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Singlet States of Leptons

Equations for two types of leptons are obtained. They are singlets, i. e. they have

no antiparticles. Equations describing them are not invariant under any discrete sym-

metries. If these singlet states are realized in nature, then interactions with their partici-

pation can play a key role in description of the time irreversibility or asymmetry

of the matter–antimatter on microscopic level.

The investigation has been performed at the Bogoliubov Laboratory of Theoreti-

cal Physics, JINR.
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’¥µ·¥É¨Î¥¸±¨¥ ¶µ¸É·µ¥´¨Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶µ´ÖÉ¨° ²¥¶Éµ´ ¨ ²¥¶Éµ´-
´Ò¥ Ê· ¢´¥´¨Ö Î ¸Éµ ¸µ¶·Ö¦¥´Ò ¸ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ ¨²¨ ¶·µ¨§¢µ²µ³. �·¨-
Î¨´  ¢ Éµ³, ÎÉµ ´  ¸¥£µ¤´Ö ´¥ ¨³¥¥É¸Ö µ¡µ¸´µ¢ ´´ÒÌ É¥µ·¥É¨Î¥¸±¨Ì µ¶·¥-
¤¥²¥´¨° ÔÉ¨Ì ¶µ´ÖÉ¨° [1, 2]. ‚³¥¸É¥ ¸ É¥³ µ´¨ ¶·µÎ´µ § ´Ö²¨ ¸¢µ¥ ³¥¸Éµ
¢ ¸¶¥Í¨ ²Ó´µ° ²¨É¥· ÉÊ·¥. ’ ±µ¥ ¶µ²µ¦¥´¨¥ ¸²Ê¦¨É ¶·¨§´ ±µ³ ´¥¶µ²´µÉÒ
É¥µ·¨¨ ¢ ¢µ¶·µ¸¥, ±µÉµ·Ò° Ö¢²Ö¥É¸Ö ¨¸Ìµ¤´Ò³, ´ Î ²Ó´Ò³ ¤²Ö Ë¨§¨±¨ Ô²¥-
³¥´É ·´ÒÌ Î ¸É¨Í. �  ÔÉµ³ Ëµ´¥ ´¥ ¶·µÖ¸´ÖÕÉ ¶·µ¡²¥³Ê ¸¸Ò²±¨ É ±µ£µ
·µ¤ : ®‚¸¥ ¸¢µ°¸É¢  ²¥¶Éµ´µ¢ ´ Ìµ¤ÖÉ¸Ö ¢ µÉ²¨Î´µ³ ¸µ£² ¸¨¨ ¸ ¶·¥¤¸± § -
´¨Ö³¨ ¸É ´¤ ·É´µ° ³µ¤¥²¨ Ô²¥±É·µ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �¤´ ±µ ¶·µ¡²¥³ 
¸ÊÐ¥¸É¢µ¢ ´¨Ö É·¥Ì ¸¥³¥°¸É¢ ²¥¶Éµ´µ¢, ¢µ ³´µ£µ³ ¶µÌµ¦¨Ì ¤·Ê£ ´  ¤·Ê£ ,
´µ ¸¨²Ó´µ µÉ²¨Î ÕÐ¨Ì¸Ö ¶µ ³ ¸¸¥, µ¸É ¥É¸Ö ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥·¥Ï¥´-
´µ°¯ [2]. …¸²¨ ÔÉµ ¢¥·´µ, Éµ ¢µ§´¨± ÕÉ ¨ ¤·Ê£¨¥ É·Ê¤´µ¸É¨, ¸¢Ö§ ´´Ò¥ ¸
¨´É¥·¶·¥É Í¨¥° ³µ¤¥²¥°, ±µÉµ·Ò¥ ¤µ¡¨¢ ÕÉ¸Ö µÉ²¨Î´ÒÌ Ê¸¶¥Ìµ¢ ¢ µ¶¨¸ ´¨¨
´¥¨§¢¥¸É´µ£µ. Œµ¦´µ ¸ ¤·Ê£µ° ÉµÎ±¨ §·¥´¨Ö µÍ¥´¨ÉÓ Éµ ¦¥ ¸ ³µ¥ ¶µ²µ¦¥´¨¥.
…¤¢  ²¨ µ¶· ¢¤ ´´µ ´¥¤µ· ¡µÉ±¨ ¨²¨ Ê¶ÊÐ¥´¨Ö ±¨´¥³ É¨Î¥¸±µ£µ Ì · ±É¥· 
¶µ±·Ò¢ ÉÓ ¨§µÐ·¥´´Ò³¨ ¤¨´ ³¨Î¥¸±¨³¨ · ¸Î¥É ³¨, ¤ ¦¥ ¸µ ¸¸Ò²± ³¨ ¨²¨
¡¥§ ´¨Ì ´  ¤µ¶µ²´¨É¥²Ó´Ò¥ ¶·¥¤¶µ²µ¦¥´¨Ö, ¶·¨¡²¨¦¥´´Ò° Ì · ±É¥· ¢ÒÎ¨-
¸²¥´¨° ¨ É. ¶.

�·¥¤²µ¦¥´´Ò° · ´¥¥ [3Ä6] ¨ · §¢¨¢ ¥³Ò° ¢ ¤ ´´µ° · ¡µÉ¥ ¶µ¤Ìµ¤ ³µ¦´µ
´ §¢ ÉÓ ±¨´¥³ É¨Î¥¸±¨³ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ µ´ Ì · ±É¥·¨§Ê¥É¸Ö ÉµÎ´Ò³ ¢Ò-
¶µ²´¥´¨¥³ µ¡Ð¨Ì ³ É¥³ É¨Î¥¸±¨Ì É·¥¡µ¢ ´¨° ¨ Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¥°,
±µÉµ· Ö ¸²¥¤Ê¥É ¨§ ´ ¤¥¦´µ Ê¸É ´µ¢²¥´´ÒÌ ¶µ²µ¦¥´¨°. ’ ±µ¢Ò³, ¢ Î ¸É´µ-
¸É¨, Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥ „¨· ±  [7] ± ± µ¸´µ¢  ¤²Ö µ¶¨¸ ´¨Ö ²¥¶Éµ´´µ£µ
¤Ê¡²¥É  Ô²¥±É·µ´-¶µ§¨É·µ´. ’µ ¦¥ ³µ¦´µ ¸± § ÉÓ µ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µ-
Ï¥´¨ÖÌ ¤²Ö ²¨´¥°´ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹µ·¥´Í  [8]. �´¨ ¶µ§¢µ²ÖÕÉ
µ¤´µ§´ Î´µ ¨¤¥´É¨Ë¨Í¨·µ¢ ÉÓ µ¶¥· Éµ·Ò É·¥Ì³¥·´ÒÌ ¶µ¢µ·µÉµ¢ ¨ ¡Ê¸Éµ¢.

