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Numerical Investigation on Some Solutions

of the Relativistic Equation for Scalar Particles

in Gravitational Field of a Point Source

In this paper a numerical investigation on some solutions of the relativistic equa-

tion for scalar particles in the gravitational field of a massive point source is per-

formed. The discrete spectrum for different values of the orbital momentum is studied.

An essential new feature of the obtained solutions is their dependence on the point

sourceVs gravitational mass defect.

The Continuous Analog of the Newton Method is used to solve the originated

Sturm–Liouville problem. The corresponding linear boundary value problems are

solved numerically by means of a spline-collocation scheme of high order.

The investigation has been performed at the Laboratory of Information Technolo-

gies, JINR.
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×èñëåííîå èññëåäîâàíèå íåêîòîðûõ ðåøåíèé

ðåëÿòèâèñòñêîãî óðàâíåíèÿ äëÿ ñêàëÿðíûõ ÷àñòèö

â ãðàâèòàöèîííîì ïîëå òî÷å÷íîãî èñòî÷íèêà

Âïåðâûå ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå íåêîòîðûõ ðåøåíèé ðåëÿòè-

âèñòñêîãî óðàâíåíèÿ äëÿ ñêàëÿðíûõ ÷àñòèö â ãðàâèòàöèîííîì ïîëå ìàññèâíîãî

òî÷å÷íîãî èñòî÷íèêà. Èçó÷åíû îñíîâíîå è ïîñëåäóþùèå ñîñòîÿíèÿ è ñîîòâåò-

ñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ äèñêðåòíîãî ñïåêòðà ïðè ðàçíûõ çíà÷åíèÿõ ìî-

ìåíòà ñêàëÿðíûõ ÷àñòèö. Ñóùåñòâåííàÿ íîâàÿ ÷åðòà ïîëó÷åííûõ ðåøåíèé — çà-

âèñèìîñòü èõ ôèçè÷åñêèõ õàðàêòåðèñòèê îò ãðàâèòàöèîííîãî äåôåêòà ìàññû òî-

÷å÷íîãî èñòî÷íèêà ãðàâèòàöèîííîãî ïîëÿ.

Äëÿ ÷èñëåííîãî èññëåäîâàíèÿ âîçíèêàþùåé çàäà÷è Øòóðìà–Ëèóâèëëÿ èñ-

ïîëüçóåòñÿ àëãîðèòì, îñíîâàííûé íà íåïðåðûâíîì àíàëîãå ìåòîäà Íüþòîíà.

Íà êàæäîé èòåðàöèè ñîîòâåòñòâóþùèå ëèíåéíûå êðàåâûå çàäà÷è ðåøàþòñÿ ìå-

òîäîì ñïëàéí-êîëëîêàöèè.

Ðàáîòà âûïîëíåíà â Ëàáîðàòîðèè èíôîðìàöèîííûõ òåõíîëîãèé ÎÈßÈ.

Ïðåïðèíò Îáúåäèíåííîãî èíñòèòóòà ÿäåðíûõ èññëåäîâàíèé. Äóáíà, 2004
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1. ‚‚…„…�ˆ…

�· ¢¨²Ó´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¤²Ö £· ¢¨É -
Í¨µ´´µ£µ ¶µ²Ö ÉµÎ¥Î´µ° Î ¸É¨ÍÒ £µ²µ° ³¥Ì ´¨Î¥¸±µ° ³ ¸¸Ò M0 ¡Ò²¨ ´ °-
¤¥´Ò ´¥¤ ¢´µ [1]. �± § ²µ¸Ó, ÎÉµ ÔÉ¨ ·¥Ï¥´¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö ¶·¨ ¶µ³µÐ¨
µ¡µ¡Ð¥´´ÒÌ ËÊ´±Í¨° ¨ ¨³¥ÕÉ ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö Ê¤µ¢²¥É¢µ·¥´¨Ö Ê· ¢´¥´¨°
�°´ÏÉ¥°´  ¸± Î±¨ ¢ ¶·µ¨§¢µ¤´ÒÌ ³¥É·¨±¨ ¢ ³¥¸Éµ ´ Ìµ¦¤¥´¨Ö ³ ¸¸¨¢´µ£µ
ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �µ¢Ò¥ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ
¸µ¡µ° ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ ³¥É·¨± ´  ¸¨´£Ê²Ö·´ÒÌ ³´µ£µµ¡· §¨ÖÌ
M

(1,3){gµν}. �´¨ µ¶·¥¤¥²ÖÕÉ¸Ö, ±·µ³¥ £µ²µ° ³ ¸¸Ò M0, É ±¦¥ ¨ ±¥¶²¥·µ¢-
¸±µ° ³ ¸¸µ° M , ¨²¨, ÎÉµ, ±µ´¥Î´µ, Ô±¢¨¢ ²¥´É´µ, ³ ¸¸µ° Š¥¶²¥·  M , ¨
µÉ´µÏ¥´¨¥³ ³ ¸¸

� =
M

M0
∈ (0, 1) , (1.1)

±µÉµ·µ¥ § ¤ ßÉ £· ¢¨É Í¨µ´´Ò° ¤¥Ë¥±É ³ ¸¸ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  £· ¢¨É Í¨-
µ´´µ£µ ¶µ²Ö ¨ ¢³¥¸É¥ ¸ M Ö¢²Ö¥É¸Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§³¥·Ö¥³µ° Ë¨§¨Î¥¸±µ°
¢¥²¨Î¨´µ°.

Œ É¥³ É¨Î¥¸±¨¥ ¨ Ë¨§¨Î¥¸±¨¥ ¸¢µ°¸É¢  ÔÉ¨Ì ´µ¢ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°
�°´ÏÉ¥°´  ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ µÉ²¨Î ÕÉ¸Ö µÉ ¸¢µ°¸É¢ · ´¥¥ ¨§¢¥¸É´ÒÌ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¸É É¨Î¥¸±¨Ì ·¥Ï¥´¨° ÔÉ¨Ì ¦¥ Ê· ¢´¥´¨° ¸ · §-
´Ò³¨ É¨¶ ³¨ ³ É¥³ É¨Î¥¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥° ¢ ÉµÎ±¥, ±µÉµ· Ö Ö¢²Ö¥É¸Ö Í¥´-
É·µ³ ¸¨³³¥É·¨¨ ¨ µ±·Ê¦¥´  ¢ ±ÊÊ³µ³. �·¨Î¨´  ÔÉµ£µ Å · §´Ò¥ £· ´¨Î´Ò¥
Ê¸²µ¢¨Ö, ±µÉµ·Ò³ Ê¤µ¢²¥É¢µ·ÖÕÉ ´µ¢Ò¥ ¨ É· ¤¨Í¨µ´´Ò¥ ·¥Ï¥´¨Ö. �µ¸²¥¤´¨¥
¨´µ£¤  µÏ¨¡µÎ´µ ¶·¨´¨³ ²¨¸Ó §  ·¥Ï¥´¨Ö, µ¶¨¸Ò¢ ÕÐ¨¥ £· ¢¨É Í¨µ´´µ¥
¶µ²¥ ÉµÎ¥Î´µ£µ ³ É¥·¨ ²Ó´µ£µ ¨¸ÉµÎ´¨±  ¢ �’�. �µ-¢¨¤¨³µ³Ê, ´µ¢Ò¥ ·¥Ï¥-
´¨Ö ¶µÉ·¥¡ÊÕÉ ¶¥·¥¸³µÉ·  ´¥±µÉµ·ÒÌ µ¡Ð¥¶·¨´ÖÉÒÌ Ë¨§¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éµ¢
¨ ¨Ì ¨´É¥·¶·¥É Í¨¨.

‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ³Ò ´ Î¨´ ¥³ ¨¸¸²¥¤µ¢ ´¨¥ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¢µ²´µ¢ÒÌ
Ê· ¢´¥´¨° ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥ ³ ¸¸¨¢´µ£µ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  ¢ · ³± Ì
�’�. ‡¤¥¸Ó ³Ò µ£· ´¨Î¨³¸Ö ´ Î ²Ó´Ò³ Î¨¸²¥´´Ò³ ¨§ÊÎ¥´¨¥³ ·¥Ï¥´¨° ¶·µ-
¸É¥°Ï¥£µ ·¥²ÖÉ¨¢¨¸É¸±µ£µ Ê· ¢´¥´¨Ö Š²¥°´ Äƒµ·¤µ´ , ±µÉµ·µ¥ µ¶¨¸Ò¢ ¥É,
± ± Ìµ·µÏµ ¨§¢¥¸É´µ [2], ( ´É¨)Î ¸É¨ÍÒ ¸µ ¸¶¨´µ³ ´µ²Ó. �·¥¤Ï¥¸É¢ÊÕÐ¨¥
·¥§Ê²ÓÉ ÉÒ ¨§ÊÎ¥´¨Ö ·¥Ï¥´¨° ÔÉµ£µ Ê· ¢´¥´¨Ö ¢ ¶µ²¥ ˜¢ ·ÍÏ¨²Ó¤  ¸µ¤¥·-
¦ É¸Ö, ´ ¶·¨³¥·, ¢ ´¥¤ ¢´µ ¶µÖ¢¨¢Ï¥³¸Ö µ¡§µ·¥ [3] ¨ ¢ µ¡Ï¨·´µ° ²¨É¥· ÉÊ·¥,
Ê± § ´´µ° ¢ ´¥³. � ¨¡µ²¥¥ Î ¸Éµ ¶·¨³¥´Ö¥É¸Ö · ¤¨ ²Ó´ Ö ± ²¨¡·µ¢±  ƒ¨²Ó-
¡¥·É . ˆ´Ëµ·³ Í¨Õ µ ³´µ£µÎ¨¸²¥´´ÒÌ ¨§¢¥¸É´ÒÌ ¤·Ê£¨Ì ± ²¨¡·µ¢± Ì ¤²Ö
ÔÉµ° § ¤ Î¨ ³µ¦´µ ´ °É¨ ¢ · ¡µÉ¥ [1].
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2. ��‘’���‚Š� ‡�„�—ˆ

