Ò° (N = ∞). “· ¢´¥´¨¥ (35) É¥³ ¦¥ ¸¶µ-
¸µ¡µ³, ÎÉµ ¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¸²ÊÎ ¥, ¸¢¥¤¥³ ± µ¤´µ³Ê ³ É·¨Î´µ³Ê Ê· ¢-
´¥´¨Õ AX = 0, ´µ É¥¶¥·Ó ¤²Ö ¡¥¸±µ´¥Î´µ£µ ¸Éµ²¡Í  X = (X1, X2, . . . , )T .
‚ ÔÉµ³ Ê· ¢´¥´¨¨ A Ä É·¥Ì¤¨ £µ´ ²Ó´ Ö ³ É·¨Í  ¸ ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´-
É ³¨ (37). �µÔÉµ³Ê ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ Xn ¸ n ≥ 2 ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ
¢Ò· §¨ÉÓ Î¥·¥§ µ¤¨´ ±µÔËË¨Í¨¥´É X1.

‘²ÊÎ ° c < 0, p2 = 4m2, £¤¥ m = 1, 2, . . . �µ É¥µ·¥³¥ 2 ¨¸±µ³Ò°
·Ö¤ (33) Å ¡¥¸±µ´¥Î´Ò° (N = ∞). �µÔÉµ³Ê, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥,
³ É·¨Î´Ò°  ´ ²µ£ Ê· ¢´¥´¨Ö (35) Ä Ê· ¢´¥´¨¥ AX = 0 ¤²Ö ¡¥¸±µ´¥Î´µ£µ
¸Éµ²¡Í  X = (X1, X2, . . .)T , ´µ É¥¶¥·Ó ¨§-§  · ¢¥´¸É¢  p2 = 4m2 Ô²¥³¥´ÉÒ
Am±1,m ³ É·¨ÍÒ A · ¢´Ò ´Ê²Õ. �µÔÉµ³Ê Ê· ¢´¥´¨¥ AX = 0 · ¸Ð¥¶²Ö¥É¸Ö
´  ¤¢  ³ É·¨Î´ÒÌ Ê· ¢´¥´¨Ö A−X− = 0 ¨ A+X+ = 0 ¤²Ö ±µ´¥Î´µ£µ ¨ ¡¥¸-
±µ´¥Î´µ£µ ¸Éµ²¡Íµ¢ X− = (X1, . . . , Xm−1)T ¨ X+ = (Xm+1, Xm+2, . . .)T ¨
¸µµÉ´µÏ¥´¨¥ Xm+1 = −4cXm −Xm−1. �²¥³¥´ÉÒ É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ³ É·¨Í
A± ¸¢Ö§ ´Ò ¸ Ô²¥³¥´É ³¨ (37) ³ É·¨ÍÒ A Ëµ·³Ê² ³¨ A−

nn′ = Ann′ , n ≤ m ¨
A+

n−m,n′−m = Ann′ , n ≥ m + 1, ¢ ±µÉµ·ÒÌ n′ = n, n± 1. ‚¸¥ ±µÔËË¨Í¨¥´ÉÒ
Xn, n = 2, 3, . . . , m− 1, ¢ Éµ³ Î¨¸²¥ ¨ ±µÔËË¨Í¨¥´É Xm−1, ¶µ¸²¥¤µ¢ É¥²Ó´µ
¢Ò· ¦ ÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö A−X− = 0 Î¥·¥§ µ¤¨´ § ¤ ´´Ò° ±µÔËË¨Í¨¥´É X1.
‡ É¥³ ±µÔËË¨Í¨¥´É Xm ¸Î¨É ¥É¸Ö ¨§¢¥¸É´Ò³ ¨ Éµ²Ó±µ ¶µÉµ³ ±µÔËË¨Í¨¥´É
Xm+1 µ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢µ³ Xm+1 = −(Xm−1 + 4c Xm). „ ²¥¥ ¢¸¥ ±µ-
ÔËË¨Í¨¥´ÉÒ Xn ¸ n > m + 1 ¶µ¸²¥¤µ¢ É¥²Ó´µ ¢Ò· ¦ ÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö
A+X+ = 0 Î¥·¥§ ±µÔËË¨Í¨¥´É Xm+1.