ˆ´Ëµ·³ É¨¢´µ¸ÉÓ ¨ ¸µ¤¥·¦ É¥²Ó´µ¸ÉÓ ¶·µ¢¥¤¥´´µ£µ  ´ ²¨§  ¢µ§·µ¸²¨ ¶µ-
¸²¥ Éµ£µ, ± ± ¡Ò²¨ ´ °¤¥´Ò ´µ¢Ò¥ É¨¶Ò ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö
¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹µ·¥´Í  ¨ Ê¸É ´µ¢²¥´  ¨Ì Ë¨§¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö.
�µ¢Ò¥ ´¥¸É ´¤ ·É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹µ·¥´Í  ¸¢Ö§ ´Ò ¸ ¥¥ · ¸Ï¨·¥-
´¨¥³ §  ¸Î¥É ¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨° É¨¶  µ¡· Ð¥´¨Ö ¢·¥³¥´¨, ¶·µ¸É· ´¸É¢¥´-
´µ° ¨´¢¥·¸¨¨ ¨ ¨Ì ¶·µ¨§¢¥¤¥´¨°. ‚ ¦´Ò³ ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨°
Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ Ö¢´µ³ ¢¨¤¥ £·Ê¶¶Ò, ´  ±µÉµ·ÒÌ ·¥ ²¨-
§ÊÕÉ¸Ö ± ± ¨§¢¥¸É´Ò¥ ´¥¶·¨¢µ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹µ·¥´Í , É ± ¨
¢´µ¢Ó ´ °¤¥´´Ò¥. ˆ³¥´´µ µ´¨ µ± § ²¨¸Ó ¸É·Ê±ÉÊ·´Ò³¨ ¸µ¸É ¢²ÖÕÐ¨³¨ ¤²Ö
²¥¶Éµ´´ÒÌ Ê· ¢´¥´¨°.
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�  µ¸´µ¢¥  ´ ²¨§  £·Ê¶¶Ò γ-³ É·¨Í „¨pa±a [4] (¤ ²¥¥ £·Ê¶¶  „¨· ± ,
µ¡µ§´ Î ¥³ Ö ± ± Dγ(II)) ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ µ´  ¸µ¤¥·¦¨É ¤¢¥ ¨´¢ ·¨ ´É-
´Ò¥ ¶µ¤£·Ê¶¶Ò 16-£µ ¶µ·Ö¤±  dγ ¨ bγ . �  ¶¥·¢µ° ¨§ ´¨Ì ·¥ ²¨§Ê¥É¸Ö µ¤´µ ¨§
¢µ§³µ¦´ÒÌ ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹µ·¥´Í  [8]. „ ²¥¥ µ´µ ¡Ê-
¤¥É ´ §Ò¢ ÉÓ¸Ö ¸É ´¤ ·É´Ò³. �²¥³¥´ÉÒ  ²£¥¡·Ò, µ¶·¥¤¥²¥´´µ° ´  ¶µ¤£·Ê¶¶¥
dγ , Ê¤µ¢²¥É¢µ·ÖÕÉ É ±¨³ ±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³ [4]:

[a1, a2] = 2a3, [a2, a3] = 2a1, [a3, a1] = 2a2,

[b1, b2] = −2a3, [b2, b3] = −2a1, [b3, b1] = −2a2,

[a1, b1] = 0, [a2, b2] = 0, [a3, b3] = 0,

[a1, b2] = 2b3, [a1, b3] = −2b2,

[a2, b3] = 2b1, [a2, b1] = −2b3,

[a3, b1] = 2b2, [a3, b2] = −2b1.

(1)

�  ¢Éµ·µ° ¶µ¤£·Ê¶¶¥ bγ ·¥ ²¨§Ê¥É¸Ö ´¥¶·¨¢µ¤¨³µ¥ ¶·¥¤¸É ¢²¥´¨¥, ±µÉµ-
·µ¥ ¡Ò²µ ´ §¢ ´µ ’-¸µ¶·Ö¦¥´´Ò³ ¶µ µÉ´µÏ¥´¨Õ ± ¸É ´¤ ·É´µ³Ê. Šµ³³ÊÉ -
Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö (Š‘) ¶·¨ ÔÉµ³ ¨³¥ÕÉ ¢¨¤ [4]:

[a1, a2] = 2a3, [a2, a3] = 2a1, [a3, a1] = 2a2,

[b′1, b
′
2] = 2a3, [b′2, b

′
3] = 2a1, [b′3, b

′
1] = 2a2,

[a1, b
′
1] = 0, [a2, b

′
2] = 0, [a3, b

′
3] = 0,

[a1, b
′
2] = 2b′3, [a1, b

′
3] = −2b′2,

[a2, b
′
3] = 2b′1, [a2, b

′
1] = −2b′3,

[a3, b
′
1] = 2b′2, [a3, b

′
2] = −2b′1.

(2)

�Î¥¢¨¤´µ, ÎÉµ (1) ¶¥·¥Ìµ¤¨É ¢ (2) ¶·¨ § ³¥´¥

bk → b′k = ibk (k = 1, 2, 3). (3)

�·¨ ÔÉµ³ ¶·µ¨¸Ìµ¤¨É ¶¥·¥Ìµ¤ µ¤´µ° £·Ê¶¶Ò ¢ ¤·Ê£ÊÕ: dγ → bγ .
�µ¸²¥¤ÊÕÐ¨°  ´ ²¨§ ¶µ¤£·Ê¶¶Ò dγ = dγ [a1, a2, c] ((a1, a2, c) Å §¤¥¸Ó

£¥´¥· Éµ·Ò ¶µ¤£·Ê¶¶Ò) ¶µ§¢µ²¨² Ê¸É ´µ¢¨ÉÓ ¥¥ ¤¢µ°¸É¢¥´´µ¸ÉÓ [6]. ‚ÒÖ¸´¨-
²µ¸Ó, ÎÉµ ¶µ¤£·Ê¶¶  dγ ¸µ¤¥·¦¨É ¤¢¥ ´¥¨§µ³µ·Ë´ÒÌ ¶µ¤£·Ê¶¶Ò Q2[a1, a2] ¨
q2[a1, a

′
2]. ‡¤¥¸Ó (a1, a2) ¨ (a1, a

′
2) Å £¥´¥· Éµ·Ò ÔÉ¨Ì ¶µ¤£·Ê¶¶ ¨ a′

2 = a2c,
a′
3 = a1a2c. Q2[a1, a2] Å Ìµ·µÏµ ¨§¢¥¸É´ Ö £·Ê¶¶  ±¢ É¥·´¨µ´µ¢. Š‘  ²£¥¡·Ò

±¢ É¥·´¨µ´µ¢ ¸µ¢¶ ¤ ÕÉ ¸ Š‘ ¤²Ö ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ £·Ê¶¶Ò
É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨° [3].

�²e³e´ÉÒ a²£e¡pÒ, ¶ocÉpoe´´o° ´a q2, Ê¤o¢²eÉ¢opÖÕÉ c²e¤ÊÕÐ¨³ ±o³-
³ÊÉaÍ¨o´´Ò³ cooÉ´oÏe´¨Ö³:

[a1, a
′
2] = 2a′

3, [a′
2, a

′
3] = −2a1, [a′

3, a1] = 2a′
2. (4)
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O´¨ ¶pa±É¨Îec±¨ co¢¶a¤aÕÉ c Éa±o¢Ò³¨ ¤²Ö £pÊ¶¶Ò ÉpeÌ³ep´ÒÌ ¢paÐe´¨°
(c³. ¶ep¢ÊÕ cÉpo±Ê (1) ¨²¨ (2)). OÉ²¨Î¨e ²¨ÏÓ ¢ §´a±e ¢Éopo£o ±o³³ÊÉaÉopa.