ˆ¸¶µ²Ó§ÊÖ ¥¸É¥¸É¢¥´´ÊÕ · ¤¨ ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ r ∈ (0,∞) [1], ³µ¦´µ
¶·¥¤¸É ¢¨ÉÓ ´µ¢Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¤²Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö
¢´¥ ³ ¸¸¨¢´µ£µ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  ¢ ¢¨¤¥

ds2 = e2ϕG

[
dt2 − dr2

N4
G(r)

]
− ρ(r)2

(
dθ2 + sin2 θdφ2

)
. (2.1)

‡¤¥¸Ó Î¥·¥§

ϕG(r; M, M0) := − GNM

r + GNM/ ln(M0/M)
(2.2)

µ¡µ§´ Î¥´ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò° ¶µÉ¥´Í¨ ² �ÓÕÉµ´ ,   ±µÔËË¨Í¨¥´É

NG(r) = (2ϕG)−1 (
e 2ϕG − 1

)
.

ƒ¨²Ó¡¥·Éµ¢¸± Ö ±µµ·¤¨´ É  Ö·±µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

ρ(r) =
2GNM

1 − e2ϕG
=

r + GNM/ ln(M0/M)
NG(r)

, (2.3)

£¤¥ GN ¥¸ÉÓ £· ¢¨É Í¨µ´´ Ö ±µ´¸É ´É  �ÓÕÉµ´ .
‚´¥ ¨¸ÉµÎ´¨±  ¢ ± ²¨¡·µ¢±¥ ƒ¨²Ó¡¥·É  ·¥Ï¥´¨¥ ¶·¨´¨³ ¥É µ¡ÒÎ´ÊÕ

Ëµ·³Ê ¸ ³¥É·¨Î¥¸±¨³¨ ±µÔËË¨Í¨¥´É ³¨

gtt(ρ) = 1 − ρG

ρ
, gρρ(ρ) = − 1

gtt(ρ)
, (2.4)

£¤¥ ρG = 2GNM ¥¸ÉÓ · ¤¨Ê¸ ˜¢ ·ÍÏ¨²Ó¤ . �¤´ ±µ ´ ²¨Î¨¥ ³ ¸¸¨¢´µ£µ
ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  Ê²ÓÉ¨³ É¨¢´µ É·¥¡Ê¥É · ¸¸³ É·¨¢ ÉÓ ÔÉÊ Ëµ·³Ê § ¶¨¸¨
·¥Ï¥´¨Ö Éµ²Ó±µ ´  Ë¨§¨Î¥¸±µ³ ¨´É¥·¢ ²¥ ¶¥·¥³¥´´µ° Ö·±µ¸É¨ ρ ∈ (ρ0,∞),
£¤¥ ¢¥²¨Î¨´ 

ρ0 =
2GNM

1 − �2
≥ ρG. (2.5)

”¨§¨Î¥¸±µ¥ ¨ ³ É¥³ É¨Î¥¸±µ¥ µ¡µ¸´µ¢ ´¨¥ ÔÉµ° ´µ¢µ° ¶·µÍ¥¤Ê·Ò ®µ¡-
·¥§ ´¨Ö¯ Ë¨§¨Î¥¸±µ£µ ¨´É¥·¢ ²  ¶¥·¥³¥´´µ° Ö·±µ¸É¨ ρ, ´  ±µÉµ·µ³ ¸ ´¥-
µ¡Ìµ¤¨³µ¸ÉÓÕ ´Ê¦´µ µ£· ´¨Î¨ÉÓ ¶·¨³¥´¥´¨¥ Ï¨·µ±µ · ¸¶·µ¸É· ´¥´´µ° ¨
¢µ¸Ìµ¤ÖÐ¥° ± ƒ¨²Ó¡¥·ÉÊ ¨ „·µ¸É¥ § ¶¨¸¨ ·¥Ï¥´¨Ö ¢ Ëµ·³¥ (2.4), ³µ¦´µ
´ °É¨ ¢ · ¡µÉ Ì [1]. ‡¤¥¸Ó ¤µ¡ ¢¨³, ÎÉµ É ±µ¥ ´¥µ¡ÒÎ´µ¥ µ¡·¥§ ´¨¥ ¢ÒÉ¥± ¥É
µ¤´µ§´ Î´µ ¨§ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ³ É¥·¨ ²Ó´µ£µ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  £· ¢¨É -
Í¨µ´´µ£µ ¶µ²Ö. �´µ ¶·¨¢µ¤¨É ± Ë¨§¨Î¥¸±µ³Ê § ¶·¥ÉÊ ¨³¥ÉÓ ¡¥¸±µ´¥Î´ÊÕ
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Ö·±µ¸ÉÓ ¤²Ö ÉµÎ¥Î´ÒÌ ¨¸ÉµÎ´¨±µ¢, ÎÉµ µÎ¥¢¨¤´Ò³ µ¡· §µ³ ¸µµÉ¢¥É¸É¢Ê¥É ·¥-
 ²Ó´Ò³ ´ ¡²Õ¤¥´¨Ö³ ¨ µ¸É ¢ ²µ¸Ó ¡¥§ É¥µ·¥É¨Î¥¸±µ£µ µ¡µ¸´µ¢ ´¨Ö ¤µ ¸¨Ì
¶µ·. ‚ ÔÉµ³ ¶² ´¥ · ¡µÉÒ [1] ¶µ± § ²¨, ÎÉµ ¢ �’� ¨³¥¥É¸Ö ¥¸É¥¸É¢¥´´Ò°
³¥Ì ´¨§³ µ¡·¥§ ´¨Ö ±² ¸¸¨Î¥¸±¨Ì · ¸Ìµ¤¨³µ¸É¥° §  ¸Î¥É ¨§³¥´¥´¨Ö £¥µ³¥-
É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, µ¡Ê¸²µ¢²¥´´µ£µ ¡¥¸±µ´¥Î´µ° ¶²µÉ´µ¸ÉÓÕ ³ ¸¸Ò
ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨± . ‚¸¥ Ö¢²¥´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ É ± ´ §Ò¢ ¥³Ò³ £µ·¨§µ´Éµ³
¸µ¡ÒÉ¨°, ¢³¥¸É¥ ¸ ´¨³ µ¸É ÕÉ¸Ö ¢´¥ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨, µ¶·¥¤¥²Ö¥³µ° Éµ-
Î¥Î´Ò³ ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‘µ£² ¸´µ ³¥É±µ³Ê § ³¥Î ´¨Õ
„¨· ±  [4] ¨Ì ¸²¥¤Ê¥É ¨¸±²ÕÎ¨ÉÓ ¨§ ²Õ¡µ° Ë¨§¨Î¥¸±µ° É¥µ·¨¨.

�¥·¥³¥´´ Ö Ö·±µ¸É¨ ρ Ö¢²Ö¥É¸Ö ¢Ò¤¥²¥´´µ° ¶¥·¥³¥´´µ° ¢ Éµ³ ¶² ´¥, ÎÉµ
·¥§Ê²ÓÉ ÉÒ, ¢Ò· ¦¥´´Ò¥ Î¥·¥§ ρ, ²µ± ²Ó´µ ¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ¨§³¥-
´¥´¨° · ¤¨ ²Ó´µ° ± ²¨¡·µ¢±¨. �¤´ ±µ ¸ ÉµÎ±¨ §·¥´¨Ö ± ± ¢ÒÎ¨¸²¨É¥²Ó´µ°,
É ± ¨ Ë¨§¨Î¥¸±µ° ¡µ²¥¥ Ê¤µ¡´µ° ¤²Ö ¶·¨³¥´¥´¨Ö Ö¢²Ö¥É¸Ö ¸¢Ö§ ´´ Ö ¸ ρ ¶·µ-
¸ÉÒ³ µ¡· §µ³ ¶¥·¥³¥´´ Ö g = gtt = 1 − ρG/ρ. ’µ£¤ 

ds2 = g dt2 − ρ2
G

[
dg2

g(1 − g)4
+

dθ2 + sin2 θ dφ2

(1 − g)2

]
. (2.6)

‚ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ 4D-µ¶¥· Éµ· „ ² ³¡¥·  ¢ ¶¸¥¢¤µ·¨³ ´µ¢µ³ ¶·µ¸É· ´-
¸É¢¥-¢·¥³¥´¨ M

(1,3){gµν} ³ ¸¸¨¢´µ£µ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  ¶·¨´¨³ ¥É ¢¨¤

� = g−1∂2
t − ρ−2

G

(
(1 − g)4∂g (g∂g) + (1 − g)2∆θφ

)
, (2.7)

£¤¥ ∆θφ = sin θ ∂θ (sin θ ∂θ) + sin−2 θ ∂2
φ.