Š ± ¡Ò²µ ¶µ± § ´µ, ¥¸²¨ c ¨ p2 § ¤ ´Ò, Éµ §  ¨¸±²ÕÎ¥´¨¥³ ¶µ¸²¥¤´¥£µ ¨
µ¸µ¡µ£µ ¸²ÊÎ Ö (c < 0, p2 = 4m2) ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ ËÊ·Ó¥-· §²µ¦¥´¨Ö (33)
¢µ²´µ¢µ° ËÊ´±Í¨¨ Φ µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±µÔËË¨Í¨¥´É X1,   ¢
ÔÉµ³ µ¸µ¡µ³ ¸²ÊÎ ¥ Å Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ X1 ¨ Xm.

�Ê¸ÉÓ É¥¶¥·Ó § ¤ ´µ ´¥±µÉµ·µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ §´ Î¥´¨¥ ¶ · ³¥É·  c ¨
É·¥¡Ê¥É¸Ö ´ °É¨ ¶·¨¡²¨¦¥´´µ¥ §´ Î¥´¨¥ p̃2

n(c) ¸µ¡¸É¢¥´´µ£µ Î¨¸²  p2
n(c) ¨ ¸µ-

µÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·¨¡²¨¦¥´¨¥ Φ̃(ϕ; p̃2
n) ÉµÎ´µ° ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨° Φ(ϕ; p2

n).
� ¸¸³µÉ·¨³ ´ ¨¡µ²¥¥ µ¡Ð¨° ¸²ÊÎ ° c �= b(b + 1), b = 0, 2, 4 . . ., ±µ£¤  ¨¸±µ-
³ Ö ËÊ´±Í¨Ö Φ ¶·¥¤¸É ¢²Ö¥É¸Ö ¡¥¸±µ´¥Î´Ò³ (N = ∞) ·Ö¤µ³ ”Ê·Ó¥ (33). …¥
¶·¨¡²¨¦¥´¨¥ Φ̃ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ±µ´¥Î´µ° ¸Ê³³Ò

Φ̃ =
N∑

n=1

X̃n

n2 − p2/4
sin 2nϕ, N < ∞. (38)

‡ ³¥´¨³ ËÊ´±Í¨Õ Φ ÔÉµ° ¸Ê³³µ° ¢ Ê· ¢´¥´¨¨ (35). �µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥
¸¢¥¤¥³ ± ³ É·¨Î´µ³Ê ¨ µ¤´µ·µ¤´µ³Ê Ê· ¢´¥´¨Õ AX̃ = 0, ¢ ±µÉµ·µ³ A Å
É·¥Ì¤¨ £µ´ ²Ó´ Ö ³ É·¨Í  ¸ § ¢¨¸ÖÐ¨³¨ µÉ p2 ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´É ³¨ (37),
  X̃ ≡ (X̃1, X̃2, . . . X̃N)T Å ¸Éµ²¡¥Í ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢. ˆ¸¸²¥¤Ê¥³µ¥
Ê· ¢´¥´¨¥ AX̃ = 0 ¨³¥¥É ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ X̃ Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ ,
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±µ£¤  p2 Å ´Ê²Ó p̃2
k ¤¥É¥·³¨´ ´É  (det A) ³ É·¨ÍÒ A. ’ ± ± ± A Å ³ É·¨Í 

Ÿ±µ¡¨ [14], Éµ ¢¸¥ É ±¨¥ ´Ê²¨ p̃2
k, k = 1, 2, . . . , N , ¶·µ¸ÉÒ¥, ¨ ± ¦¤µ³Ê ¨§ ´¨Ì

µÉ¢¥Î ÕÉ Éµ²Ó±µ µ¤¨´ ¢¥±Éµ·-¸Éµ²¡¥Í X̃k. �µÔÉµ³Ê, ¶µ¤¸É ¢¨¢ ¢ Ê· ¢´¥´¨¥
AX̃ = 0 ¢³¥¸Éµ p2 ´ °¤¥´´µ¥ §´ Î¥´¨¥ p̃2