‚¸¥³ Ê¶µ³Ö´ÊÉÒ³ §¤¥¸Ó ¨ ¤ ²¥¥ ±µ´¥Î´Ò³ £·Ê¶¶ ³ ¸µ¶µ¸É ¢²Ö¥É¸Ö ¨Ì
Í¨±²¨Î¥¸± Ö ¸É·Ê±ÉÊ·  (–‘), É.¥. ¸Ê³³  ¢¸¥Ì Ô²¥³¥´Éµ¢ £·Ê¶¶Ò, § ¶¨¸ ´´ Ö
¢ ³Ê²ÓÉ¨¶²¨± É¨¢´µ° Ëµ·³¥ [3]. „¢µ°¸É¢¥´´µ¸ÉÓ dγ µ§´ Î ¥É, ÎÉµ ¥¥ –‘
³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¸ ¶µ³µÐÓÕ ¤¢ÊÌ · §´ÒÌ ´ ¡µ·µ¢ £¥´¥· Éµ·µ¢:

dγ = Q2[a1, a2][e + c] = q2[a1, a
′
2][e + c], (5)

£¤¥ e Å ¥¤¨´¨Î´Ò° Ô²¥³¥´É £·Ê¶¶Ò.
�·¨ ´µ¢µ³ ¢Ò¡µ·¥ £¥´¥· Éµ·µ¢ (a1, a

′
2, c) ¶µ²ÊÎ ¥É¸Ö ¤·Ê£µ° É¨¶ ±µ³³Ê-

É Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨°, ±µÉµ·Ò° ³Ò ¡Ê¤¥³ ¸¢Ö§Ò¢ ÉÓ ¸ ¶µ¤£·Ê¶¶µ° fγ [6]:

[a1, a
′
2] = 2a′

3, [a′
2, a

′
3] = −2a1, [a′

3, a1] = 2a′
2,

[b′1, b
′
2] = −2a′

3, [b′2, b
′
3] = 2a1, [b′3, b

′
1] = −2a′

2,

[a1, b
′
1] = 0, [a′

2, b
′
2] = 0, [a′

3, b
′
3] = 0,

[a1, b
′
2] = 2b′3, [a1, b

′
3] = −2b′2,

[a′
2, b

′
3] = −2b′1, [a′

2, b
′
1] = −2b′3,

[a′
3, b

′
1] = 2b′2, [a′

3, b
′
2] = 2b′1.

(6)

�·¨ ÔÉµ³ fγ ¨§µ³µ·Ë´  dγ . ’ ±¨³ µ¡· §µ³, ¢ÒÖ¸´¨²µ¸Ó, ÎÉµ ¸ £·Ê¶¶µ°
„¨· ±  ¸¢Ö§ ´Ò ¤¢¥ ´¥¨§µ³µ·Ë´Ò¥ ¶µ¤£·Ê¶¶Ò ¨ É·¨ É¨¶  Š‘, ¥¸²¨ ÊÎ¥¸ÉÓ
¤¢µ°¸É¢¥´´µ¸ÉÓ dγ .

�´ ²µ£¨Î´µ ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ £·Ê¶¶  γ-³ É·¨Í Ê· ¢´¥´¨Ö ¤²Ö ¤Ê-
¡²¥É  ³ ¸¸¨¢´ÒÌ ´¥°É· ²Ó´ÒÌ ²¥¶Éµ´µ¢ (¤ ²¥¥ µ¡µ§´ Î ¥É¸Ö Dγ(I)) É ±¦¥
¸µ¤¥·¦¨É ¤¢¥ ¨´¢ ·¨ ´É´Ò¥ ¶µ¤£·Ê¶¶Ò dγ ¨ cγ . ‚¸¥ É·¨ ¶µ¤£·Ê¶¶Ò dγ , bγ , cγ

´¥¨§µ³µ·Ë´Ò ¤·Ê£ ¤·Ê£Ê. Šµ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ´  µ¸´µ¢¥ cγ ¨³¥ÕÉ
¢¨¤ [5]:

[a1, a
′
2] = 2a′

3, [a′
2, a

′
3] = −2a1, [a′

3, a1] = 2a′
2,

[b′′1 , b′′2 ] = 2a′
3, [b′′2 , b′′3 ] = −2a1, [b′′3 , b′′1 ] = 2a′

2,

[a1, b
′′
1 ] = 0, [a′

2, b
′′
2 ] = 0, [a′

3, b
′′
3 ] = 0,

[a1, b
′′
2 ] = 2b′′3 , [a1, b

′′
3 ] = −2b′′2 ,

[a′
2, b

′′
3 ] = −2b′′1 , [a′

2, b
′′
1 ] = −2b′′3 ,

[a′
3, b

′′
1 ] = 2b′′2 , [a′

3, b
′′
2 ] = 2b′′1 .

(7)

„ ´´Ò° ¢¨¤ ¶·¥¤¸É ¢²¥´¨Ö ¡Ò² ´ §¢ ´ P -¸µ¶·Ö¦¥´´Ò³ ¶µ µÉ´µÏ¥´¨Õ ±
dγ , É ± ± ± · §²¨Î¨¥ ¢µ§´¨± ¥É Ê¦¥ ¢ ¶¥·¢µ° ¸É·µ±¥ Š‘ (7), É.¥. ´  Ê·µ¢´¥
¶µ¤£·Ê¶¶Ò É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨°. �·¨Î¥³ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¢¸¥ µÉ±²µ´¥´¨Ö
µÉ ¸É ´¤ ·É  (1) Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨Ö³¨ ¨§³¥´¥´¨° ¢ ¶¥·¢µ° ¸É·µ±¥. �¥·¥Ìµ¤
µÉ £·Ê¶¶Ò dγ ± cγ ¨ ± Š‘ É¨¶  (7) · ¢´µ¸¨²¥´ § ³¥´¥

a2 → ia′
2, a3 → ia′

3; b1 → b′′1 , b2 → ib′′2 , b3 → ib′′3 . (8)
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Œµ¦´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¶µ¤µ¡´µ ¸µµÉ´µÏ¥´¨Ö³ (3) ¨ (8) ¶¥·¥Ìµ¤ µÉ Š‘
(1) ± (6) · ¢´µ¸¨²¥´ É ±µ³Ê ¶·¥µ¡· §µ¢ ´¨Õ µ¶¥· Éµ·µ¢:

a2 = ia′
2, a3 = ia′

3, b1 = −b′1, b2 = −ib′2, b3 = −ib′3. (9)

…¸²¨ ¶·¥µ¡· §µ¢ ´¨¥ ¶¥·¥Ìµ¤  µÉ (1) ± (2) µ¡µ§´ Î¨ÉÓ ± ± 〈T 〉, Éµ ³µ¦´µ
¶µ²ÊÎ¨ÉÓ

bγ = 〈T 〉dγ , dγ = 〈T−1〉bγ , (10)

£¤¥ 〈T−1〉 ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥µ¡· §µ¢ ´¨Ö³ b′1 = ib1, b
′
2 = ib2, b

′
3 = ib3.

„²Ö ¶¥·¥Ìµ¤  µÉ (1) ± (7) ¢¢¥¤¥³ µ¡µ§´ Î¥´¨¥ 〈P 〉, Éµ£¤ 

cγ = 〈P 〉dγ , dγ = 〈P−1〉cγ . (11)

‡¤¥¸Ó 〈P−1〉 ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥µ¡· §µ¢ ´¨Ö³ a′
2 = ia2, a′

3 = ia3, b′2 = ib2,
b′3 = ib3.

