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In the framework of the formalism of Cornwall et al. for composite operators I
study the ghost-antighost condensation in SU(2) Yang-Mills theories quantized in
the Maximal Abelian Gauge and derive analytically a condensating effective potential
at two ghost loops. I find that in this approximation the one-loop pairing ghost—
antighost is not destroyed and no mass is generated if the ansatz for the propagator
suggested by the tree level Hubbard—Stratonovich transformations is used.
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INTRODUCTION

The ghost-antighost condensation in SU(2) Yang-Mills theories quantized
in the Maximal Abelian Gauge [1] was proposed by Martin Schaden [2] in 1999.
The original aim was to investigate how to preserve the methods of perturbation
theory when infrared divergences plague the high temperature phase of QCD [3].
In fact, the analysis of Schaden provided analytical propagators for all fields
except for the Abelian photon due to a dynamically generated screening mass.
Later on [4, 5], this phenomenon was connected with a possible explanation of
the Abelian Dominance in non-Abelian gauge field theories.

This analysis was given in the mean field approximation at one-loop order.
In this work I will extend this analysis at two-loop order within the functional
formalism of Cornwall-Jackiw—Tomboulis, which has been already used to study
the dynamical mass generation in the model of Cornwall-Norton [6] and the
chiral symmetry breaking in Quantum Chromodynamics [7]. The aim of this
paper is to shed light on the dynamics of the ghost condensation. I will prove
that the ghost—antighost propagator suggested at tree level [2,4,5], using Hubbard—
Stratonovich transformations, is not compatible at quantum level with a dynamical
mass generation.

1. SU(2) YANG-MILLS THEORIES
IN THE MAXIMAL ABELIAN GAUGE

I shall consider the Maximal Abelian Gauge fixed SU(2) Yang—Mills action
in the four-dimensional continuum Minkowski space [8]
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_ 4 " v b Abu
S = /d x[— 1o i = g PP = 5 (DAY
+ EaDsz“bccC — eabec‘iE“CdAZAC“ - %eabeCdéaébcCcd . (D

According to [9] T have chosen the diagonal generator of the gauge group SU(2)
as Abelian charge and have made the following decompositions for the gluons,
ghosts and antighosts fields, respectively: (A%, A*), (¢, ¢), (¢*,¢), a = 1,2
labels the off-diagonal components of the Lie-algebra valued fields.



The covariant derivative Dzb is defined with respect to the diagonal compo-
nent A, of the Lie algebra valued connection

D = §,6" — e A, ()
The components of the field strength are

b 4b b Ab
Fg, DiP Ay, — Dy A,
Fuy = 0udy —0,A, + P AJA. 3)
In the action S the partial gauge fixing condition has been used:
Db AM = 0. 4)

The action S manifests a residual U(1l) gauge symmetry which can be fixed
imposing for example the Landau condition

B A" = 0. (5)

In the following I will not consider the Faddeev—Popov terms related to (5) since
they do not play any role.

In (1) the value of the gauge parameter o has been taken equal to the
«coupling constant» of the quartic ghost—antighost interaction. In the Maximal
Abelian Gauge this interaction is needed for renormalizability and appears at tree
level with an arbitrary coupling in order to remove the logarithmic divergence
of the full two A, and two Af, exchanges between a pair of ghost-antighost
scattering [8]. This phenomenon reminds the renormalizability of scalar quantum
electrodynamics [10]. In particular, model (1) depends on only one parame-
ter, the U(1) invariance is preserved at every order in perturbation theory as a
consequence of the global symmetry [11]

c—c+6 (6)

which allows for the ¢ independence of S.

2. THE EFFECTIVE POTENTIAL
AND ONE-LOOP CALCULATIONS

In order to investigate about the dynamical generation of the condensate
(0] &% | 0) (7

I will construct the Hartree—Fock approximation to the generalized effective po-
tential [6] for the model of the previous section. This effective potential will de-
pend only on the complete propagators of the theory G(z,y) for the off-diagonal



ghosts, A, (z,y) and A(z,y) for off-diagonal and diagonal gluons, respectively.
A field dependence is not included, since we do not expect that any of the fields
acquire a vacuum expectation value. Thus for our problem we have

=1 élTZ;t [log(D™} (P)AP) = D' P)AR) +1] + Va(G, A0, ). (®)

In the previous formula all space-time and gauge indices have been suppressed.
S(p), Da(p) and D(p) are the free propagators
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In order to focus on the ghost—antighost condensation let us consider the ap-
proximation in which A,(p) = D,(p) and A(p) = D(p). It will be proved in
the following that the accuracy of this approximation is under control because I
work in the weak coupling regime, g> < 1. In this approximation V5 includes
the contribution of diagrams which are two-particle irreducible with respect to
ghost—antighost lines only.