k ´Ê²Ö ¤¥É¥·³¨´ ´É  det A ¨ ¶µ²µ-
¦¨¢ X̃1 = 1, ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¨ µ¤´µ§´ Î´µ ¢ÒÎ¨¸²¨ÉÓ ¢¸¥ µ¸É ²Ó´Ò¥
±µÔËË¨Í¨¥´ÉÒ X̃n, n ≥ 2,   § É¥³, ¨¸¶µ²Ó§ÊÖ ÔÉ¨ §´ Î¥´¨Ö, ´ °É¨ ¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐÊÕ ¶·¨¡²¨¦¥´´ÊÕ ËÊ´±Í¨Õ Φ̃(ϕ; p̃2

k) ± ± ¸Ê³³Ê (38), ¢ ±µÉµ·µ°
p2 = p̃2

k.
„²Ö ¶·¨³¥· , ¶µ¤É¢¥·¦¤ ÕÐ¥£µ ¸Ìµ¤¨³µ¸ÉÓ µ¶¨¸ ´´µ£µ ¸¶µ¸µ¡ , ¸´ Î ² 

± ± ´Ê²Ó ¤¥É¥·³¨´ ´É  det A µ¶·¥¤¥²Ö²µ¸Ó ¶·¨¡²¨¦¥´¨¥ p̃2
1(c) ¶¥·¢µ£µ ÉµÎ-

´µ£µ ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö p2
1(c) = (3/2 + ν)2 ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ -

· ³¥É·  c ¨ ¢¥·Ì´¥£µ ¨´¤¥±¸  N ¸Ê³³Ò (38),   § É¥³ ¢ÒÎ¨¸²Ö² ¸Ó ´ ¨¡µ²¥¥
Ê¤µ¡´ Ö ¤²Ö £· Ë¨Î¥¸±µ° ¨²²Õ¸É· Í¨¨ Ì · ±É¥·¨¸É¨±  χ(p2

1(c), N) µÉ´µ¸¨-
É¥²Ó´µ° ÉµÎ´µ¸É¨ ¶·¨¡²¨¦¥´¨Ö p2

1(c) ≈ p̃2
1(c), µ¶·¥¤¥²¥´´ Ö ± ± ËÊ´±Í¨Ö

Í¥²µ£µ  ·£Ê³¥´É  N ¨ ¶ · ³¥É·  c:

χ(p2
1(c), N) ≡ log

∣∣p̃2
1(c)/p2

1(c) − 1
∣∣ . (39)

ƒ· Ë¨±¨ ÔÉµ° ËÊ´±Í¨¨ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  c ¨§µ¡· ¦¥´Ò ´ 
·¨¸. 2. Š ± ¢¨¤´µ, µÉ´µ¸¨É¥²Ó´ Ö ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö p2

1(c) ≈ p̃2
1(c) ¡Ò¸É·µ

Ê²ÊÎÏ ¥É¸Ö ¸ ·µ¸Éµ³ c ¨ N .