‚¢¥¤¥³ µ¡µ§´ Î¥´¨¥ ¤²Ö ¸µ¢³¥¸É´µ£µ ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¤¥°¸É¢¨Ö ¤¢ÊÌ
Ê± § ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨° 〈P 〉〈T 〉 ≡ 〈PT 〉 ¨ 〈T 〉〈P 〉 ≡ 〈TP 〉. ’µ£¤  ¸µ¢³¥¸É-
´ Ö µ¶¥· Í¨Ö ¤ ¥É

〈TP 〉dγ = 〈PT 〉dγ = fγ . (12)

Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ ¢¸¥ 4 ¢µ§³µ¦´ÒÌ ¶·¥µ¡· §µ¢ ´¨Ö 〈T 〉, 〈P 〉, 〈TP 〉 =
〈PT 〉 µ¡· §ÊÕÉ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê ¶·¥µ¡· §µ¢ ´¨° ¢ ¶·µ¸É· ´¸É¢¥ Î¥ÉÒ·¥Ì
É¨¶µ¢ Š‘ ¨²¨ ¢ ¶·µ¸É· ´¸É¢¥ Î¥ÉÒ·¥Ì £·Ê¶¶ ¸ ÊÎ¥Éµ³ ¨§µ³µ·Ë¨§³  dγ ¨ fγ .
ˆ¸Ìµ¤Ö ¨§ ·¥§Ê²ÓÉ Éµ¢ (3), (8) ¨ (9), ³µ¦´µ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨° ·Ö¤ · ¢¥´¸É¢:

〈T 〉dγ = bγ , 〈P 〉dγ = cγ , 〈PT 〉dγ = fγ , (13)

〈T−1〉bγ = dγ , 〈P 〉bγ = fγ , 〈T−1P−1〉bγ = cγ , (14)

〈T 〉cγ = fγ , 〈P−1〉cγ = dγ , 〈TP 〉cγ = bγ , (15)

〈T−1〉fγ = cγ , 〈P−1〉fγ = bγ , 〈P−1T−1〉fγ = dγ . (16)

‚ · ¡µÉ¥ [6] ¡Ò² · ¸¸³µÉ·¥´ ¥Ð¥ µ¤¨´ ¢ ·¨ ´É Ê· ¢´¥´¨Ö É¨¶  „¨· ± 
(¤ ²¥¥ Dγ(III)), ±µÉµ·Ò° ¸²Ê¦¨É µ¸´µ¢µ° ¤²Ö µ¶¨¸ ´¨Ö ±¢ ·É¥É  ¡¥§³ ¸¸µ¢ÒÌ
´¥°É·¨´µ. ‘É·Ê±ÉÊ·  £·Ê¶¶Ò γ-³ É·¨Í, ¸¢Ö§ ´´µ° ¸ ´¨³, § ³¥É´µ µÉ²¨Î ¥É¸Ö
µÉ ¤¢ÊÌ ¶·¥¤Ò¤ÊÐ¨Ì. �·¨ µ¤¨´ ±µ¢ÒÌ ¶µ·Ö¤± Ì ¢¸¥Ì É·¥Ì £·Ê¶¶, · ¢´ÒÌ
32, Í¥´É· £·Ê¶¶Ò Dγ(III) ¸µ¤¥·¦¨É ¢µ¸¥³Ó Ô²¥³¥´Éµ¢. �µÔÉµ³Ê Î¨¸²µ ¸µ¶·Ö-
¦¥´´ÒÌ ±² ¸¸µ¢ ¸É ´µ¢¨É¸Ö · ¢´Ò³ 20 (¢³¥¸Éµ 17 ¢ ¸²ÊÎ ¥ Dγ(II) ¨ Dγ(I)).
�¤´µ§´ Î´Ò³ ¸²¥¤¸É¢¨¥³ É ±µ£µ ¶µ²µ¦¥´¨Ö Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ´¥¶·¨¢µ¤¨³ÒÌ
¶·¥¤¸É ¢²¥´¨° (��) ¢Éµ·µ£µ ¶µ·Ö¤±  ¢³¥¸Éµ �� Î¥É¢¥·Éµ£µ ¶µ·Ö¤±  ¢ ¸²ÊÎ ¥
Dγ(II) ¨ Dγ(I). �Éµ µ§´ Î ¥É, ÎÉµ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ Ê· ¢´¥´¨Ö ¡Ê¤ÊÉ
¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ° ¤¢ÊÌ±µ³¶µ´¥´É´Ò¥ ¸¶¨´µ·Ò.

Š·µ³¥ Éµ£µ, ¢ÒÖ¸´¨²µ¸Ó, ÎÉµ ¢ ¸µ¸É ¢ Dγ(III) ¢Ìµ¤ÖÉ ¢¸¥ Î¥ÉÒ·¥ ¶µ¤-
£·Ê¶¶Ò dγ , bγ , cγ , fγ . …¸²¨ Ëµ·³Ê²¨·µ¢ ÉÓ µ¶·¥¤¥²ÖÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö
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γ-³ É·¨Í ¢ ¤ÊÌ¥ „¨· ±  [7], É. ¥. ±µ£¤  γ1, γ2, γ3 ¨³¥ÕÉ ¸³Ò¸² ¨´Ë¨´¨É¥§¨-
³ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ¡Ê¸Éµ¢, Éµ ¶µ²ÊÎ ¥³ É ±¨¥ · ¢¥´¸É¢ :

γsγt + γtγs = 2δst, γ2
s = 1, (s, t = 1, 2, 3),

γsγ4 − γ4γs = 0, (s = 1, 2, 3),

γ2
4 = 1.

(17)

�Î¥¢¨¤´µ¥ ¨ ¶·¨´Í¨¶¨ ²Ó´µ¥ µÉ²¨Î¨¥ µÉ Ê¸²µ¢¨Ö „¨· ±  § ±²ÕÎ ¥É¸Ö ¢ Éµ³,
ÎÉµ γ4 ±µ³³ÊÉ¨·Ê¥É ¸µ ¢¸¥³¨ µ¸É ²Ó´Ò³¨ £¥´¥· Éµ· ³¨. ‚ £·Ê¶¶¥ ´¥ ¨³¥¥É¸Ö
Î¥É¢¥·Éµ£µ £¥´¥· Éµ· , ±µÉµ·Ò°  ´É¨±µ³³ÊÉ¨·Ê¥É ¸ ¶¥·¢Ò³¨ É·¥³Ö.

�Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ ± ¦¤µ¥ ¨§ Ê· ¢´¥´¨° É¨¶  „¨· ±  ¨³¥¥É Î¨¸²¥´-
´ÊÕ Ì · ±É¥·¨¸É¨±Ê, µÉ· ¦ ÕÐÊÕ ¥£µ ¸É·Ê±ÉÊ·Ê. „ ²¥¥ µ´  ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö
¸É·Ê±ÉÊ·´Ò³ ¨´¢ ·¨ ´Éµ³, ±µÉµ·Ò° ¶·¨´¨³ ¥É É·¨ ¢µ§³µ¦´ÒÌ §´ Î¥´¨Ö [9]:

In[Dγ ] =




1,
−1,
0.

(18)

�·¨³¥´¨É¥²Ó´µ ± Ê· ¢´¥´¨Ö³ ²¥¶Éµ´´µ£µ É¨¶  ¸É·Ê±ÉÊ·´Ò° ¨´¢ ·¨ ´É
µÉ· ¦ ¥É ¸µµÉ´µÏ¥´¨¥ Ô²¥³¥´Éµ¢ Î¥É¢¥·Éµ£µ ¨ ¢Éµ·µ£µ ¶µ·Ö¤±  ¢ £·Ê¶¶¥ ¤ ´-
´µ£µ Ê· ¢´¥´¨Ö. ’ ± ¤²Ö Ê· ¢´¥´¨Ö „¨· ±  In[Dγ(II)] = −1, ¤²Ö ¤Ê¡²¥É 
³ ¸¸¨¢´ÒÌ ´¥°É·¨´µ In[Dγ(I)] = 1,   ¤²Ö ±¢ ·É¥É  ¡¥§³ ¸¸µ¢ÒÌ ´¥°É·¨´µ
In[Dγ(III)] = 0.