“· ¢´¥´¨¥ Š²¥°´ Äƒµ·¤µ´  ¤²Ö ³ ¸¸¨¢´ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í ³ ¸¸Ò
m ¢ ±·¨¢µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¨³¥¥É ¸É ´¤ ·É´Ò° ¢¨¤

�Φ + m2Φ = 0. (2.8)

‚ ·¥§Ê²ÓÉ É¥ ¸Ë¥·¨Î¥¸±µ° ¸¨³³¥É·¨¨ ¶¸¥¢¤µ·¨³ ´µ¢µ ³´µ£µµ¡· §¨¥
M

(1,3){gµν}, ¶µ·µ¦¤¥´´µ¥ ³ ¸¸¨¢´µ° ÉµÎ¥Î´µ° Î ¸É¨Í¥°, ¨³¥¥É £·Ê¶¶Ê ¤¢¨-
¦¥´¨° SO(3), a ´¥É·¨¢¨ ²Ó´Ò³¨ Ö¢²ÖÕÉ¸Ö ¢¥²¨Î¨´Ò ¨ Ê· ¢´¥´¨Ö ´  Ë ±Éµ·-
¶·µ¸É· ´¸É¢¥ M

(1,1) = M
(1,3)/SO(3), ´  ±µÉµ·µ³ ¨³¥ÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò¥ ±µ-

µ·¤¨´ ÉÒ t ¨ g. �¥¤Ê±Í¨Ö Ê· ¢´¥´¨Ö (2.8) ´  Ë ±Éµ·-¶·µ¸É· ´¸É¢µ M
(1,1)

¶·µ¢µ¤¨É¸Ö ¶·¨ ¶µ³µÐ¨ ¶µ¤¸É ´µ¢±¨

Φ(t, g, θ, φ) = Φl(t, g)Yl,lz (θ, φ) ,

£¤¥ Yl,lz (θ, φ) Ö¢²ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³¨ ¸Ë¥·¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨:

∆θφYl,lz(θ, φ) = −l(l + 1)Yl,lz(θ, φ) ,

  l = 0, 1, 2, ...; lz = −l, ..., 0, ..., l.
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„²Ö · ¤¨ ²Ó´µ° ´¥¸É Í¨µ´ ·´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ Φl(t, g) ´  M
(1,1) ³Ò

¨³¥¥³ Ê· ¢´¥´¨¥ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ

g−1∂2
t Φl − ρ−2

G

{
(1 − g)4∂g (g∂gΦl) +

[
l(l + 1)(1 − g)2 + m2

]
Φl

}
= 0. (2.9)

�·µ¸É· ´¸É¢µ-¢·¥³Ö · ¸¸³ É·¨¢ ¥³µ° § ¤ Î¨ M
(1,3){gµν} ¨³¥¥É É ±¦¥

É· ´¸²ÖÍ¨µ´´ÊÕ ¸¨³³¥É·¨Õ µÉ´µ¸¨É¥²Ó´µ £²µ¡ ²Ó´µ° ¢·¥³¥´´µ° ¶¥·¥³¥´-
´µ° t. �É  ¸¨³³¥É·¨Ö ³´µ£µµ¡· §¨Ö M

(1,3){gµν} ¸¢Ö§ ´  ¸ £·Ê¶¶µ° ¤¢¨¦¥´¨°
Tt(1): t → t + const ¨ ¶µ§¢µ²Ö¥É ¶·µ¢¥¸É¨ ¶µ²´ÊÕ ·¥¤Ê±Í¨Õ § ¤ Î¨ ± µ¤´µ-
³¥·´µ° ¶·¨ ¶µ³µÐ¨ ¶µ¤¸É ´µ¢±¨ Φl(t, g) = e−iEt Rl(g). „²Ö ¸É Í¨µ´ ·´µ°
· ¤¨ ²Ó´µ° ËÊ´±Í¨¨ Rl(g) ´  Ë ±Éµ·-¶·µ¸É· ´¸É¢¥ M

(1) = M
(1,1)/T (1) ³Ò

¶·¨Ìµ¤¨³ ± µ¡Ò±´µ¢¥´´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê Ê· ¢´¥´¨Õ

d2Rl

dg2
+

1
g

dRl

d g
+

[
ε2

g2(1 − g)4
− µ2

g(1 − g)4
− l (l + 1)

g(1 − g)2

]
Rl = 0. (2.10)

‡¤¥¸Ó ε = ρG E ¨ µ = �G m Ö¢²ÖÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ ¡¥§· §³¥·´Ò³¨
¶ · ³¥É· ³¨ ¶µ²´µ° Ô´¥·£¨¨ ¨ ³ ¸¸Ò ¡¥¸¸¶¨´µ¢ÒÌ Î ¸É¨Í. ŒÒ ¨¸¶µ²Ó§Ê¥³
¥¤¨´¨ÍÒ, ¢ ±µÉµ·ÒÌ ¸±µ·µ¸ÉÓ ¸¢¥É  ¨ ¶µ¸ÉµÖ´´ Ö �² ´±  · ¢´Ò: c = � = 1.
�¥§· §³¥·´Ò° ³µ³¥´É ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö ¢ ´ Ï¨Ì ¥¤¨´¨Í Ì µ¶·¥¤¥²Ö¥É¸Ö
± ± l = L/mρG, £¤¥ L ¥¸ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° · §³¥·´Ò° ³µ³¥´É ±µ²¨Î¥¸É¢ 
¤¢¨¦¥´¨Ö.

„¢¨¦¥´¨¥ ¶·µ¡´ÒÌ ¡¥¸¸¶¨´µ¢ÒÌ Î ¸É¨Í ¸ § ¤ ´´Ò³ ³µ³¥´Éµ³ ±µ²¨Î¥¸É¢ 
¤¢¨¦¥´¨Ö l ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ
± ± ·¥²ÖÉ¨¢¨¸É¸±µ¥ ¤¢¨¦¥´¨¥ ¢ (¡¥§· §³¥·´µ³) ¶µÉ¥´Í¨ ²¥

vl(g) = g
[
µ2 + l2 (1 − g)2

]
, (2.11)

g ∈ (0, 1), É¨¶¨Î´Ò° ¢¨¤ ±µÉµ·µ£µ ¶µ± § ´ ´  ·¨¸. 1. ’µÎ±  g = 0 ¸µµÉ-
¢¥É¸É¢Ê¥É £µ·¨§µ´ÉÊ ¸µ¡ÒÉ¨° ¨ ´ Ìµ¤¨É¸Ö ¢´¥ Ë¨§¨Î¥¸±¨ ¤µ¶Ê¸É¨³µ° µ¡² ¸É¨
g ∈ [g0, 1), £¤¥ g0 = �2 > 0,   ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìµ¤ g → 1 ¸µµÉ¢¥É¸É¢Ê¥É
Ë¨§¨Î¥¸±µ° ¡¥¸±µ´¥Î´µ¸É¨ (¶µ ¶¥·¥³¥´´Ò³ r ¨²¨ ρ), £¤¥ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö
M

(1,3){gµν}  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±µ¥.
‡ ¶¨¸Ó (2.10) ¢ ¢¨¤¥

(1 − g)4
(

g
d

dg

)2

Rl +
[
ε2 − vl(g)

]
Rl = 0

¶µ± §Ò¢ ¥É, ÎÉµ ÉµÎ±¨ g = 0 ¨ g = 1 Ö¢²ÖÕÉ¸Ö µ¸µ¡Ò³¨ ¤²Ö ÔÉµ£µ Ê· ¢´¥´¨Ö,
¶·¨Îß³ ¢Éµ· Ö Ö¢²Ö¥É¸Ö ´¥·¥£Ê²Ö·´µ° µ¸µ¡µ° ÉµÎ±µ°.