�¨¸. 2. „¥¸ÖÉ¨Î´Ò° ²µ£ ·¨Ë³ (39) µÉ´µ¸¨É¥²Ó´µ° ÉµÎ´µ¸É¨  ¶¶·µ±¸¨³ Í¨¨ p2
1(c) ≈

p̃2
1(c) ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö p2

1(c) ± ± ËÊ´±Í¨Ö ¢¥·Ì´¥£µ ¨´¤¥±¸  N ¸Ê³³Ò (38) ¶·¨
§´ Î¥´¨ÖÌ ¶ · ³¥É·  c, Ê± § ´´ÒÌ Í¨Ë· ³¨ Ê ±·¨¢ÒÌ

5. ‘‹“—�‰ ®���…‡����ƒ�¯ ��‹Ÿ

‚ ¨¸¸²¥¤Ê¥³µ° § ¤ Î¥ (1)Ä(3) µ¡ Ô´¥·£¥É¨Î¥¸±µ³ ¸¶¥±É·¥ {p2(c)} Î ¸É¨ÍÒ
¢ ¶µ²¥ c (secϕ)2 § ³¥´¨³ ÔÉµ ¶µ²¥ ®µ¡·¥§ ´´Ò³¯ ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ϕ = ϕb,
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¡²¨§±µ° ± ÉµÎ±¥ ϕ = π/2, ¶µ²¥³ Θ(ϕb − ϕ) c (sec ϕ)2. �µ¸²¥¤´¥¥ ¨§ É·¥Ì
Ê¸²µ¢¨° (3) µ¸² ¡¨³, ´µ Éµ²Ó±µ ¢ ÉµÎ±¥ ϕ = ϕb: ¢ ÔÉµ° ÉµÎ±¥ ¶¥·¢ Ö ¶·µ¨§-
¢µ¤´ Ö ¨¸±µ³µ° ËÊ´±Í¨¨ Φ(ϕ; p2(c; ϕb)) ¤µ²¦´  ¡ÒÉÓ ´¥¶·¥·Ò¢´µ°,   ¢Éµ· Ö
³µ¦¥É ¨³¥ÉÓ · §·Ò¢ ¶¥·¢µ£µ ·µ¤ . ˆ¸¸²¥¤Ê¥³ § ¢¨¸¨³µ¸ÉÓ ¤¥°¸É¢¨É¥²Ó´µ£µ
¸¶¥±É·  {p2(c; ϕb)} ¸Ëµ·³Ê²¨·µ¢ ´´µ° § ¤ Î¨ µÉ  ·£Ê³¥´É  c ¨ ¶ · ³¥É·  ϕb

¶·¨ ϕb → π/2, ±µ£¤  ®µ¡·¥§ ´´µ¥¯ ¶µ²¥ ¸Ìµ¤¨É¸Ö ± ¨¸Ìµ¤´µ³Ê. „²Ö ¸µ±· -
Ð¥´¨Ö § ¶¨¸¨ ¶µ² £ ¥³ s ≡ π/2 − ϕ ¨ sb ≡ π/2 − ϕb. �·¨ ϕ > ϕb, É. ¥.
¶·¨ s ≤ sb, ¨¸¶µ²Ó§Ê¥³ ÉµÎ´µ¥ ·¥Ï¥´¨¥ Φ = Φ> ≡ sin ps/p, ´¥¶·¥·Ò¢´µ¥
¶µ p ¢ ÉµÎ±¥ p = 0 ¨ · ¢´µ¥ s ¶·¨ p = 0 ¨ sh |p|s/|p| ¶·¨ p2 < 0, ±µ£¤ 
p = i|p|. �·¨ ϕ ≤ ϕb, É. ¥. ¶·¨ s ≥ sb, ·¥Ï¥´¨¥ Φ ¡Ê¤¥³ ¨¸± ÉÓ ¢ µ¡Ð¥³
¢¨¤¥ Φ = Φ< ≡ AΦ+ − BΦ−. �·¨ ¤µ¸É ÉµÎ´µ ³ ²ÒÌ s ¨ sb ¨ µ£· ´¨Î¥´-
´µ³ |p|, ¨¸¶µ²Ó§ÊÖ  ¸¨³¶ÉµÉ¨±¨ (6) ¨ Ö¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (14) ËÊ´±Í¨° Φ±,
¶·¥¤¸É ¢¨³ ¨¸±µ³ÊÕ ËÊ´±Í¨Õ Φ< ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ¢¨¤¥

Φ<(ϕ; p2) = s1/2
[
1 + O((sp)2)

] {
(Asν − Bs−ν), c �= −1/4,
(A − B ln s), c = −1/4.

(40)

‘´ Î ²  ¨§ Ê¸²µ¢¨° ®¸Ï¨¢±¨¯ (32) µ¶·¥¤¥²¨³ µÉ´µÏ¥´¨¥ α = B/A ¨ ±µÔË-
Ë¨Í¨¥´ÉÒ A ¨ B ± ± ËÊ´±Í¨¨  ·£Ê³¥´É  p2 ¨ ¶ · ³¥É·  ϕb. ‡ É¥³ ´ °¤¥³ É¥
§´ Î¥´¨Ö p2, ¶·¨ ±µÉµ·ÒÌ ËÊ´±Í¨Ö Φ = Φ< Ê¤µ¢²¥É¢µ·Ö¥É ¶¥·¢µ³Ê ¨§ É·¥Ì
Ê¸²µ¢¨° (3), É. ¥. µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ ϕ = 0.