‚¸¥ É·¨ Ê¶µ³Ö´ÊÉÒ¥ ¢ÒÏ¥ £·Ê¶¶Ò ¶µ·µ¦¤ ÕÉ¸Ö Î¥ÉÒ·Ó³Ö £¥´¥· Éµ· ³¨ ¨
¸µ¤¥·¦ É ¢ ± Î¥¸É¢¥ ¶µ¤¸É·Ê±ÉÊ· dγ , bγ , cγ , fγ , ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ³ ±¸¨³ ²Ó-
´Ò³¨ ¨´¢ ·¨ ´É´Ò³¨ ¶µ¤£·Ê¶¶ ³¨. �µ²¥¥ Éµ£µ, ¤·Ê£¨Ì ¶µ¤£·Ê¶¶ 16-£µ ¶µ-
·Ö¤±  ¢ ¸µ¸É ¢¥ ²¥¶Éµ´´ÒÌ Ê· ¢´¥´¨° ´¥ ¨³¥¥É¸Ö. ‚ ¸¢µÕ µÎ¥·¥¤Ó, ± ¦¤ Ö ¨§
ÔÉ¨Ì ¶µ¤£·Ê¶¶ ¶µ·µ¦¤ ¥É¸Ö É·¥³Ö  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨³¨ £¥´¥· Éµ· ³¨. �Éµ
µ§´ Î ¥É, ÎÉµ ¤²Ö ¢Ò¶µ²´¥´¨Ö ²µ·¥´Í-¨´¢ ·¨ ´É´µ¸É¨ ²Õ¡µ£µ É¨¶  ¤µ¸É -
ÉµÎ´µ É·¥Ì  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨Ì £¥´¥· Éµ·µ¢. —¥É¢¥·ÉÒ° £¥´¥· Éµ· ¶·¨ ÔÉµ³
·¥£Ê²¨·Ê¥É Ì · ±É¥· µÉ´µÏ¥´¨° ³¥¦¤Ê ¶µ¤¸¨¸É¥³ ³¨, ±µÉµ·Ò¥ Ë¨§¨Î¥¸±¨ ¨´-
É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ. ‚ ¸¢¥É¥ ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö µÉ-
±·Ò¢ ÕÉ¸Ö ¤µ¶µ²´¨É¥²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ Ê¤µ¢²¥É¢µ·¨ÉÓ µ¡Ð¨³ É·¥¡µ¢ ´¨Ö³
É¨¶  (17) ¨ (18) ¶·¨ Ê¸²µ¢¨¨ ´ ²¨Î¨Ö É¥Ì ¦¥ ¸ ³ÒÌ ¶µ¤¸É·Ê±ÉÊ· dγ , bγ , cγ , fγ

¢ ¸µ¸É ¢¥ £·Ê¶¶Ò. „¢¥ É ±¨¥ ¢µ§³µ¦´µ¸É¨ ¸µ ¸É·Ê±ÉÊ·´Ò³¨ ¨´¢ ·¨ ´É ³¨
In[Dγ(IV)] = −1 ¨ In[Dγ(V )] = 1 Ö¢²ÖÕÉ¸Ö ¶·¥¤³¥Éµ³ ´ ¸ÉµÖÐ¥£µ ¸µµ¡Ð¥-
´¨Ö.

2. ƒ�“��› ‘ˆ�ƒ‹…’�‚

�É± § µÉ  ´É¨±µ³³ÊÉ Í¨¨ Î¥É¢¥·Éµ£µ £¥´¥· Éµ·  ¨ ¥£µ ±µ³³ÊÉ Í¨Ö ¸
É·¥³Ö ¶¥·¢Ò³¨ µÉ±·Ò¢ ÕÉ ¤¢  ´µ¢ÒÌ ¢ ·¨ ´É . �´¨ µÉ²¨Î ÕÉ¸Ö µÉ ±¢ ·-
É¥É´µ£µ (17) §´ Î¥´¨Ö³¨ ¸É·Ê±ÉÊ·´ÒÌ ¨´¢ ·¨ ´Éµ¢.
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�¤¨´ ¨§ ´¨Ì, µ¡µ§´ Î ¥³Ò° ¤ ²¥¥ Dγ(IV), § ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ µ¶·¥¤¥-
²ÖÕÐ¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨:

γsγt + γtγs = −2δst, (s,t = 1, 2, 3)

γ4γs − γsγ4 = 0, γ2
4 = 1.

(19)

‚ÒÎ¨¸²¥´¨Ö ¤ ÕÉ ¶·¨ ÔÉµ³ In[Dγ(IV )] = −1.
�·¨ ¤·Ê£µ³ ¢Ò¡µ·¥ µ¶·¥¤¥²ÖÕÐ¨Ì ¸µµÉ´µÏ¥´¨°

γsγt + γtγs = 0, s �= t, (s, t = 1, 2, 3)

γ2
3 = γ2

2 = 1, γ2
1 = −1,

γ4γs − γsγ4 = 0, γ2
4 = 1

(20)

¶µ²ÊÎ ¥³ £·Ê¶¶Ê, µ¡µ§´ Î ¥³ÊÕ ¤ ²¥¥ Dγ(V), ¨ ¢¥²¨Î¨´Ê ¸É·Ê±ÉÊ·´µ£µ ¨´¢ -
·¨ ´É  In[Dγ(V)] = 1.

�¡¥ £·Ê¶¶Ò, ± ± É·¨ ¶·¥¤Ò¤ÊÐ¨¥, ¨³¥ÕÉ ¶µ·Ö¤µ± 32 ¨, ¶µ¤µ¡´µ ±¢ ·-
É¥É´µ³Ê ¸µ¸ÉµÖ´¨Õ, ¨³¥ÕÉ 20 ¸µ¶·Ö¦¥´´ÒÌ ±² ¸¸µ¢, Í¥´É· £·Ê¶¶Ò ¸µ¸Éµ¨É
¨§ ¢µ¸Ó³¨ Ô²¥³¥´Éµ¢ ¢Éµ·µ£µ ¶µ·Ö¤± . ‘²¥¤µ¢ É¥²Ó´µ, ¸¨´£²¥É´Ò¥ ¸µ¸ÉµÖ´¨Ö
µ¶¨¸Ò¢ ÕÉ¸Ö ¤¢ÊÌ±µ³¶µ´¥´É´Ò³¨ ¸¶¨´µ· ³¨. ˆ§ Ê¸²µ¢¨Ö ·¥¤Ê±Í¨¨ ¢µ²´µ-
¢ÒÌ Ê· ¢´¥´¨° ¶¥·¢µ£µ ¶µ·Ö¤± , ¸¢Ö§ ´´ÒÌ ¸ ¤ ´´Ò³¨ £·Ê¶¶ ³¨, ± Ê· ¢´¥´¨Õ
Š²¥°´ Äƒµ·¤µ´  ¶µ²ÊÎ ¥³ §´ Î¥´¨¥ ³ ¸¸Ò m = 0 ¢ µ¡µ¨Ì ¸²ÊÎ ÖÌ.

�¸´µ¢´ Ö µ¸µ¡¥´´µ¸ÉÓ µ¡¥¨Ì £·Ê¶¶ § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ± ¦¤ Ö ¨§ ´¨Ì
¸µ¤¥·¦¨É ¶µ¤£·Ê¶¶Ò µ¤´µ£µ É¨¶ : £·Ê¶¶  Dγ(IV) ¸µ¤¥·¦¨É Éµ²Ó±µ ¶µ¤£·Ê¶¶Ò
bγ ,   £·Ê¶¶  Dγ(V) Å Éµ²Ó±µ ¶µ¤£·Ê¶¶Ò cγ . ‡¤¥¸Ó ¨³¥ÕÉ¸Ö ¢ ¢¨¤Ê ¶µ¤£·Ê¶¶Ò
16-£µ ¶µ·Ö¤± . �Éµ µ§´ Î ¥É, ÎÉµ Ê· ¢´¥´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨, ´¥ ¸µ¤¥·¦ É
〈T 〉-¸µ¶·Ö¦¥´´ÒÌ ¸µ¸É ¢²ÖÕÐ¨Ì,   Î ¸É¨ÍÒ ´¥ ¨³¥ÕÉ  ´É¨Î ¸É¨Í. ’ ±¨³
µ¡· §µ³, ³Ò ¶µ²ÊÎ ¥³ ¸¨´£²¥É´Ò¥ ¸µ¸ÉµÖ´¨Ö.