�·¨ ¶µ³µÐ¨ ¶µ¤¸É ´µ¢µ±

u = ln
(

g

1 − g

)
+

1
1 − g

,

Rl(g) = (1 − g)Pl(g)
(2.12)
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�¨¸. 1. �µÉ¥´Í¨ ² vl(g) ¶·¨ l = 0, 1, 2, 3, 4 ¨ µ = 1. �Ê´±É¨·´ Ö ²¨´¨Ö ¸µµÉ¢¥É¸É¢Ê¥É
(´¥Í¥²µ³Ê) ±·¨É¨Î¥¸±µ³Ê §´ Î¥´¨Õ l, ¢ÒÏ¥ ±µÉµ·µ£µ ËÊ´±Í¨Ö vl(g) ¨³¥¥É ³ ±¸¨³Ê³

³Ò ¢¢µ¤¨³ ®¶¥·¥³¥´´ÊÕ Î¥·¥¶ Ì¨¯ u ∈ [u0,∞), u0 ≡ u(g0), ¨ ¸µµÉ¢¥É¸É¢ÊÕ-
ÐÊÕ ËÊ´±Í¨Õ Pl(u). ‚ Ê± § ´´ÒÌ ¶¥·¥³¥´´ÒÌ (2.10) ¶·¨µ¡·¥É ¥É ¸É ´¤ ·É-
´Ò° ¢¨¤ Ê· ¢´¥´¨Ö ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö

d 2 Pl

du2
+ [λ − wl(u)] Pl = 0 , (2.13)

£¤¥ ¶µ²µ¦¥´µ λ ≡ ε2.
—Éµ¡Ò ´ °É¨ ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö, Ê· ¢´¥´¨¥ (2.13) ¸²¥¤Ê¥É ·¥Ï ÉÓ ¶·¨

£· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ

Pl(u0) = 0, Pl(∞) = 0 (2.14)

¢³¥¸É¥ ¸ µ¡ÒÎ´Ò³ L2-Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨

∞∫
u0

P 2
l (u) du − 1 = 0 . (2.15)

‚Éµ·µ¥ Ê¸²µ¢¨¥ ¢ (2.14) ¸²¥¤Ê¥É ¶µ´¨³ ÉÓ ¢ ¸³Ò¸²¥ ¶·¥¤¥²Ó´µ£µ ¶¥·¥Ìµ¤ .
‚¥²¨Î¨´ 

wl(g) = g
[
µ2 + l (l + 1)(1 − g)2 + (1 − g)3

]
= vl(g) + g(1 − g)3 (2.16)

Ö¢²Ö¥É¸Ö ¶·µ¤²¥´´Ò³ ¡¥§· §³¥·´Ò³ ¶µÉ¥´Í¨ ²µ³ ¨ § ¢¨¸¨É ´¥Ö¢´Ò³ µ¡· §µ³
µÉ ¶¥·¥³¥´´µ° u Î¥·¥§ ·¥Ï¥´¨¥ (2.12) § ¤ Î¨ ŠµÏ¨

dg

du
= g(1 − g)2 , g(u0) = �2 . (2.17)
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‘ÊÐ¥¸É¢¥´´ Ö ´µ¢ Ö Î¥·É  ´ Ï¥° ¶µ¸É ´µ¢±¨ § ¤ Î¨, ±µÉµ· Ö ¸¢Ö§ ´  ¸
±µ··¥±É´Ò³ µ¶·¥¤¥²¥´¨¥³ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨ ¶¥·¥³¥´´ÒÌ, ¥¸ÉÓ µ£· ´¨Î¥-
´¨¥ · ¸¸³µÉ·¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ vl ¨ wl ´  ¨´É¥·¢ ²¥ [u0,∞). �Éµ ¨¸±²ÕÎ ¥É
¨§ · ¸¸³µÉ·¥´¨Ö µÎ¥¢¨¤´µ ´¥Ë¨§¨Î¥¸±ÊÕ ¡¥¸±µ´¥Î´µ £²Ê¡µ±ÊÕ ¶µÉ¥´Í¨ ²Ó-
´ÊÕ Ö³Ê ¶·¨ ρ < ρ0,   É ±¦¥ ¨ £µ·¨§µ´É ¸µ¡ÒÉ¨° ¶·¨ ρ → ρG (ÎÉµ Ô±¢¨¢ -
²¥´É´µ uG → −∞), ¶·¨¸ÊÉ¸É¢ÊÕÐ¨¥ ¢ ¸É ´¤ ·É´µ³ ¶µ¤Ìµ¤¥.

ˆ§-§  £· ´¨Î´ÒÌ Ê¸²µ¢¨° (2.14) Ô´¥·£¥É¨Î¥¸±¨¥ Ê·µ¢´¨ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ-
´¨° ±¢ ´ÉÊÕÉ¸Ö: ε = εn l, £¤¥ £² ¢´µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ n = 0, 1, ... µ¶·¥¤¥²Ö¥É
Î¨¸²µ ´Ê²¥° · ¤¨ ²Ó´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ Pn l(u) ´  ¨´É¥·¢ ²¥ u ∈ [u0,∞)
¨, ¸µµÉ¢¥É¸É¢¥´´µ, ËÊ´±Í¨¨ Rn l(g) = (1 − g)Pn l(g) ´  ¨´É¥·¢ ²¥ g ∈ [g0, 1).

3. —ˆ‘‹…��›‰ �‹ƒ��ˆ’Œ

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¶µ² £ ÉÓ, ÎÉµ § ¢¨¸¨³µ¸ÉÓ Ql(u) ¨§¢¥¸É´  ´  ´¥±µ-
Éµ·µ° § ¤ ´´µ° ¸¥É±¥ u0 < u1 < u2 < ... < un = u∞ < ∞. ’ ±¦¥ ¤²Ö
Ê¶·µÐ¥´¨Ö § ¶¨¸¨ ¡Ê¤¥³ µ¶Ê¸± ÉÓ ¨´¤¥±¸Ò n ¨ l.

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ ¨¸¶µ²Ó§Ê¥³  ²£µ·¨É³, µ¸´µ¢ ´´Ò° ´ 
´¥¶·¥·Ò¢´µ³  ´ ²µ£¥ ³¥Éµ¤  �ÓÕÉµ´  (��Œ�) (¸³. µ¡§µ·Ò [5,6]) ¨ ¢¶¥·¢Ò¥
µ¡µ¸´µ¢ ´´Ò° ¢ · ¡µÉ¥ [7].

�¡µ§´ Î¨³ Î¥·¥§ y ¶ ·Ê (P (u), λ). ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ��Œ� ¶ · ³¥-
É·¨§Ê¥³ ¢¥±Éµ· y ´¥¶·¥·Ò¢´Ò³ ¶ · ³¥É·µ³ t ∈ [0,∞), É. ¥. ¶µ²µ¦¨³ y(t) =
(P (u, t), λ(t)). �·¥¤¶µ²µ¦¨³, ÎÉµ y(0) = y0 ≡ (P0(u), λ0) ¨ y(t) → y∗

¶·¨ t → ∞, £¤¥ y0 Å ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ± ÉµÎ´µ³Ê ·¥Ï¥´¨Õ y∗ ≡
(P ∗(u), λ∗), ¸ÊÐ¥¸É¢µ¢ ´¨¥ ±µÉµ·µ£µ ¶·¥¤¶µ² £ ¥É¸Ö. �µ²µ¦¨³ ẏ ≡

(
Ṗ , λ̇

)
=

(Ψ, Λ), £¤¥ ÉµÎ±µ° ¸¢¥·ÌÊ µ¡µ§´ Î¨³ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¶¥·¥³¥´´µ° t.
�·¨³¥´ÖÖ ��Œ� ± (2.13)Ä(2.15), ¤²Ö ¢¥²¨Î¨´ Ψ(u) ¨ Λ ¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê

Ψ ′′ + [Q(u) − λ] Ψ − ΛP = P ′′ − [Q(u) − λ] P , (3.1a)

Ψ(u0) = −P (u0), Ψ(∞) = −P (∞), (3.1b)

2

∞∫
u0

PΨ du = 1 −
∞∫

u0

P 2 du. (3.2)

�Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ § ¤ Î¨ (3.1) ¢ ¢¨¤¥

Ψ(u) = −P (u) + Λ v(u) ,

£¤¥ v(u) ¥¸ÉÓ ´µ¢ Ö ´¥¨§¢¥¸É´ Ö ËÊ´±Í¨Ö. �µ¤¸É ¢²ÖÖ · §²µ¦¥´¨¥ ¤²Ö Ψ(u) ¢
(3.1), ¶µ²ÊÎ ¥³, ÎÉµ v(u) ¥¸ÉÓ ·¥Ï¥´¨¥ ±· ¥¢µ° § ¤ Î¨

v ′′ + [Ql(u) − λ] v = P (u) , (3.3a)

v(u0) = 0, v(∞) = 0. (3.3b)
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�Ê¸ÉÓ ·¥Ï¥´¨¥ v(u) § ¤ Î¨ (3.3) ¢ÒÎ¨¸²¥´µ. ’µ£¤  ¶·µ¨§¢µ¤´ Ö Λ ¢Ò· -
¦ ¥É¸Ö ¨§ · ¢¥´¸É¢  (3.2):

Λ =
1
2




∞∫
u0

vP du




−1 
1 +

∞∫
u0

P 2 du


 . (3.4)

�·¨ Î¨¸²¥´´µ° ·¥ ²¨§ Í¨¨  ²£µ·¨É³  ¶µ²Ê¡¥¸±µ´¥Î´Ò° ¨´É¥·¢ ² [u0,∞)
§ ³¥´Ö¥É¸Ö ±µ´¥Î´Ò³ ¨´É¥·¢ ²µ³ [u0, u∞], £¤¥ u∞ Å  ±ÉÊ ²Ó´ Ö ¡¥¸±µ´¥Î-
´µ¸ÉÓ. ‚²¨Ö´¨¥ ®Ì¢µ¸É ¯ u > u∞ ´  ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤Ê¥É¸Ö
´¨¦¥ Î¨¸²¥´´Ò³ ¶ÊÉ¥³ ¶·¨ ¶µ³µÐ¨ ³¥Éµ¤  Ê¸É ´µ¢²¥´¨Ö.