�Ê¸ÉÓ ϕb → π/2, ´µ |p| < ∞. ’µ£¤  sb → 0, |p|sb → 0 ¨ ¶µÔÉµ³Ê
¨¸±µ³ÊÕ ËÊ´±Í¨Õ Φ< ³µ¦´µ § ³¥´¨ÉÓ ¢ Ê¸²µ¢¨ÖÌ ®¸Ï¨¢±¨¯ (32) ¥¥  ¸¨³-
¶ÉµÉ¨±µ° (40). � §·¥Ï¨¢ ¶µ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ É ±µ° § ³¥´Ò Ê· ¢´¥´¨Ö
µÉ´µ¸¨É¥²Ó´µ A ¨ B ¨ ¶µ²µ¦¨¢ ¤²Ö ±· É±µ¸É¨ § ¶¨¸¨ χb ≡ 2psb ctg psb, ´ -
Ìµ¤¨³

α ∼ χb − 1 − 2ν

χb + 2ν − 1
s2ν

b , c �= −1/4; α ∼ 1 − χb

2 + (1 − χb) ln sb
, c = −1/4. (41)

� ¸¸³µÉ·¨³ ¤¢  ¢µ§³µ¦´ÒÌ ¸²ÊÎ Ö.
‘²ÊÎ ° c ≥ −1/4, ν ≥ 0. ˆ§ (41) ¸²¥¤Ê¥É, ÎÉµ α = B/A → 0 ¶·¨

sb → 0, É. ¥. ¶·¨ ϕb → π/2. �µÔÉµ³Ê ËÊ´±Í¨Ö Φ< ¸Ìµ¤¨É¸Ö ¶·¨ ²Õ¡µ³
ϕ ∈ [0, π/2] ¨ p2 ± ËÊ´¤ ³¥´É ²Ó´µ³Ê ·¥Ï¥´¨Õ AΦ+, ±µÉµ·µ¥ · ¢´µ ´Ê²Õ
¢ ÉµÎ±¥ ϕ = 0, Éµ²Ó±µ ¥¸²¨ p2 Å ±µ·¥´Ó Ê· ¢´¥´¨Ö Φ+(0; p2) = 0. Š ±
¨§¢¥¸É´µ [10], ÔÉµ Ê· ¢´¥´¨¥ ¨³¥¥É Éµ²Ó±µ ¤¥°¸É¢¨É¥²Ó´Ò¥ ±µ·´¨ p2 = p2

n(c),
n = 1, 2, . . ., µ¶·¥¤¥²¥´´Ò¥ Ëµ·³Ê² ³¨ (13). ‡´ Î¨É ¶·¨ c ≥ −1/4 ¨ ϕb →
π/2 ¸¶¥±É· {p2(c, ϕb)} Ö¢²Ö¥É¸Ö ¤¨¸±·¥É´Ò³ ¨ ¸Ìµ¤¨É¸Ö ± ÉµÎ´µ³Ê ¤¨¸±·¥É-
´µ³Ê ¸¶¥±É·Ê {p2

n(c)}∞n=1,   ± ¦¤ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ<(ϕ; p2
n(c, ϕb)}

¸Ìµ¤¨É¸Ö ± ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ÉµÎ´µ° ËÊ´±Í¨¨ Φ = Φ+(ϕ; p2
n(c)) ´  ¢¸¥³ µÉ-

·¥§±¥ [0, ϕb]. ‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ É ±µ° ¶·¥¤¥²Ó´Ò° ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É·
{p2

n, Φ(ϕ, p2
n)}∞n=1 ¢ÒÎ¨¸²Ö¥É¸Ö ¶µ Ëµ·³Ê² ³ (13) ´¥ Éµ²Ó±µ ¶·¨ c > 0, ´µ ¨

¶·¨ c ∈ [−1/4, 0].
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‘²ÊÎ ° c < −1/4. ’ ± ± ± É¥¶¥·Ó ν = i|ν|, Éµ ¢ ¸¨²Ê (41) µÉ´µÏ¥´¨¥
α = B/A ´¥ ¨³¥¥É µ¶·¥¤¥²¥´´µ£µ ¶·¥¤¥²  ¶·¨ sb → 0, É. ¥. ¶·¨ ϕb → π/2.
�µÔÉµ³Ê, ¢ µÉ²¨Î¨¥ µÉ · ¸¸³µÉ·¥´´µ£µ ¢ÒÏ¥ ¸²ÊÎ Ö, ¨¸±µ³ Ö ËÊ´±Í¨Ö Φ< =
AΦ+−BΦ− ¢¸¥£¤  ¸µ¤¥·¦¨É µ¡  ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨Ö Φ± ¨ ¢ ¸¨²Ê (40)
¨ (41) ¨³¥¥É ¡Ò¸É·µ µ¸Í¨²²¨·ÊÕÐÊÕ  ¸¨³¶ÉµÉ¨±Ê