3. �…Š�’��›… ‘‚�‰‘’‚� ‘ˆ�ƒ‹…’�›• ‘�‘’�Ÿ�ˆ‰

ˆ§ ¸µµÉ´µÏ¥´¨° (19), (20) ¢³¥¸É¥ ¸ É·¥¡µ¢ ´¨¥³ ·¥¤Ê±Í¨¨ ± Ê· ¢´¥´¨Õ
Š²¥°´ Äƒµ·¤µ´  µ¤´µ§´ Î´µ ¸²¥¤ÊÕÉ ¢µ²´µ¢Ò¥ Ê· ¢´¥´¨Ö. „²Ö Dγ(IV) ¢µ²-
´µ¢o¥ Ê· ¢´¥´¨e

(ip4γ4 − p1γ1 − p2γ2 − p3γ3)Ψ(x, t) = 0, (21)

£¤¥ p4 = −i∂/∂t, ps = −i∂/∂xs, s = 1, 2, 3. ‡¤¥¸Ó ¨ ¤ ²¥¥ � = c = 1.
‚µ²´µ¢µ¥ Ê· ¢´¥´¨¥ Dγ(V) ¤²Ö ±µ´±·¥É´µ£µ ¢Ò¡µ·  γ-³ É·¨Í (20) ¶·¨-

´¨³ ¥É ¢¨¤
(p4γ4 − ip1γ1 − p2γ2 − p3γ3)Ψ(x, t) = 0. (22)

�¡µ§´ Î¥´¨Ö É¥ ¦¥, ÎÉµ ¢ Ê· ¢´¥´¨¨ (20). �´ ²µ£¨Î´Ò¥ · ¢¥´¸É¢  ³µ¦´µ
§ ¶¨¸ ÉÓ ¤²Ö ¤·Ê£¨Ì ¢ ·¨ ´Éµ¢, ±µ£¤  γ2

2 = −1 ¨²¨ γ2
3 = −1.
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�·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ, ¢ · ³± Ì ±µÉµ·µ£µ ¸Ëµ·³Ê²¨·µ¢ ´Ò Ê· ¢-
´¥´¨Ö, ¸¨³³¥É·¨Î´µ µÉ´µ¸¨É¥²Ó´µ É·¥Ì ¶·µ¸É· ´¸É¢¥´´ÒÌ µ¸¥°, É.¥. ¢¸¥ É·¨
±µµ·¤¨´ ÉÒ µ¤´µÉ¨¶´Ò. �·¨ ÔÉµ³ µ¡Ñ¥±ÉÒ, µ¶¨¸Ò¢ ¥³Ò¥ Ê· ¢´¥´¨¥³ (22),
¸µ£² ¸´µ · ¢¥´¸É¢ ³ (4) ´¥ µ¡² ¤ ÕÉ É ±µ° ¸¨³³¥É·¨¥°. �É¨³ µ¡ÑÖ¸´Ö¥É¸Ö
µÎ¥¢¨¤´ Ö  ¸¨³³¥É·¨Ö Ê· ¢´¥´¨Ö (22) µÉ´µ¸¨É¥²Ó´µ ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µµ·-
¤¨´ É 1,2,3.

�µ¤¸É ´µ¢±  ¢ Ê· ¢´¥´¨Ö (21) ¨ (22) ·¥Ï¥´¨° ¢ ¢¨¤¥ ¶²µ¸±¨Ì ¢µ²´, É.¥.
¶¥·¥Ìµ¤ ± p-¶·¥¤¸É ¢²¥´¨Õ ¤²Ö ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¶µ± §Ò¢ ¥É, ÎÉµ ·¥-
Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨
E = ±

√
p2
1 + p2

2 + p2
3. �É²¨Î¨¥ µÉ Ê· ¢´¥´¨Ö „¨· ±  [7] ¨ ¢ ·¨ ´É  ³ ¸¸¨¢-

´µ£µ ¤Ê¡²¥É  ´¥°É·¨´µ [5] § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¢ ¤Ê¡²¥É´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ
¨³¥¥É ³¥¸Éµ ¤¢Ê±· É´µ¥ ¢Ò·µ¦¤¥´¨¥ µ¡µ¨Ì §´ Î¥´¨° Ô´¥·£¨¨.

ˆ§ µ¶·¥¤¥²ÖÕÐ¨Ì ¸µµÉ´µÏ¥´¨° (19) ¨ (20) ¸²¥¤Ê¥É, ÎÉµ ¸¢Ö§ ´´Ò¥ ¸
´¨³¨ £·Ê¶¶Ò ¨³¥ÕÉ Î¥ÉÒ·¥ ´¥Ô±¢¨¢ ²¥´É´ÒÌ ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨Ö
· §³¥·´µ¸É¨ 2. Š ¦¤µ³Ê ¨§ ´¨Ì, ¸µ£² ¸´µ É¥µ·¥³¥ �¥·´¸ °¤ , ¸µ¶ÊÉ¸É¢Ê¥É
¶µ µ¤´µ³Ê Ô±¢¨¢ ²¥´É´µ³Ê ´¥¶·¨¢µ¤¨³µ³Ê ¶·¥¤¸É ¢²¥´¨Õ. Œµ¦´µ ¶µ± § ÉÓ,
ÎÉµ Ô±¢¨¢ ²¥´É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö µÉ²¨Î ÕÉ¸Ö µ¤´µ µÉ ¤·Ê£µ£µ Éµ²Ó±µ ¶·µ-
¸É· ´¸É¢¥´´Ò³ ¶µ¢µ·µÉµ³.

—¥ÉÒ·¥ ´¥Ô±¢¨¢ ²¥´É´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö µÉ²¨Î ÕÉ¸Ö µ¡· É´Ò³¨ §´ ± ³¨
Ô²¥³¥´Éµ¢ Í¥´É·  ¸µ ¸²¥¤ ³¨, ´¥ · ¢´Ò³¨ ´Ê²Õ. ‚ ·¥§Ê²ÓÉ É¥ ¶µÖ¢²ÖÕÉ¸Ö
Î¥ÉÒ·¥ É¨¶  ·¥Ï¥´¨°, µÉ²¨Î ÕÐ¨Ì¸Ö ¤¢Ê³Ö §´ ± ³¨ Ô´¥·£¨° ¨ ¤¢Ê³Ö §´ Î¥-
´¨Ö³¨ ¶·µ¥±Í¨° ¸¶¨´µ¢. �Éµ ¶·Ö³µ¥ ¸²¥¤¸É¢¨¥ Éµ£µ, ÎÉµ £·Ê¶¶Ò Dγ(IV) ¨
Dγ(V) ¶µ·µ¦¤ ÕÉ¸Ö Î¥ÉÒ·Ó³Ö £¥´¥· Éµ· ³¨ ¨ ¨³¥ÕÉ ¶µ·Ö¤µ± 32. ‚ ÔÉµ³
µÉ´µÏ¥´¨¨ ¸¨´£²¥É´Ò¥ Ê· ¢´¥´¨Ö ¢¶µ²´¥  ´ ²µ£¨Î´Ò ¤Ê¡²¥É´Ò³.

Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ± ¦¤ Ö ¨§ £·Ê¶¶ Dγ(IV) ¨ Dγ(V) ¨³¥¥É ¢ ¸¢µ¥°
¸É·Ê±ÉÊ·¥ ³ ±¸¨³ ²Ó´ÊÕ ¨´¢ ·¨ ´É´ÊÕ ¶µ¤£·Ê¶¶Ê µ¤´µ£µ ¸µ·É  Å bγ ¨ cγ

¸µµÉ¢¥É¸É¢¥´´µ. � §²¨Î¨¥ ¸¢µ°¸É¢ ¶µ¤£·Ê¶¶ ¢¥¤¥É ± · §²¨Î¨Õ ¸¶¨´µ¢ÒÌ Ì -
· ±É¥·¨¸É¨± ¸¨´£²¥Éµ¢. ˆ§ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° (2) ¤²Ö ¶µ¤£·Ê¶¶Ò
bγ µÎ¥¢¨¤´µ, ÎÉµ ¢¸¥ É·¨ ¶·µ¸É· ´¸É¢¥´´ÒÌ ´ ¶· ¢²¥´¨Ö Ô±¢¨¢ ²¥´É´Ò ¤²Ö
¸¨´£²¥Éµ¢ É¨¶  Dγ(IV). ‘²¥¤µ¢ É¥²Ó´µ ¸¶¨´ ³µ¦¥É ¡ÒÉÓ ´ ¶· ¢²¥´ ¢¤µ²Ó
²Õ¡µ° ¨§ ´¨Ì, É ± ¦¥, ± ± Ê Ô²¥±É·µ´  ¨²¨ ¶µ§¨É·µ´ . ‘ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ
¶µ¤£·Ê¶¶  bγ ¸¢Ö§ ´  ¸ dγ T -¶·¥µ¡· §µ¢ ´¨¥³ (¸³. ¶¥·¢µ¥ · ¢¥´¸É¢µ ¨§ (13)),
¤ ´´Ò° É¨¶ ¸µ¸ÉµÖ´¨Ö ¤ ²¥¥ ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö T -¸¨´£²¥Éµ³.

ˆ§ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° (7) ¨ µ¶·¥¤¥²ÖÕÐ¨Ì ¸µµÉ´µÏ¥´¨° (20)
¸²¥¤Ê¥É ´¥Ô±¢¨¢ ²¥´É´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ ¶·µ¸É· ´¸É¢¥´´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
¸¨´£²¥Éµ¢ É¨¶  Dγ(V). �Éµ ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ´¥µ¤´µÉ¨¶´µ¸É¨ µ¶¥· Éµ·µ¢ a1, a2,
a3. �¶¥· Éµ· a1 ¨³¥¥É ¶µ·Ö¤µ± 4 (a4

1 = I), ¢ Éµ ¢·¥³Ö ± ± µ¶¥· Éµ·Ò a2, a3

¨³¥ÕÉ ¶µ·Ö¤µ± 2 (a2
2 = a2

3 = I). Š¢ ´Éµ¢µ¥ Î¨¸²µ ¸¶¨´ ¢ ¤ ´´µ³ ¸²ÊÎ ¥
¶·¨´¨³ ¥É ¶µ²µ¦¨É¥²Ó´µ¥ §´ Î¥´¨e 1/2 Éµ²Ó±µ ¢¤µ²Ó ´ ¶· ¢²¥´¨Ö a1. ‘µ¡-
¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ¶¥· Éµ·µ¢ a2 ¨ a3 Ö¢²ÖÕÉ¸Ö ³´¨³Ò³¨. �Éµ µ§´ Î ¥É, ÎÉµ
¸¶¨´ ¨³¥¥É ´ ¶· ¢²¥´¨¥ ²¨¡µ ¢¤µ²Ó, ²¨¡µ ¶·µÉ¨¢ ¨³¶Ê²Ó¸ . ‡¤¥¸Ó ¶µ²µ¦¥-
´¨¥ ¶µ²´µ¸ÉÓÕ  ´ ²µ£¨Î´µ ¤Ê¡²¥ÉÊ ³ ¸¸¨¢´ÒÌ ´¥°É·¨´µ [5]. “Î¨ÉÒ¢ Ö, ÎÉµ
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¶µ¤£·Ê¶¶  cγ ¸¢Ö§ ´  ¸ dγ P -¶·¥µ¡· §µ¢ ´¨¥³ (¸³. ¢Éµ·µ¥ · ¢¥´¸É¢µ ¨§ (13)),
¤ ´´Ò° É¨¶ ¸µ¸ÉµÖ´¨Ö ¤ ²¥¥ ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö P -¸¨´£²¥Éµ³.

‘· ¢´¥´¨¥ £·Ê¶¶µ¢µ° ¸É·Ê±ÉÊ·Ò ¸¨´£²¥É´ÒÌ Ê· ¢´¥´¨°, µ¸µ¡¥´´µ ´ £²Ö¤-
´µ° ¶·¨ ¥¥ £· Ë¨Î¥¸±µ³ µÉµ¡· ¦¥´¨¨ [6], ¸µ ¸É·Ê±ÉÊ·µ° É·¥Ì ¤·Ê£¨Ì ²¥¶Éµ´-
´ÒÌ Ê· ¢´¥´¨° ¶µ± §Ò¢ ¥É ¥¥ ¢Ò¤¥²¥´´µ¸ÉÓ. ‹Õ¡µ¥ ¨§ · ¸¸³µÉ·¥´´ÒÌ · ´¥¥
²¥¶Éµ´´ÒÌ Ê· ¢´¥´¨° [5, 6] µ¡² ¤ ¥É Éµ° ¨²¨ ¨´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ µÉ´µ-
¸¨É¥²Ó´µ ¤¨¸±·eÉ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° 〈T 〉, 〈P 〉, 〈PT 〉. ‘µ£² ¸´µ · ¢¥´¸É¢ ³
(13)Ä(16) ¸¨´£²¥É´Ò¥ Ê· ¢´¥´¨Ö ´¥¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ²Õ¡µ£µ ¨§ ¤¨¸-
±·¥É´ÒÌ ¶·¥µ¡· §µ¢ ´¨°. ‹Õ¡µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¤²Ö ´¨Ì (£· ¢¨É Í¨µ´´µ¥ ´¥
· ¸¸³ É·¨¢ ¥É¸Ö) ³¥´Ö¥É ±¢ ´Éµ¢Ò¥ Î¨¸² , Ì · ±É¥·¨§ÊÕÐ¨¥ ± ¦¤Ò° ¨§ ¸¨´-
£²¥Éµ¢. �µÔÉµ³Ê ¥¸²¨ ¸¨´£²¥É´Ò¥ ¸µ¸ÉµÖ´¨Ö ·¥ ²¨§ÊÕÉ¸Ö ¢ ¶·¨·µ¤¥ ± ± ¸ ³µ-
¸ÉµÖÉ¥²Ó´Ò¥ µ¡Ñ¥±ÉÒ, Éµ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ¨Ì ÊÎ ¸É¨¥³ ³µ£ÊÉ ¨£· ÉÓ ±²ÕÎ¥-
¢ÊÕ ·µ²Ó ¢ µ¶¨¸ ´¨¨ ´¥µ¡· É¨³µ¸É¨ ¢µ ¢·¥³¥´¨ ¨²¨  ¸¨³³¥É·¨¨ ¢¥Ð¥¸É¢µÄ
 ´É¨¢¥Ð¥¸É¢µ ´  ³¨±·µ¸±µ¶¨Î¥¸±µ³ Ê·µ¢´¥.