„²Ö Î¨¸²¥´´µ£µ ´ Ìµ¦¤¥´¨Ö £² ¤±¨Ì ·¥Ï¥´¨° ±· ¥¢µ° § ¤ Î¨ (3.3) ¢ ´ -
¸ÉµÖÐ¥° · ¡µÉ¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¸¶² °´-±µ²²µ± Í¨µ´´ Ö ¸Ì¥³ , µ¶¨¸ ´´ Ö ¢ · -
¡µÉ¥ [8].

�¡µ§´ Î¨³ Î¥·¥§ vi ≡ v(ui) ¨ mi ≡ v ′(ui) §´ Î¥´¨Ö ËÊ´±Í¨¨ v(u) ¨
¥ß ¶·µ¨§¢µ¤´µ° v ′(u) ¢ ÉµÎ± Ì ¸¥É±¨ ui, i = 0, 1, 2, . . . , n, v0 = v(u0), vn =
v(u∞). �  ± ¦¤µ³ ¶µ¤Ò´É¥·¢ ²¥ [ui, ui+1], i = 0, 1, 2, . . . , n− 1, ¶·¨¡²¨¦¥´-
´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3.3) µÉÒ¸±¨¢ ¥É¸Ö ¢ ¢¨¤¥ ±Ê¡¨Î¥¸±µ£µ Ô·³¨Éµ¢µ£µ
¸¶² °´  [9]

S(u) = ϕ (x) vi + χ (x) himi + ϕ̄ (x) vi+1 + χ̄ (x) himi+1, (3.5)

£¤¥ hi = ui+1 − ui ¥¸ÉÓ ¤²¨´  i-£µ ¨´É¥·¢ ² ,   x = (u − ui)/hi, x ∈ [0, 1] Å
²µ± ²Ó´ Ö ¶¥·¥³¥´´ Ö. � §¨¸´Ò¥ ËÊ´±Í¨¨ ϕ(x) ¨ χ(x) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ-
¢¨Ö³ ϕ(0) = 0, χ ′(0) = 1,   µ¸É ²Ó´Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨° ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ ¢
Ê§² Ì ± ¦¤µ£µ ¶µ¤Ò´É¥·¢ ²  · ¢´Ò ´Ê²Õ. Ÿ¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ϕ(x) ¨ χ(x)
¨³¥ÕÉ ¢¨¤

ϕ(x) = (1 + 2x)(1 − x)2, χ(x) = x (1 − x)2 ,

¶·¨Î¥³ ϕ̄(x) = ϕ(1 − x) ¨ χ̄(x) = −χ(1 − x).
‚¢¥¤¥³ ´¥¢Ö§±Ê ¤²Ö ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö (3.5) ¢ ÉµÎ±¥ u ¶µ¤Ò´É¥·¢ -

²  i:
δi(u) ≡ S ′′ + [Q(u) − λ] S − P (u). (3.6)

„²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥¨§¢¥¸É´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ vi ¨ mi ¶·¨³¥´¨³ ³¥Éµ¤ ±µ²-
²µ± Í¨¨. “§²Ò ±µ²²µ± Í¨¨ ¢Ò¡¥·¥³ ¢ ÉµÎ± Ì uij = ui + xj hi, j = 1, 2, £¤¥
xj Å £ Ê¸¸µ¢¸±¨¥ Ê§²Ò ´  ¨´É¥·¢ ²¥ [0, 1],   hi = xi+1 − xi. ’µ£¤  ¢¥²¨Î¨´Ò
vi ¨ mi µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²µ¢¨° ±µ²²µ± Í¨¨

δi (uij) = 0 . (3.7)

�·¥¤¶µ² £ Ö ´¥¶·¥·Ò¢´µ¸ÉÓ ¨¸±µ³µ° ËÊ´±Í¨¨ ¨ ¥¥ ¶·µ¨§¢µ¤´µ° ¢ Ê§² Ì
¸¥É±¨, ¨³¥¥³ 2n Ê¸²µ¢¨° (3.7) ¤²Ö 2n + 2 ´¥¨§¢¥¸É´ÒÌ. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö
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 ²£¥¡· ¨Î¥¸± Ö ¸¨¸É¥³  ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¨³¥¥É ¡²µÎ´µ-¤¨ £µ´ ²Ó´ÊÕ ³ -
É·¨ÍÊ ¨ § ³Ò± ¥É¸Ö ¤µ¡ ¢²¥´¨¥³ ¤¢ÊÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¢¨¤  (3.3b).

…¸²¨ y0 Å § ¤ ´´µ¥ ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ± ÉµÎ´µ³Ê ·¥Ï¥´¨Õ, Éµ
´  ± ¦¤µ° ¨É¥· Í¨¨ k = 0, 1, 2, . . . µÎ¥·¥¤´µ¥ ¶·¨¡²¨¦¥´¨¥ (Pk+1, λk+1) ±
ÉµÎ´µ³Ê ·¥Ï¥´¨Õ ´ Ìµ¤¨³ ¶µ Ëµ·³Ê² ³

λk+1 = λk + τkΛk, Pk+1 = (1 − τk)Pk + τkvkΛk.

‡¤¥¸Ó τk ∈ (0, 1] Å ¶ · ³¥É· ¨É¥· Í¨¨, ¢Ò¡µ·µ³ ±µÉµ·µ£µ ³µ¦´µ Ê¶· ¢²ÖÉÓ
¸Ìµ¤¨³µ¸ÉÓÕ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  [6,10].

‚ É ¡²¨Í¥ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ¸Ìµ¤¨³µ¸É¨
³¨´¨³ ²Ó´µ£µ ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö λmin ¶·¨ Ê¢¥²¨Î¥´¨¨ ¤²¨´Ò ¨´É¥·¢ ² 
¨´É¥£·¨·µ¢ ´¨Ö L = u∞ − u0. ‚ÒÎ¨¸²¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ¤²Ö ¸²ÊÎ Ö l = 2 ¨
� = 0,0103 ´  · ¢´µ³¥·´µ° ¸¥É±¥ ¸ Ë¨±¸¨·µ¢ ´´Ò³ Ï £µ³ 0,0625. •µ·µÏµ
¶·µ¸²¥¦¨¢ ¥É¸Ö Ê¸É ´µ¢²¥´¨¥ §´ Î¥´¨° ËÊ´±Í¨¨ λmin(L) ¶·¨ ¢µ§· ¸É ´¨¨
¢¥²¨Î¨´Ò L.

‡ ¢¨¸¨³µ¸ÉÓ λmin(L = u∞ − u0)

L λmin

58 0,968333614658856

68 0,968353073121421

78 0,968354676439861

88 0,968354788358685

98 0,968354795278794

108 0,968354795668769

4. �‘��‚�›… —ˆ‘‹…��›… �…‡“‹œ’�’›

ˆÉµ£µ³ ¶·µ¢¥¤¥´¨Ö Î¨¸²¥´´ÒÌ ¨¸¸²¥¤µ¢ ´¨° Ö¢¨²¸Ö ¶µ²ÊÎ¥´´Ò° ´ ³¨
·Ö¤ ´µ¢ÒÌ ¨ ¢ ´¥±µÉµ·µ° ¸É¥¶¥´¨ ´¥µ¦¨¤ ´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¤²Ö ¸¢Ö§ ´´ÒÌ
±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ´¨° § ¤ Î¨.

Šµ´±·¥É´Ò° ¢¨¤ ¢µ²´µ¢µ° ËÊ´±Í¨¨ Pn l(u) ¶·¨ n = 0 ¨ · §´ÒÌ §´ Î¥´¨ÖÌ
l ¤¥³µ´¸É·¨·Ê¥É¸Ö ´  ·¨¸. 2. Š ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨
Pn l(u), ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ³¨´¨³ ²Ó´µ³Ê ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ ¤¨¸±·¥É´µ£µ
¸¶¥±É·  § ¤ Î¨ ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö (2.13)Ä(2.15), ´¥ ¨³¥ÕÉ ´Ê²¥° ´  ¨´É¥·-
¢ ²¥ (u0,∞) ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¨³¥ÕÉ ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ÔÉµ£µ ¨´É¥·¢ ² 
³ ±¸¨³Ê³. ‡´ Î¥´¨¥ ¨ ²µ± ²¨§ Í¨Ö ÔÉµ£µ ³ ±¸¨³Ê³  ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸ÖÉ µÉ
£· ¢¨É Í¨µ´´µ£µ ¤¥Ë¥±É  ³ ¸¸, µ¶·¥¤¥²Ö¥³µ£µ ¨Ì µÉ´µÏ¥´¨¥³ �.