Φ<(ϕ; p2) =
1
p

sin psb

sin(arctg 2|ν|)

(
s

sb

)1/2

sin(|ν| ln s − δ) [1 + O((s|p|)2)],

δ ≡ |ν| ln sb − arcctg [(χb − 1)/(2|ν|)], ϕ → ϕb − 0 ≈ π/2. (42)

“¸²µ¢¨¥ Φ<(ϕ = 0; p2) = 0 ¢Ò¶µ²´Ö¥É¸Ö Éµ²Ó±µ, ¥¸²¨

α ≡ B/A = Φ−(0; p2)/Φ+(0; p2) .

‡ ³¥´¨¢ ¢ ÔÉµ³ ¸µµÉ´µÏ¥´¨¨ Φ±(0; p2) ¨ α ¨Ì ¶·¥¤¸É ¢²¥´¨Ö³¨ (15) ¨ (41),
¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥

arg Γ(3/4 + i|ν|/2 + p/2) + arg Γ(3/4 + i|ν|/2 − p/2) + (43)

+arcctg [(2psbctg psb − 1)/(2|ν|)] = |ν| ln sb − arg Γ(1 − i|ν|) + 2πn,

µ¶·¥¤¥²ÖÕÐ¥¥ ´¥Ö¢´Ò³ µ¡· §µ³ p(c; ϕb) ± ± ËÊ´±Í¨Õ  ·£Ê³¥´É  c, ¶ · ³¥É· 
ϕb ¨ Í¥²µ£µ Î¨¸²  n. …¸²¨ ¶·¨ ¤ ´´µ³ n ÔÉµ Ê· ¢´¥´¨¥ · §·¥Ï¨³µ, Éµ
¶µ ¨§¢¥¸É´µ° É¥µ·¥³¥ [15] µ ´¥Ö¢´ÒÌ ËÊ´±Í¨ÖÌ ¥£µ ·¥Ï¥´¨¥ p ≡ pn(c; sb)
¥¤¨´¸É¢¥´´µ¥ ¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°, ´¥¶·¥·Ò¢´µ° ¶µ c ¨ ϕb. ‚ ¸¨²Ê ¨§¢¥¸É´µ°
Ëµ·³Ê²Ò [11]

arg Γ(x + iy) =
∞∑

n=0

[y/(x + n) − arctg (y/x) ]

¶·¨ ¤ ´´µ³ c ¨ ϕb → π/2 Î¨¸²µ ¤¥°¸É¢¨É¥²Ó´ÒÌ ·¥Ï¥´¨° (p2
n > 0) ´¥ µ£· -

´¨Î¥´µ ¸¢¥·ÌÊ, ´µ Î¨¸²µ Î¨¸Éµ ³´¨³ÒÌ ·¥Ï¥´¨° (p2
n < 0) ¢¸¥£¤  ±µ´¥Î´µ¥,

p2
n+1(c; ϕb) > p2

n(c; ϕb), ±¢ ¤· É p2
n(c; ϕb) ± ¦¤µ£µ ·¥Ï¥´¨Ö ¨³¥¥É ¥¤¨´¸É¢¥´-

´Ò° ´Ê²Ó cn(ϕb), ¸Ìµ¤ÖÐ¨°¸Ö ± ÉµÎ±¥ c = −1/4 ¸²¥¢  ¶·¨ ϕb → π/2, ¶µ
§ ±µ´Ê

cn(ϕb) ≈ −1
4

+
2πn

ln(π/2 − ϕb)
, ϕb → π/2.