To compute effective potential (8) I make the following ansatz for the ghost
propagator:
_Zp25ab 4 SO(pQ)Eab

ab _
) = )

(10)
by defining
—10(p?)eap = G;bl — S&}. (1)

If ¢(p?) is constant ansatz (10) agrees with the ghost propagator used in [2,4, 5]
by making Hubbard-Stratonovich transformations.

The behaviour of (p?) can be seen from the Dyson—-Schwinger equation
for the ghost propagator or equivalently from the mass gap equation [6] of
the effective potential V. T will investigate about the complete system of the



Dyson—Schwinger equations in the Maximal Abelian Gauge in a subsequent pa-
per. Concerning now I observe that disregarding the tadpole terms and replacing
the complete A¥cc vertex by the bare one (Hartree—Fock approximation)

5‘uc7le“bA”cb — cﬁe“bA”au & (12)

the two-loop part of V' is

d4pd4q fa acyed df myup
V2= _Z/ W [p/)(pu +q,)G (p)e"“ G (q)e” D"*(p — q)] : (13)

The mass gap equation for (8)

— =0 14
5C (14)
becomes in this approximation, with definition (11),
d*q  »(q®)
2 2
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where the propagator for A, in the Feynman gauge has been used. Nevertheless
for a nontrivial ¢(p?) equation (15) is not compatible with the rest coming from
the symmetric part of (10)

d*q 7t 1
0=g> / . 16
7] et + 20 (0 —q)? (16)

If T ignore this important point the result is no mass generation due to ghost
condensation.

Equation (15) is similar in structure to the equation for the chirally asymmet-
ric part of the inverse electron propagator in the Baker—Johnson—-Willey approach
to electrodynamics [12]. Guided by the work of these authors I ask if there is a
solution to (15) whose asymptotic behaviour is

2 ® | _P2 |§ A?
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in which A is taken as a fixed massive parameter. Of course ¢(p?) must be a
continuous function and one should specify the transition between the high-energy
and the low-energy behaviour. However various reasonable transition behaviours
make only a small difference in the numerical coefficient of the final result of
effective potential [6].

Integral equation (15) is equivalent to the following differential equation:

d ([ 5d 442
7 (Pge@) = (o) (13)




If I put ansatz (17) I obtain, for g2 < 1, the solution

492

1672

e= + 0(g?). (19)
Because ¢ is small, ansatz (17) is a good approximation also in the infrared
domain [6, 13]. However in the following ¢ — 0, playing the role of a regulator,
therefore in any gauge I will assume an order of magnitude given by (19).

I would like to stress that ¢(p?)eqp is, in my notation, the antisymmetric part
of the propagator G but ¢ is p?-independent and plays the role of some suitably
regularized value of (0 | c%e%tc? | 0).

The one-loop contribution to (8) up to ¢-independent terms is obtained from
(9) and (10):

- d*p ¢*(r?) 2¢°(p?)
Vi(p) = _Z/ n) [bg (1 —oTy 902(172)) + e sz(pg)} : (20

This expression takes the following form in the Euclidean region:

W= g [ e o (1 2 ) ¢ ) e

The evaluation proceeds by inserting (17) into (21) and keeping only terms that
are proportional to inverse power of € as well of zero-order in . In practice I
set € to zero everywhere as long as no divergence arises; if € = 0 is not allowed
(17) is used. Therefore

1
1 “+oo :r
- dr z |1
167r2/A2 xx{og( x2+g0 )
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Performing the Laurent expansion around ¢ = 0 we get the result:

2 2 2 2
¢ ¢ ¢ ¢
- - log [ £ ). 23
Vi= 50~ 5n2 T 322 8 <A4> 23)

It agrees with the computed result in the MS scheme [4].