�µ²¥¥ ´ £²Ö¤´µ ÔÉ¨ ÊÉ¢¥·¦¤¥´¨Ö ¤¥³µ´¸É·¨·ÊÕÉ¸Ö ´  ·¨¸. 3, £¤¥ ´  ¶·¨-
³¥·¥ · ¤¨ ²Ó´µ° ËÊ´±Í¨¨ P0 2(u; �) ¶µ± § ´  É¨¶¨Î´ Ö § ¢¨¸¨³µ¸ÉÓ ¢µ²´µ¢ÒÌ
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�¨¸. 2. � ¤¨ ²Ó´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö P0 l(u) ¤²Ö · §´ÒÌ §´ Î¥´¨° ±¢ ´Éµ¢µ£µ Î¨¸² 
l = 2, 3, . . . , 8

�¨¸. 3. � ¤¨ ²Ó´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö P0 2(u; �) ¤²Ö · §´ÒÌ §´ Î¥´¨° ¶¥·¥³¥´´ÒÌ
u ¨ �2

ËÊ´±Í¨° µ¤´µ¢·¥³¥´´µ µÉ ¶¥·¥³¥´´µ° u ¨ µÉ ¶ · ³¥É·  �, µ¶·¥¤¥²Ö¥³µ£µ ¶µ
Ëµ·³Ê²¥ (1.1).

� ¤¨ ²Ó´Ò¥ ËÊ´±Í¨¨ P0 2(u; �) ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ £· ¢¨É Í¨µ´´µ£µ
¤¥Ë¥±É  ³ ¸¸Ò, § ¤ ¢ ¥³µ£µ µÉ´µÏ¥´¨¥³ ³ ¸¸ �, ¶µ± § ´Ò ´  ·¨¸. 4. ‚¨¤´µ,
ÎÉµ ¢ § ¢¨¸¨³µ¸É¨ µÉ §´ Î¥´¨Ö � ¤²Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨¸ÉµÎ´¨±  ¢µ²´µ-
¢ Ö ËÊ´±Í¨Ö ¶·µ¡´µ° ¸± ²Ö·´µ° Î ¸É¨ÍÒ ¸µ¸·¥¤µÉµÎ¥´  ¢µ ¢´ÊÉ·¥´´¥° (¶·¨
³ ²ÒÌ �) ¨²¨ ¢µ ¢´¥Ï´¥° (¶·¨ ¡µ²ÓÏ¨Ì �) ¶µÉ¥´Í¨ ²Ó´µ° Ö³¥. ‚ ´¥±µÉµ·µ°
¶·µ³¥¦ÊÉµÎ´µ° µ¡² ¸É¨ §´ Î¥´¨° � ´ ¡²Õ¤ ¥É¸Ö ¸¶¥Í¨Ë¨Î¥¸±¨° ¶¥·¥Ìµ¤´µ°
·¥¦¨³. �ÉµÉ ¶¥·¥Ìµ¤ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´Ò³ ¶µ ¶¥·¥³¥´´µ° �, ´µ, É ± ± ± µ´
¨³¥¥É ³¥¸Éµ ¢ ¤µ¸É ÉµÎ´µ Ê§±µ° µ¡² ¸É¨ ¨§³¥´¥´¨Ö �, Éµ ³µ¦¥É ¶µ± § ÉÓ¸Ö,
ÎÉµ ¶¥·¥Ìµ¤ ¶·µ¨¸Ìµ¤¨É ¸± Î± ³¨ (¸³., ´ ¶·¨³¥·, ¶µ± § ´´ÊÕ ´¨¦¥ § ¢¨¸¨-
³µ¸ÉÓ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° µÉ ¶ · ³¥É·  �). �É¨ Ö¢²¥´¨Ö ¤¥³µ´¸É·¨·ÊÕÉ¸Ö
¡µ²¥¥ ´ £²Ö¤´µ ´  É·¥Ì³¥·´µ³ ·¨¸Ê´±¥ (¸³. ·¨¸. 3).

9



�¨¸. 4. � ¤¨ ²Ó´Ò¥ ËÊ´±Í¨¨ P0 2(u; �) ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ £· ¢¨É Í¨µ´´µ£µ ¤¥Ë¥±É 
³ ¸¸Ò

Ÿ¸´µ, ÎÉµ ¢ ´ Ï¥³ ¶µ¤Ìµ¤¥ £² ¢´Ò¥ ´µ¢Ò¥ Ë¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö µ¡Ê¸²µ-
¢²¥´Ò £· ¢¨É Í¨µ´´Ò³ ¤¥Ë¥±Éµ³ ³ ¸¸Ò ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö, ±µÉµ·Ò° ¤µ ¸¨Ì ¶µ· ´¥ · ¸¸³ É·¨¢ ²¸Ö. ‡ ¢¨¸¨³µ¸ÉÓ ¶¥·¢ÒÌ Î¥-
ÉÒ·¥Ì ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ε2

0,1,2,3 µÉ � ¶µ± § ´  ´  ·¨¸. 5. •µ·µÏµ ¢¨¤´ 
Ì · ±É¥·´ Ö ¸ÉÊ¶¥´Î É Ö § ¢¨¸¨³µ¸ÉÓ ¤¨¸±·¥É´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ε2

n

µÉ µÉ´µÏ¥´¨Ö ³ ¸¸ �. Šµ²¨Î¥¸É¢µ ¸ÉÊ¶¥´¥± ¤²Ö ± ¦¤µ£µ n µ¶·¥¤¥²Ö¥É¸Ö ±µ-
²¨Î¥¸É¢µ³ ³ ±¸¨³Ê³µ¢, ±µÉµ·Ò¥ ¸ ¢µ§· ¸É ´¨¥³ � ¶·µÏ²¨ Î¥·¥§ ¶¥·¥Ìµ¤´µ°
·¥¦¨³ ¨§ ¢´ÊÉ·¥´´¥° Ö³Ò ¢µ ¢´¥Ï´ÕÕ.

�¥É·Ê¤´µ § ³¥É¨ÉÓ, ÎÉµ É ±µ¥ ´¥É·¨¢¨ ²Ó´µ¥ ¶µ¢¥¤¥´¨¥ ¸µ¡¸É¢¥´´ÒÌ §´ -
Î¥´¨° Ê· ¢´¥´¨Ö Š²¥°´ Äƒµ·¤µ´  ¢ ¶µ²¥ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö ¸¢Ö§ ´µ ¸ ´ ²¨Î¨¥³ ¤¢ÊÌ ±µ´¥Î´ÒÌ Ö³:

1) £²Ê¡µ±µ°, ´µ ±µ´¥Î´µ° ¢´ÊÉ·¥´´¥° ¶µÉ¥´Í¨ ²Ó´µ° Ö³Ò, ±µÉµ· Ö ¨³¥¥É
· §³¥· ¶µ·Ö¤±  · ¤¨Ê¸  ˜¢ ·ÍÏ¨²Ó¤ ;

2) ¢´¥Ï´¥° Ö³Ò, µÎ¥´Ó ³¥²±µ° ¶µ ¸· ¢´¥´¨Õ ¸ ¢´ÊÉ·¥´´¥°, ¢ ±µÉµ·µ°
´ Ìµ¤¨É¸Ö µ¡ÒÎ´Ò° ³¨· ´ÓÕÉµ´µ¢¸±µ° £· ¢¨É Í¨¨.

Ÿ³Ò · §¤¥²¥´Ò ³¥¦¤Ê ¸µ¡µ° µÎ¥´Ó ¢Ò¸µ±¨³ ¶µÉ¥´Í¨ ²Ó´Ò³ ¡ ·Ó¥·µ³,
±µÉµ·Ò° ¨§¢´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö µÉÉ ²±¨¢ ÕÐ¨³ ®Í¥´É·µ¡¥¦´Ò³¯ ¡ ·Ó¥·µ³,  
¨§´ÊÉ·¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¸¤¥·¦¨¢ ÕÐ¨³ ¶µÉ¥´Í¨ ²Ó´Ò³ ¡ ·Ó¥·µ³ É¨¶  ¸Ë¥·¨-
Î¥¸±µ° ¶µÉ¥´Í¨ ²Ó´µ° ¸É¥´±¨. � Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ µ¶¨¸Ò¢ ÕÉ ±¢ ´-
Éµ¢µ¥ ¶·µÌµ¦¤¥´¨¥ ¶µ¤ ÔÉ¨³ ¡ ·Ó¥·µ³, ·¥§Ê²ÓÉ É ±µÉµ·µ£µ ¸¨²Ó´µ § ¢¨¸¨É µÉ
£· ¢¨É Í¨µ´´µ£µ ¤¥Ë¥±É  ³ ¸¸.
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�¨¸. 5. ‡ ¢¨¸¨³µ¸ÉÓ ¶¥·¢ÒÌ Î¥ÉÒ·¥Ì ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ε2
0,1,2,3 µÉ ¤¥Ë¥±É  ³ ¸¸Ò

¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö

’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¶·µ¡´ÒÌ Î ¸É¨Í ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥ ÉµÎ¥Î´µ£µ ¨¸-
ÉµÎ´¨±  ¶·¥¤¸É ¢²Ö¥É¸Ö £µ· §¤µ ¡µ²¥¥ Ë¨§¨Î¥¸±¨³, Î¥³ Ï¨·µ±µ · ¸¶·µ¸É· -
´¥´´Ò¥ ³µ¤¥²¨ Î¥·´ÒÌ ¤Ò·. Ÿ¸´µ, ÎÉµ ¢ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö É ±¨Ì ®¤Ò·¯
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ¢ ±µÉµ·ÒÌ ¨³¥¥É¸Ö ´¥Ë¨§¨Î¥¸± Ö ¡¥¸±µ´¥Î´µ £²Ê¡µ± Ö
¶µÉ¥´Í¨ ²Ó´ Ö Ö³ , ¢ ´ Ï¥³ ¸²ÊÎ ¥ ±µ´¥Î´ Ö ¢´ÊÉ·¥´´ÖÖ Ö³  ¨£· ¥É ·µ²Ó
± ¶± ´  ¤²Ö ¶·µ¡´ÒÌ Î ¸É¨Í. ‚µ§³µ¦´µ, ´  ÔÉµ³ ¶ÊÉ¨ Ê¤ ¸É¸Ö ¶µ¸É·µ¨ÉÓ
³µ¤¥²Ó µÎ¥´Ó ±µ³¶ ±É´ÒÌ ³ É¥·¨ ²Ó´ÒÌ µ¡Ñ¥±Éµ¢ · §³¥·µ³ ¶µ·Ö¤±  · ¤¨Ê¸ 
˜¢ ·ÍÏ¨²Ó¤  ¨ ¶·µ¨§¢µ²Ó´µ ¡µ²ÓÏµ° ³ ¸¸µ°, Ê ±µÉµ·ÒÌ ´¥É £µ·¨§µ´É  ¸µ¡Ò-
É¨°. �¥ ¨¸±²ÕÎ¥´µ, ÎÉµ É ±µ£µ É¨¶  µ¡Ñ¥±ÉÒ ¶·¥¤¸É ¢²ÖÕÉ ¸ÊÉÓ ´ ¡²Õ¤ ¥³ÒÌ
±µ³¶ ±É´ÒÌ É¥³´ÒÌ µ¡Ñ¥±Éµ¢ ¢ ¶·¨·µ¤¥ ¨ ³µ£ÊÉ µ¶¨¸ ÉÓ ±µ´¥Î´ÊÕ ¸É ¤¨Õ
Ô¢µ²ÕÍ¨¨ §¢¥§¤ ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö Ëµ·³ ²Ó´ÒÌ ±µ´¸É·Ê±Í¨° É¨¶  Î¥·´ÒÌ
¤Ò·. Šµ´¥Î´µ, ÔÉ¨ ¢µ¶·µ¸Ò Ö¢²ÖÕÉ¸Ö µÉ±·ÒÉÒ³¨ ¨ ´Ê¦¤ ÕÉ¸Ö ¢ ¤ ²Ó´¥°Ï¥³
¸¥·Ó¥§´µ³ ¨§ÊÎ¥´¨¨.

‹¥£±µ ´ ¡²Õ¤ ÉÓ ¥Ðß µ¤´µ Ê¤¨¢¨É¥²Ó´µ¥ Ö¢²¥´¨¥ ¢ ¤¨¸±·¥É´µ³ ¸¶¥±É·¥
¶·µ¡´ÒÌ Î ¸É¨Í ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥ ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨± , ±µÉµ·µ¥ É ±¦¥
¸¢Ö§ ´µ ¸ £· ¢¨É Í¨µ´´Ò³ ¤¥Ë¥±Éµ³ ³ ¸¸Ò. …¸²¨ ¶µ¸É·µ¨ÉÓ µ¡Ð¨° ·¨¸Ê´µ±
§ ¢¨¸¨³µ¸É¨ Ê·µ¢´¥° µÉ ±¢ ¤· É  µÉ´µÏ¥´¨Ö ³ ¸¸ �, Éµ ¸É ´µ¢¨É¸Ö µÎ¥¢¨¤-
´Ò³, ÎÉµ ¨³¥¥É¸Ö µÉÉ ²±¨¢ ´¨¥ ¨ ¶·¨ÉÖ¦¥´¨¥ (¢¶²µÉÓ ¤µ ±¢ §¨¶¥·¥¸¥Î¥´¨°)
ÔÉ¨Ì Ê·µ¢´¥° (¸³. ·¨¸. 6). ’ ±µ£µ É¨¶  ¶µ¢¥¤¥´¨¥ ±¢ ´Éµ¢ÒÌ Ê·µ¢´¥° Ìµ-
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·µÏµ ¨§¢¥¸É´µ ¢ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì µ¡² ¸ÉÖÌ, ´ ¶·¨³¥· ¢ ² §¥·´µ° Ë¨§¨±¥
¨ ¢ Ë¨§¨±¥ ´¥°É·¨´´ÒÌ µ¸Í¨²²ÖÍ¨°, ´µ, ¶µ-¢¨¤¨³µ³Ê, ´ ¡²Õ¤ ¥É¸Ö ¢¶¥·¢Ò¥
¢ É¥µ·¨¨ £· ¢¨É Í¨¨.

�¨¸. 6. �·¨ÉÖ¦¥´¨¥ ¨ µÉÉ ²±¨¢ ´¨¥ Ê·µ¢´¥° εn ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¤¥Ë¥±É  ³ ¸¸Ò
¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö

‡�Š‹�—…�ˆ…

•µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ¢ É· ¤¨Í¨µ´´µ³ ¶µ¤Ìµ¤¥ ± ¨§ÊÎ¥´¨Õ ¤¢¨¦¥´¨Ö
¶·µ¡´ÒÌ Î ¸É¨Í ¢ ¶µ²¥ ˜¢ ·ÍÏ¨²Ó¤  §  £µ·¨§µ´Éµ³ ¸µ¡ÒÉ¨° ¨³¥¥É¸Ö ¡¥¸-
±µ´¥Î´µ £²Ê¡µ± Ö ´¥Ë¨§¨Î¥¸± Ö ¶µÉ¥´Í¨ ²Ó´ Ö Ö³ . ‚¸ß, ÎÉµ É ± ¨²¨ ¨´ Î¥
´ Ìµ¤¨É¸Ö ¢ ÔÉµ° Ö³¥, ´¥µÉ¢· É¨³µ ¶ ¤ ¥É ± ¥ß Í¥´É·Ê ρ = 0 ¨ ¤µ¸É¨£ ¥É ¥£µ
§  ±µ´¥Î´µ¥ ¢·¥³Ö. ‚ ±¢ ´Éµ¢µ° § ¤ Î¥ ÔÉµÉ Ë ±É ¶·¨¢µ¤¨É ± µÉ¸ÊÉ¸É¢¨Õ
¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¨ ¤¨¸±·¥É´µ£µ ¸¶¥±É·  [3].

’ ±µ° Í¥´É· Ö¢²Ö¥É¸Ö ´¥¤µ¶Ê¸É¨³µ° ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö £¥µ³¥-
É·¨Î¥¸±µ° µ¸µ¡¥´´µ¸ÉÓÕ, ¤²Ö ®¸±·ÒÉ¨Ö¯ ±µÉµ·µ° ¶·¨Ìµ¤¨É¸Ö ¶µ²Ó§µ¢ ÉÓ¸Ö
´¥ ¶µ¤¤ ÕÐ¨³¨¸Ö ¤µ± § É¥²Ó¸É¢Ê ³ É¥³ É¨Î¥¸±¨³¨ £¨¶µÉ¥§ ³¨ É¨¶  £¨¶µÉ¥§Ò
®±µ¸³¨Î¥¸±µ° Í¥´§Ê·Ò¯. �µ²¥¥ Éµ£µ, ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ¨³¥¥É¸Ö ¤µ¸É ÉµÎ-
´µ¥ ±µ²¨Î¥¸É¢µ ¨¸¸²¥¤µ¢ ´¨°, ±µÉµ·Ò¥ Ê¡¥¤¨É¥²Ó´µ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¶µ¤µ¡-
´µ£µ É¨¶  ³ É¥³ É¨Î¥¸±¨¥ £¨¶µÉ¥§Ò ´¥ Ö¢²ÖÕÉ¸Ö ±µ··¥±É´Ò³¨, ¶µ ³¥´ÓÏ¥°
³¥·¥ ¢ ¨Ì µ·¨£¨´ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¥ [11].

ˆ§ · ¡µÉ [1] ¢¨¤´  ¶·¨´Í¨¶¨ ²Ó´ Ö ·µ²Ó ³ É¥·¨ ²Ó´µ£µ Ë¨§¨Î¥¸±µ£µ ¨¸-
ÉµÎ´¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ±µÉµ·Ò° ¢ �’� Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ·¥£Ê-
²Ö·¨§¨·ÊÕÐ¨³ Ë ±Éµ·µ³, µ¡·¥§ ÕÐ¨³ ´  ±µ´¥Î´Ò¥ §´ Î¥´¨Ö ρ0 > ρG ¶¥·¥-
³¥´´ÊÕ Ö·±µ¸É¨ ρ (¸³. ¢Ò· ¦¥´¨¥ (2.5)).

‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ³Ò ¶µ± § ²¨, ÎÉµ É ±µ¥ µ¡·¥§ ´¨¥, ±µÉµ·µ¥, ± ±
Ê¦¥ ¨§¢¥¸É´µ, µ¸É ¢²Ö¥É ¢´¥ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨ ¢¸¥ Ö¢²¥´¨Ö, ¸¢Ö§ ´´Ò¥ ¸
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£µ·¨§µ´Éµ³ ¸µ¡ÒÉ¨°, ¶·¨¢µ¤¨É, ±·µ³¥ ÔÉµ£µ, ± ·Ö¤Ê ¶·¨´Í¨¶¨ ²Ó´µ ´µ¢ÒÌ
Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨°, ¨§ÊÎ¥´¨¥ ±µÉµ·ÒÌ ¸É ¢¨É ´µ¢Ò¥ ¨´É¥·¥¸´Ò¥ ³ É¥³ É¨-
Î¥¸±¨¥ ¨ Ë¨§¨Î¥¸±¨¥ § ¤ Î¨. ‚ Î ¸É´µ¸É¨, ¢ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ µ¡·¥§ ´¨Ö ¢
§ ¤ Î¥ ¢µ§´¨± ÕÉ ¤¨¸±·¥É´Ò° ¸¶¥±É· ¨ ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö, ¨¸¸²¥¤µ¢ ´¨¥
±µÉµ·ÒÌ ´ Î Éµ ¢ ¶·¥¤² £ ¥³µ° · ¡µÉ¥ Î¨¸²¥´´Ò³¨ ³¥Éµ¤ ³¨.

�² £µ¤ ·´µ¸É¨
�¤¨´ ¨§ ´ ¸ (�. ”.) ¡² £µ¤ ·¥´ High Energy Physics Division, ICTP, Tri-

este, §  £µ¸É¥¶·¨¨³¸É¢µ ¨ Ìµ·µÏ¨¥ Ê¸²µ¢¨Ö · ¡µÉÒ ¢ É¥Î¥´¨¥ ¥£µ ¢¨§¨É  µ¸¥-
´ÓÕ 2003 £., ¢µ ¢·¥³Ö ±µÉµ·µ£µ ¢µ§´¨±²  ¨¤¥Ö ´ ¸ÉµÖÐ¥£µ ¨¸¸²¥¤µ¢ ´¨Ö, ¨
�ˆŸˆ §  ¶·¨µ·¨É¥É´ÊÕ Ë¨´ ´¸µ¢ÊÕ ¶µ¤¤¥·¦±Ê · ¡µÉÒ. ‚¸¥ É·¨  ¢Éµ·  ¡² -
£µ¤ ·´Ò �ˆŸˆ §  £µ¸É¥¶·¨¨³¸É¢µ ¨ ¶·¥±· ¸´Ò¥ Ê¸²µ¢¨Ö · ¡µÉÒ ¢ É¥Î¥´¨¥
É·¥Ì ³¥¸ÖÍ¥¢ ¢ ±µ´Í¥ 2003 £. ¨ ¢ ´ Î ²¥ 2004 £., ±µ£¤  ¡Ò²  ¢Ò¶µ²´¥´ 
¨ ¤µ²µ¦¥´  µ¸´µ¢´ Ö Î ¸ÉÓ ´ ¸ÉµÖÐ¥° · ¡µÉÒ. �¢Éµ·Ò ¡² £µ¤ ·´Ò É ±¦¥
ÊÎ ¸É´¨± ³ ´ ÊÎ´ÒÌ ¸¥³¨´ ·µ¢ ‹’” ¨³. �. �. �µ£µ²Õ¡µ¢  ¨ ‹ˆ’ �ˆŸˆ § 
µ¡¸Ê¦¤¥´¨¥ µ¸´µ¢´ÒÌ ¨¤¥°, ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ¨ ·¥§Ê²ÓÉ Éµ¢ · ¡µÉÒ.

‹ˆ’…��’“��

1. Fiziev P. Gravitational Field of Massive Pint Particle in General Relativity.
gr-qc/0306088; Abdus Salam ICTP Preprint IC/2003/122;
Fiziev P., Dimitrov S. Pint Electric Charge in General Relativity. hep-th/0406077;
Fiziev P. On the Solutions of Einstein Equations with Massive Point Source.
gr-qc/0407088.

2. Feshbach H., Villars F. // Rev. Mod. Phys. 1958. V. 30. P. 24.

3. Jacobson T. Introduction to Quantum Fields in Curved Spacetime and Hawking Effect.
gr-qc/0308048.

4. Dirac P. A. M. // Proc. Roy. Soc. (London) A. 1962. V. 270, P. 354; Conference in
Warszawa and Jablonna / Ed. L. Infeld. Paris: Gauthier-Villars, 1964. P. 163Ä175.

5. †¨¤±µ¢ E. �., Œ ± ·¥´±µ ƒ. ˆ., �Ê§Ò´¨´ ˆ. ‚. �¥¶·¥·Ò¢´Ò°  ´ ²µ£ ³¥Éµ¤  �ÓÕ-
Éµ´  ¤²Ö ´¥²¨´¥°´ÒÌ § ¤ Î Ë¨§¨±¨ // �—�Ÿ. 1973. ’. 4, ¢Ò¶. 1. C. 127.

6. �Ê§Ò´¨´ ˆ. ‚. ¨ ¤·. �¡µ¡Ð¥´´Ò° ´¥¶·¥·Ò¢´Ò°  ´ ²µ£ ³¥Éµ¤  �ÓÕÉµ´  ¤²Ö
Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ´¥±µÉµ·ÒÌ ´¥²¨´¥°´ÒÌ ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥° //
�—�Ÿ. 1999. ’. 30, ¢Ò¶. 1. C. 210Ä265.

7. �µ´µ³ ·¥¢ ‹. ˆ., �Ê§Ò´¨´ ˆ. ‚., �Ê§Ò´¨´  ’. �. ‚ÒÎ¨¸²¥´¨¥ Ê·µ¢´¥° Ô´¥·£¨¨ ³¥-
§µ³µ²¥±Ê² ¸ ¶µ³µÐÓÕ ´¥¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´ . ‘µµ¡Ð¥´¨¥ �ˆŸˆ
�4-6256. „Ê¡´ , 1972.

8. �µÖ¤¦¨¥¢ ’. ‹. ‘¶² °´-±µ²²µ± Í¨µ´´ Ö ¸Ì¥³  ¶µ¢ÒÏ¥´´µ£µ ¶µ·Ö¤±  ÉµÎ´µ¸É¨.
‘µµ¡Ð¥´¨¥ �ˆŸˆ �2-2002-101. „Ê¡´ , 2002.

13



9. ‡ ¢ÓÖ²µ¢ �. ‘., Š¢ ¸µ¢ �. ˆ., Œ¨·µÏ´¨Î¥´±µ ‚. ‹. Œ¥Éµ¤Ò ¸¶² °´-ËÊ´±Í¨°. Œ.:
� Ê± , 1980.

10. …·³ ±µ¢ ‚. ‚., Š ²¨É±¨´ �. �. �¶É¨³ ²Ó´Ò° Ï £ ¨ ·¥£Ê²Ö·¨§ Í¨Ö ³¥Éµ¤  �ÓÕ-
Éµ´  // †‚Œ¨Œ”. 1981. ’. 21, º 2. ‘. 491.

11. Joshi P. S. Global Aspects in Gravitation and Cosmology. Oxford: Clarendon Press,
1993;
Singh T. P., Joshi P. S. // Class. Quant. Grav. 1996. V. 13, P. 559;
Hamade R. S., Stewart J. M. // Class. Quant. Grav. 1996. V. 13. P. 497;
Giambo R. et al. // Class. Quant. Grav. 2003. V. 20. P. L75; New Solutions of Einstein
Equations in Spherical Symmetry: The Cosmic Censor to the Court. gr-qc/0204030.

�µ²ÊÎ¥´µ 2  ¢£Ê¸É  2004 £.



�¥¤ ±Éµ· �. �. ˜ ¡ Ïµ¢ 

�µ¤¶¨¸ ´µ ¢ ¶¥Î ÉÓ 24.08.2004.
”µ·³ É 60× 90/16. �Ê³ £  µË¸¥É´ Ö. �¥Î ÉÓ µË¸¥É´ Ö.

“¸². ¶¥Î. ². 0,68. “Î.-¨§¤. ². 0,9. ’¨· ¦ 310 Ô±§. ‡ ± § º 54??.

ˆ§¤ É¥²Ó¸±¨° µÉ¤¥² �¡Ñ¥¤¨´¥´´µ£µ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°
141980, £. „Ê¡´ , Œµ¸±µ¢¸± Ö µ¡²., Ê². †µ²¨µ-ŠÕ·¨, 6.

E-mail: publish@pds.jinr.ru
www.jinr.ru/publish/