“± § ´´ Ö § ±µ´µ³¥·´µ¸ÉÓ ¶µÖ¸´Ö¥É¸Ö ·¨¸. 3, ´  ±µÉµ·µ³ ¨§µ¡· ¦¥´Ò ¢Ò-
Î¨¸²¥´´Ò¥ ± ± ±µ·´¨ Ê· ¢´¥´¨Ö (43) ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2

n(c; ϕb) ¶·¨
n = 1, 2, 3, 4 ¨ c ∈ [−2, 0] ¸²ÊÎ ¥ sb = (π/2)/300 ¨ ¢ ¸²ÊÎ ¥ sb = (π/2)/999.
�¨¸. 3 ¨²²Õ¸É·¨·Ê¥É ¥Ð¥ µ¤´Ê § ±µ´µ³¥·´µ¸ÉÓ: ¶·¨ ¤ ´´ÒÌ n ¨ c ¶µ²´ Ö
Ô´¥·£¨Ö p2

n(c; ϕb) Î ¸É¨ÍÒ ¢ ®µ¡·¥§ ´´µ³¯ ¶µ²¥ Ê³¥´ÓÏ ¥É¸Ö ¶·¨ ϕb → π/2.
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�¨¸. 3. ‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢ ®µ¡·¥§ ´´µ³¯ ¢ ÉµÎ±¥ ϕb = π/2−sb ¶µ²¥ (1): ¸¶²µÏ-
´Ò¥ ±·¨¢Ò¥ Å ¶·¨ sb = (π/2)/999, ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ Å ¶·¨ sb = (π/2)/300; Éµ´±¨¥
¸¶²µÏ´Ò¥ £µ·¨§µ´É ²Ó´ Ö ¨ ¢¥·É¨± ²Ó´ Ö ²¨´¨¨ Å ¶·Ö³Ò¥ p2 = 0 ¨ c = −1/4; ¸¨³-
¢µ²µ³ • µ¡µ§´ Î¥´  ÉµÎ±  ¸ ±µµ·¤¨´ É ³¨ c = 0 ¨ p2

n = (2n)2, n = 1, 2, 3, 4

Š ± ¡Ò²µ ¶µ± § ´µ, ¶·¨ c < −1/4 ¨ ²Õ¡µ³ ϕb �= π/2 ¢ ®µ¡·¥§ ´´µ³¯
¶µ²¥ Î ¸É¨Í  ¨³¥¥É ¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É´Ò° ¸¶¥±É· Ô´¥·£¨°,   ¸µ£² ¸´µ
(42) Î¨¸²µ ´Ê²¥° ¥¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ Φ = Φ>, · ¸¶µ²µ¦¥´´ÒÌ ¸²¥¢  µÉ
ÉµÎ±¨ ϕ = ϕb, ´¥µ£· ´¨Î¥´´µ ¢µ§· ¸É ¥É ¶·¨ ϕb → π/2. �µ ¨§¢¥¸É´µ° µ¸Í¨²-
²ÖÍ¨µ´´µ° É¥µ·¥³¥ [15] ¢µ²´µ¢ Ö ËÊ´±Í¨Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¤¨¸±·¥É´µ£µ
¸¶¥±É· , ±µ£¤  p2 ³¨´¨³ ²Ó´µ¥, ¢µ¢¸¥ ´¥ ¨³¥¥É ´Ê²¥°, ÎÉµ ¢µ§³µ¦´µ Éµ²Ó±µ
¢ ¶·¥¤¥²¥ ϕb → π/2 ¨ ¶·¨ ¥¥ Ô´¥·£¨¨ p2 = −∞. — ¸É¨Í  ¸ É ±µ° Ô´¥·£¨¥°
²µ± ²¨§µ¢ ´  ¢ ÉµÎ±¥ ϕ = π/2.

‡�Š‹�—…�ˆ…

‘Ê³³¨·Ê¥³ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ.
�µ¸É ¢²¥´´ Ö ¢µ ‚¢¥¤¥´¨¨ § ¤ Î  ¶µ²´µ¸ÉÓÕ ·¥Ï¥´ : ¤²Ö ²Õ¡µ£µ ¤¥°-