3. CONTRIBUTIONS OF TWO-LOOP DIAGRAMS

Now let me consider the two-loop contribution to the effective potential.
I am looking for connected, two-particle irreducible graphs of order h? in the
expression

1h < 0| Texp {—zh/ d*z [0 cre™ At — coe™ AFY,, M+
—l—%e“bec‘iéacbéccd — A AN — e“beCdéachZA”C}} |0>, (24)

the parameter & has been introduced in order to count loops, but it will be put
equal to one at the end of the calculation. Upon scaling the fields in (24) like
1) — hi'/24), expanding the exponential to the relevant order and applying Wick’s
theorem, I am left with four integrals. Let me consider the first one:

Lo o [ d'p dq (polputaw) (. @ =d")P’ —¢")
h / (2m)7 (277 { 0 —a)? (” () ) )
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After making some standard integration on the angles [15], I get in the Euclidean
region

I 3g2 [t xy
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Using the expression given in (17) I obtain the following decomposition:
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After making analytical continuation [16] and Laurent expansion of (27) around
e=01get[17]
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In Appendix I will give more details about how I performed the integrals of (27).
Now let me consider the second integral coming from the expansion of (24):

%““{V . f(£52p2>r+ e f;@zﬂ =

Substituting expression (17) in (24) I get for the first term after the usual change
of variables p® — +p°, analytical continuation [16] around € = 0:

I ap? 1 2 1\?
2 _ W (e X -
n2 ~ 2567 ( 5 %8 (A4 T2 (30)

and for the second term

d4p p2
/ Cript+ o2 (p?) o). G

It will be proved in Appendix.

Finally it is easy to see that the sum of the last two integrals that can be
extracted from (24) is

4 2 4
13“4:2/‘”’ L /d = (32)
n? (2m)t pt+ @ (p?) S (2m)" ¢

and it is O(e) due to (31).
By using the same method and defining for massive off-diagonal gluons the
following propagator

2
R S % I ¢ By c)) 7 )
(Aa)W(p) = sz — MQ(p2)5 [Wu P2 — M2(p2) (33)
with 2 | 2 | 2
M —p7 <A
V202 ] < 34
(p ) { MQ(_%)_QE | —p2 |>> A27 ( )



it is easy to see that the vertex ccAA will provide a O(g) contribution to the
effective potential V, which must be disregarded for g < 1. The main point
of this paper is the following. If one uses ansatz (10), the effective potential
does not possess, at the lowest order in the weak coupling regime, the necessary
mixing term between M and ¢ for the generation of a mass for off-diagonal
gluons related to the ghost—antighost condensate. That is because the symmetric
part of (10) does not satisfy the Dyson—Schwinger equations.

Moreover it is possible to say that due to (31) the approximation A, = D, is
compatible with the weak coupling regime. Since the propagator A is supposed
to coincide with the normal perturbative solution because no symmetry-breaking
effects are expected, the weak coupling regime controls also the approximation
A=D.

4. EFFECTIVE POTENTIAL AND THE GHOST CONDENSATE

Collecting the results found in the previous section and keeping only terms
that are proportional to inverse powers of the coupling g (these come from inverse
powers of €) as well as terms of zeroth order in € and coupling I get the two-loop
effective potential

2 2
¥ 1 Ly P
= 1—-= log [ £
Vig) 3272 ( z—:) + 32,27 %8 (A4>
2 2 2
ap 1 P 1
Tloe [ Fo) 2
25674 (2 o8 (A4> e) ’ (33)

where terms divergent at ¢ = 0 but multiplied by higher powers of the coupling
constant have been dropped.

In the weak coupling regime the effective potential is independent on the
gauge parameter ¢ of the U(1) symmetry. In fact it is easy to check, using the
results of the previous section, that in a general covariant gauge one should add

to (35)
2
g*¢* (1 AR
=1 — )= 36
256m4 \2 S\ AT) ¢ 36)
which is negligible compared to the term proportional to « if o > g2.

Although (35) is not the end of the story, it is worth to remark that the
effective potential V' (¢) must be bounded from below therefore:

a>0 (37)

which is equivalent to state the concavity of V(p) [18]. Moreover since this
potential manifests a nontrivial absolute minimum if

€
—— 38
o > 1 (38)



and since we work for € — 0 inequality (38) is satisfied if V() is bounded from
below. The absolute minimum of our effective potential is found to be at

2 2
%] 2 167
1 — ) ==-1- . 3
& <A4) € ! (39)

I observe that the quartic ghost—antighost interaction seems to play a crucial
role in this mechanism of condensation. This interaction seems to affect the
effective potential much more than the cubic vertex ¢cA which only perturbs the
one-loop result. It is worth to remark that « positive could be related to a sort of
«ghost attraction», but unfortunately I do not have any general argument to state
the positivity of

—%e“bec‘iéaébcccd = ac'cld P (40)

when the usual assignments of hermiticity [19]

= ¢
e = —¢ (41)
are given.
The contributions to the effective potential proportional to o are dominated
by the term
2 2
ayp 2 (P
1 R 42
102474 % (A4) “2)

which is clearly a symmetry restoring term. Nevertheless if
a =~ 1672 (43)

the absolute minima of V; and V are on the same value and it is possible to see

easily
VoV
(g - ;ﬁ) - =0(g"). (44)

Therefore for a ~ O(g?) the two-loop contribution corresponds to a small per-
turbation of the one-loop result.