‡�Š‹�—…�ˆ…

� °¤¥´´Ò¥ ¤¢  ²¥¶Éµ´´ÒÌ Ê· ¢´¥´¨Ö ¢³¥¸É¥ ¸ É¥³¨, ±µÉµ·Ò¥ ¶µ²ÊÎ¥´Ò
· ´¥¥, ¶µ§¢µ²ÖÕÉ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ · §· ¡µÉ ´  ²£µ·¨É³ ¶µ¸É·µ¥´¨Ö ¢µ²´µ¢ÒÌ
Ê· ¢´¥´¨° ¤²Ö ¸É ¡¨²Ó´ÒÌ ²¥¶Éµ´µ¢. ‚ µ¸´µ¢¥ ± ¦¤µ£µ ²¥¶Éµ´´µ£µ Ê· ¢´¥-
´¨Ö ²¥¦¨É ¸µµÉ¢¥É¸É¢ÊÕÐ Ö £·Ê¶¶  γ-³ É·¨Í. �É¨ £·Ê¶¶Ò Ëµ·³¨·ÊÕÉ¸Ö ¨§
¶µ¤¸É·Ê±ÉÊ·, ´  ±µÉµ·ÒÌ ·¥ ²¨§ÊÕÉ¸Ö Î¥ÉÒ·¥ É¨¶  ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É -
¢²¥´¨° £·Ê¶¶Ò ‹µ·¥´Í  ¸ ¶¥·¢Ò³ ¢¥¸µ¢Ò³ Î¨¸²µ³, · ¢´Ò³ 1/2. � §²¨Î¨Ö
³¥¦¤Ê Î¥ÉÒ·Ó³Ö É¨¶ ³¨ ¶·¥¤¸É ¢²¥´¨° ¸¢Ö§ ´Ò ¸ P -, T - ¨ (PT )-¨´¢¥·¸¨Ö³¨
¢ ¶·µ¸É· ´¸É¢¥, ¢ ±µÉµ·µ³ ¤¥°¸É¢Ê¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥¶·¨¢µ¤¨³µ¥ ¶·¥¤¸É -
¢²¥´¨¥. ‚¸¥ ¶ÖÉÓ £·Ê¶¶ γ-³ É·¨Í ¶µ·µ¦¤ ÕÉ¸Ö Î¥ÉÒ·Ó³Ö £¥´¥· Éµ· ³¨. ’·¨
¨§ ´¨Ì  ´É¨±µ³³ÊÉ¨·ÊÕÉ ¨ É¥³ ¸ ³Ò³ µ¡¥¸¶¥Î¨¢ ÕÉ ²µ·¥´Í-¨´¢ ·¨ ´É´µ¸ÉÓ.
—¥É¢¥·ÉÒ° £¥´¥· Éµ· ¶·¨ ÔÉµ³ ³µ¦¥É ²¨¡µ  ´É¨±µ³³ÊÉ¨·µ¢ ÉÓ, ²¨¡µ ±µ³³Ê-
É¨·µ¢ ÉÓ ¸ É·¥³Ö ¶¥·¢Ò³¨. Š ¦¤ Ö ¨§ £·Ê¶¶ ¨³¥¥É ¶µ·Ö¤µ± 32 ¨ ¨³¥¥É 16
µ¤´µ³¥·´ÒÌ ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°. Š·µ³¥ Éµ£µ, ± ¦¤ Ö £·Ê¶¶  ¨³¥¥É
¶·¥¤¸É ¢²¥´¨Ö ²¨¡µ Î¥É¢¥·Éµ£µ, ²¨¡µ ¢Éµ·µ£µ ¶µ·Ö¤± , ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ·¥-
Ï¥´¨Ö³ Ê· ¢´¥´¨° ²¨¡µ ¢ ¢¨¤¥ ¡¨¸¶¨´µ·µ¢, ²¨¡µ ¸¶¨´µ·µ¢.

� §²¨Î´Ò³¨, ´¥Éµ¦¤¥¸É¢¥´´Ò³¨ ²¥¶Éµ´´Ò¥ ¸µ¸ÉµÖ´¨Ö Ö¢²ÖÕÉ¸Ö ¢ ¸¨²Ê
· §´µ£µ ¸É·Ê±ÉÊ·´µ£µ ¸µ¸É ¢  ± ¦¤µ° £·Ê¶¶Ò γ-³ É·¨Í, É.¥. ¢ ¸¨²Ê · §²¨Î´ÒÌ
±µ³¡¨´ Í¨° Î¥ÉÒ·¥Ì É¨¶µ¢ ¶µ¤£·Ê¶¶, ¸¢Ö§ ´´ÒÌ ¸ Î¥ÉÒ·Ó³Ö É¨¶ ³¨ ´¥¶·¨-
¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹µ·¥´Í : dγ , bγ , cγ , fγ .

‘É·Ê±ÉÊ·´Ò° ¸µ¸É ¢ £·Ê¶¶:

1. “· ¢´¥´¨¥ „¨· ±  Dγ(II): dγ , bγ , fγ .

2. “· ¢´¥´¨¥ ¤²Ö ¤Ê¡²¥É  ´¥°É·¨´µ Dγ(I): dγ , cγ , fγ .

3. “· ¢´¥´¨¥ ¤²Ö ±¢ ·É¥É  ´¥°É·¨´µ Dγ(III): dγ , bγ , cγ , fγ .
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4. “· ¢´¥´¨¥ ¤²Ö T -¸¨´£²¥É  Dγ(IV): bγ .

5. “· ¢´¥´¨¥ ¤²Ö P -¸¨´£²¥É  Dγ(V): cγ .

�·¥¤²µ¦¥´´ Ö · ¸Î¥É´ Ö ¸Ì¥³  ¶µ§¢µ²Ö¥É ±² ¸¸¨Ë¨Í¨·µ¢ ÉÓ ¸É ¡¨²Ó´Ò¥
²¥¶Éµ´Ò, ¸¢Ö§Ò¢ Ö ¸ ± ¦¤Ò³ ¨§ ´¨Ì ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ Ê· ¢´¥´¨¥. “· ¢´¥´¨¥
„¨· ±  ¸Ò£· ²µ ¶·¨ ÔÉµ³ ±²ÕÎ¥¢ÊÕ ·µ²Ó, ´µ ¶µ²µ¦¥´¨¥ ¥£µ ¢ ¸Ì¥³¥ ´¨Î¥³ ´¥
¢Ò¤¥²¥´µ. �´µ ¥Ð¥ · § ¶µ± § ²µ ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¨ ¶·¥¨³ÊÐ¥¸É¢  ¶¥·¥Ìµ¤  µÉ
 ¶¥²²ÖÍ¨¨ ± ²µ·¥´Í-¨´¢ ·¨ ´É´µ¸É¨, ¢µµ¡Ð¥ ± ±µ´±·¥É´Ò³ ´¥¶·¨¢µ¤¨³Ò³
¶·¥¤¸É ¢²¥´¨Ö³ £·Ê¶¶Ò ‹µ·¥´Í . � °¤¥´Ò ¢ Ö¢´µ³ ¢¨¤¥ £·Ê¶¶Ò dγ , bγ , cγ , fγ ,
´  ±µÉµ·ÒÌ ·¥ ²¨§ÊÕÉ¸Ö ´¥¶·¨¢µ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹µ·¥´Í  ¸ ¶¥·-
¢Ò³ ¢¥¸µ¢Ò³ Î¨¸²µ³ 1/2, Ö¢²ÖÕÐ¨¥¸Ö ¸É·Ê±ÉÊ·´Ò³¨ µ¡· §ÊÕÐ¨³¨ ²¥¶Éµ´´ÒÌ
Ê· ¢´¥´¨°. ‚ ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ ¶·µ¢¥¤¥´´Ò°  ´ ²¨§ ¨ ¶µ¸²¥¤ÊÕÐ¨¥ ¢Ò¢µ¤Ò
¶µ²ÊÎ¥´Ò ¢´¥ ¸¢Ö§¨ ¸ ¤µ¶µ²´¨É¥²Ó´Ò³¨ ¶·¥¤¶µ²µ¦¥´¨Ö³¨ ¨²¨ ¶·¨¡²¨¦¥´¨-
Ö³¨, µÉ²¨Î´Ò³¨ µÉ É¥Ì, ¨§ ±µÉµ·ÒÌ ¸²¥¤Ê¥É Ê· ¢´¥´¨¥ „¨· ± .
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