¸É¢¨É¥²Ó´µ£µ ¶ · ³¥É·  c ¸¨´£Ê²Ö·´µ£µ ¶µ²Ö c(secϕ)2 ¶·¥¤²µ¦¥´Ò ¨ ¶·µ-
¨²²Õ¸É·¨·µ¢ ´Ò É·¨ ¤µ¢µ²Ó´µ ¶·µ¸ÉÒÌ ¸¶µ¸µ¡  ¢ÒÎ¨¸²¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ
¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ¡µ²ÓÏ¨Ì ¶µ ³µ¤Ê²Õ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° p2 ¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° Φ ¨¸Ìµ¤´µ° µ¤´µ·µ¤´µ° ±· ¥¢µ° § ¤ Î¨
˜·¥¤¨´£¥·  (1)Ä(3). �¥·¢Ò° ¸¶µ¸µ¡ Å µ¶¨¸ ´´µ¥ ¢ · §¤. 2 ¶·¨¡²¨¦¥´¨¥
‚Š�, ¢Éµ·µ° ¸¶µ¸µ¡ µ¸´µ¢ ´ ´  Ô²¥³¥´É ·´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ëµ·³Ê² Ì,
¶·¨¢¥¤¥´´ÒÌ ¢ · §¤. 3, É·¥É¨° ¸¶µ¸µ¡ ¶·¥¤¸É ¢²¥´ ¢ · §¤. 4 ¨ ·¥ ²¨§Ê¥É¸Ö ·¥-
Ï¥´¨¥³ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ É·¥Ì¤¨ £µ´ ²Ó´Ò³¨ ³ É·¨Í ³¨ Ÿ±µ¡¨
¨ ¶µ¸²¥¤ÊÕÐ¨³ ¢ÒÎ¨¸²¥´¨¥³ ¸Ê³³ ”Ê·Ó¥.
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�¥·¥Î¨¸²¨³ £² ¢´Ò¥ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¢Ò¶µ²´¥´´ÒÌ ¨¸¸²¥¤µ¢ ´¨°.
‚ · ³± Ì ¨§¢¥¸É´µ° ¢¥·¸¨¨ ³¥Éµ¤  ‚Š� ¢ ¶µ²¥ c(sec ϕ)2 ¶·¨ c > −1/4

Î ¸É¨Í  ¨³¥¥É Éµ²Ó±µ ¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É´Ò°, ´¥ µ£· ´¨Î¥´´Ò° ¸¢¥·ÌÊ
¨ µ£· ´¨Î¥´´Ò° ¸´¨§Ê ¢¥²¨Î¨´µ° p2

1(c) = (3/2 + ν)2 Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·,
¸µ¢¶ ¤ ÕÐ¨° ¸ ÉµÎ´Ò³ ¸¶¥±É·µ³,   Ê¸²µ¢¨¥ c < −1/4 Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´Ò³
¤²Ö ±µ²² ¶¸  Î ¸É¨ÍÒ ¢ ¸¨´£Ê²Ö·´ÊÕ ÉµÎ±Ê ϕ = π/2 ¶µ²Ö, ¶·¨ É ±µ³ Ê¸²µ-
¢¨¨ ¢ ¶·¥¤¥²¥ p2 → −∞ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Î ¸É¨ÍÒ, ¡Ò¸É·µ µ¸Í¨²²¨·ÊÖ,
²µ± ²¨§Ê¥É¸Ö ¢¡²¨§¨ ÔÉµ° ÉµÎ±¨,

‚ ²Õ¡µ³ ®µ¡·¥§ ´´µ³¯ ¶µ²¥ Θ(ϕb−ϕ) c(sec ϕ)2, ϕb �= π/2 Î ¸É¨Í  ¨³¥¥É
¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É´Ò°, ´¥ µ£· ´¨Î¥´´Ò° ¸¢¥·ÌÊ ¨ µ£· ´¨Î¥´´Ò° ¸´¨§Ê
¢¥²¨Î¨´µ° p2

1(c; ϕb) Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·, ¶·¨ c ≥ −1/4 ¨ ϕb → π/2 ÔÉµÉ
¸¶¥±É· ¸Ìµ¤¨É¸Ö ± ÉµÎ´µ³Ê ¸¶¥±É·Ê ¢ ¶µ²¥ c(secϕ)2, ´¨ ¶·¨ ± ±¨Ì c ¨ ϕb �=
π/2 §´ Î¥´¨¥ p2 = −∞ ´¥ ¤µ¸É¨¦¨³µ ¨ ±µ²² ¶¸ Î ¸É¨ÍÒ ´¥ ¢µ§³µ¦¥´.
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