DISCUSSION

I have derived a two-loop ghost—antighost condensating effective potential in
the weak coupling regime using an ansatz found at tree level, but not efficient
at quantum level. The consequence of this wrong ansatz has been that in the
off-diagonal gluon propagator no mass or infrared cut-off is generated as claimed



in [2,4]. In order to improve this study it becomes mandatory to know more about
the complete propagators of the theory, for example from the complicated system
of the Dyson—Schwinger equations. The complete propagators are expected to
show a richer structure than in (10) due to the dependence on the most general
BRST invariant [20] condensate of dimension two

< 0]AJ A" + acc"|0 > . (45)

This condensate for Yang—Mills theories in the Maximal Abelian Gauge is
now under investigations [21]. For its computation the residual U(1) gauge
invariance of the theory after the partial gauge fixing condition (4) could be
crucial. In fact taking @ = —1 and calling ¢ the coupling constant of the self
interaction between ghosts the action can be written as:

]' 1 a a vc
S = / diz [—4—92(8MAV — 0,A,)% + 57 Deb Dy, AV~
1

(EabAyaAlbL)Q +EaDszp,bcCc + g(EaCQ)Q _ EQbECdEaCdAMbACM . (46)

22
This action represents a sort of scalar electrodynamics of charged off-diagonal
gluons and the off-diagonal ghosts and antighosts fields interacting each other by
usual quartic scalar terms. These classes of models, constraints by the vanishing
of the vacuum expectation value of every charged scalar fields, provided a stable
vacuum due the pair condensates of the charged scalar fields [22]. Using these
results condensate (45) could be evaluated providing a gauge invariant mass
generation for continuum Yang—Mills theories.

APPENDIX
INTEGRALS

I will give more details about the calculations of two integrals met in Sec. 2.
The first integral

Jy = / y—Y / do—T @)
A2 Y2 + 2 (L) y 22 4 @2 (L)

is easily shown to be equal to

A +o0 y3 +o0 T
A /1 dyyz_‘_fzy—%/y dmxz—l—fzx_% (43)
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with f2 = £, Since [17]

/Jroo T 1 y2+26
i - log <1 + —> (49)
y 22+ f2x=2  2(1+4¢) 12
our integral becomes in its convergence region [16]
A4 +00 y3t2e y2+2e
J = dy——5——=1 1 . 50
o), e (1) 0

I adopt the following trick:

_ A4 +oco y3+26 f2 y2+25
o= 2<1+e>/1 dy[<y2+2€+f2‘y+?>1°g<” f2)
e (15|
-2 )1 1 : 51
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But

+oo f4 _ f2y2 + f2y2+25 y2+2€
/ dy 2 5 242 log (1 + 7 ) =
1 y(f2+y ) f

T (12 Y O(e) =
/1 yy(f2+y2)og( +F>+ €)=

r 310g? (14 = ) + 72 + 6Lis ( —— +O0(e) (52)
12 g f2 ™ 2 f2 £),

where in the last equality Lis(x) is the dilogarithm function with the property

2
Lig(x) + Lig(1 — z) = % —logx log (1 — x), (53)

and it has been used the change to the variable z = log (1 + %)
Moreover [17]
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21 2 1 2 2
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2e
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Thus [17]

+ood 2+42e 2 1
/1 ?ylog (1+ny ): %Lig (_F> +0(e). (55)
The final result is
2 4 4 2
® A A 1 ® 9 1
J = — 4+ —=——-—1 1+ — — 1 1+ —
1 25+2 20g(—|—f2>+40g +f2
2 2
%) 1 o (T 1
——1 1+ — — 4+ = .
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Now I will prove (31)

/ (d4p P O(e). (57)

27‘-)4 p4 + s02 (pQ)

Using hyperspherical Euclidean coordinates the integral becomes proportional to

A? 72 +00 22
| et e ©8)

But [17]

—+00 1‘2
dr———g— =
A2 x? + a2

A2 2¢ 4+4 A2
= - 2F1 ]-7 St 67 ki 87_ (59)
(34 2e)p? 142 142 2

if Re(e) <—3.
Since (59) can be prolonged [16] at € = 0, the Laurent expansion of (57):

A2 —1+£arctanA—2+O() ——/Azdxi—i-O() (60)
A2 ©® ¢ - 0 $2+§02 &

and I get result (57).
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