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New Concept of Time and Gravity

A new concept of internal time (viewed as a scalar temporal field) is introduced
which predicts the existence of matter outside the time and allows one to solve the en-
ergy problem in General Relativity. It is demonstrated that introduction of the temporal
field as an objective property of physical systems permits one to derive the physical
laws of the electromagnetic field (the general covariant four-dimensional Maxwell
equations for the electric and magnetic fields) from the geometrical equations of this
field. It means that the fundamental physical laws are in full correspondence
with the essence of time. On this ground, from the geometrical laws of the gravitational
field the physical evolution equations of this field are derived. Two characteristic solu-
tions of these equations are obtained (including the Schwartzschild solution).
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INTRODUCTION

In the theory of gravitational field the problems connected with the energy
conservation exist in a literal sense since the time of its creation when Einstein set
up the problem of including gravity into the framework of the Faraday concept of
field. Thorough and deep analysis of the problem of gravity field given by him in
the works [1] enables to formulate the key principles of gravity physics (General
Relativity). However, till now in the framework of these principles there is no
adequate solution to the energy conservation problem [2-5].

In the present paper we give a simple solution of the problem in question,
which is based on the connection between the time and energy and necessarily
follows from the first principles of General Relativity if one puts them into definite
logical sequence. The energy conservation means that the rate of change with
time of total energy density of gravity field and all other fields is equal to zero
and hence energy density represents the first integral of the system.

New understanding of time presented here may have implications for the
problem of time in quantum gravity. In fact, a major conceptual problem in this
field is the notion of time and how it should be treated. The importance of this
issue was recognized at the beginning of the history of quantum gravity [6], but
the problem is still unresolved and has drawn recently an increasing attention
(see, for example, [7, 8, 9] and references therein).

The paper is organized as follows. In Sec. 1 we formulate the fundamentals
of general covariant theory of time with the guiding idea that the manifold is the
main notion in physics and that time itself is a scalar field on the manifold which
defines the evolution of the full system of fields being one of them. The system
of interacting fields is considered to be full if the gravitational field is included
in it.

All known dynamical laws of nature have the following form: the rate of
change with time of certain quantity equals to the results of action of some
operator on this quantity. So, a general covariant definition of rate of change
with time of any field is one of the main results of the theory of time presented
here. It is also a starting point and relevant condition for the consideration of the
concept of evolution and of the problem how to write the field equations in the
general covariant evolution form.

In Sec. 2 the connection of the temporal field with the Einstein gravitational
potential is established. This gives the possibility to derive the geometrical laws of



the gravitational field, general covariant law of energy conservation and produce
the general covariant expression for the energy density of the gravity field.

To demonstrate a concrete application of general theory, in Sec. 3 it is
shown how evolution equations for the vectors of electric and magnetic fields in
the four-dimensional general covariant form can be derived from the geometrical
equations for the bivector of electromagnetic field. Through this it is shown that
the original Maxwell equations (which as a matter of fact express the fundamental
physical law) are in full correspondence with fundamentals of the theory of time.
In Sec. 4 the notion of the momentum of the gravitational field is introduced and
dynamical equations of this field is deduced from the geometrical laws established
in Sec. 2. In Sec. 5 the exact solutions of these equations are considered. One
of them describes the gravitational field of point-like gravitational charge and
other one represents the field of the homogeneous and isotropic distribution of
the gravitational energy. Summary is given in Sec. 6.

1. CENTRAL ROLE OF TIME IN GRAVITY THEORY

In accordance with the principles of gravity physics, in this section the
fundamentals of the theory of time are formulated.

According to Einstein, in presence of gravitational field all the systems of
coordinates are on equal footing and, in general, coordinates have neither physical
nor geometrical meaning. Thus, in the gravity theory the coordinates play the
same role as the Gauss coordinates in his internal geometry of surfaces from
which all buildings of the modern geometry are grown. Hence, one needs to
construct the internal theory of physical fields analogous to the Gauss internal
geometry of surfaces. In other words, the problem is how the modern differential
geometry transforms into the physical geometry.

The fields characterize the events and fill in the geometrical space. In view
of what has been said above, this space is a four-dimensional smooth manifold
because this structure does not distinguish intrinsically between different coordi-
nate systems (the principle of general covariance is naturally included into this
notion). Hence it follows that the notion of smooth manifold is the primary
issue not only in differential geometry but also in the theoretical physics (deal-
ing with gravitational phenomena). This means that all other definitions, notions
and laws should be introduced into the theory through the notion of smooth
manifold.

Definition of manifold is considered to be known and we only notice that
all information on this topic can be found, for example, in Refs. [4] or [5].
For our purposes it is enough to keep in mind that all smooth manifolds can
be realized as surfaces in the Euclidean space of suitable dimension. In what
follows, we shall consider only four-dimensional manifolds. That is evident from



the physical point of view. However, there is also a deep purely mathematical
reason for this choice. Smooth manifold consists of topological manifold and
differential structure defined on it. It is known [10], that a topological manifold
always admits differential structure if and only if its dimension is not larger
than four. It is clear that, in general, manifold should be in some relation with
its material content, i.e. the fields. FEinstein argued (in the papers mentioned
above) that nature of gravity field is not compatible with an apriori defined
manifold.

It can be shown that manifold as a surface in the Euclidean space is designed
by the covariant symmetrical tensor field g;; on the manifold, for which adjoined
quadratic differential form (Riemann metric)

ds? = gijduiduj (D)

is positive definite. Thus, covariant positive definite symmetrical tensor field
gij(u) is the necessary element of any general covariant intrinsically self-consistent
physical theory. An important conclusion is that there is one and only one way
for the other fields to design manifold which can be explained as follows. Let
ul,u?,u?,u* be a local system of coordinates in the vicinity of some point
of an abstract manifold. Let us determine in such a vicinity the system of
differential equations that connect basis field g;;(u) with other ones. Solv-
ing this system of equations we find field g;;(u), and by doing so we design
a local manifold of physical system in question. In what follows, a smooth
manifold that corresponds to a physical system will be called a physical mani-
fold.

For further consideration of the first principles of internal field theory we
simply note that there is a fundamental difference between physics and geometry.
In geometry there is no motion that is tightly connected with the concept of
time. Thus, to be logical, we need to introduce time into the theory using its
first principles. Since, in general, coordinates have no physical sense, time can
be presented as a set of functions of four independent variables (or in more strict
manner as a geometrical object on the manifold). It is quite obvious from the
logical point of view.

We put forward the idea that the time is a scalar field on the manifold. By
this we get a simple answer to the question with long standing history: «What
is time?» It should be emphasized, that temporal field (together with other fields)
designs manifold as it was explained above but it has also another functions which
will be considered below.

Temporal field with respect to the coordinate system u!,u?, u3, u
region U of smooth four-dimensional manifold M is denoted as

4 in the

flu) = fut,u? u? ut).



If the temporal field is known, then to any two points p and ¢ of manifold one
can put, in correspondence, an interval of time

q
b = £(a) — F(p) = / 0, fdu. @)

Unlike time, space is not an independent entity. Instead of space we shall
consider space cross-sections of the manifold f~1(t), which are defined by the
temporal field. For the real number ¢, space cross-section is defined by the
equation

flut,u? u? ut) =t 3)

One can call the number ¢ «the height» of the space cross-section of manifold.
If a point p belongs to the space cross-section f~1(¢;), and a point g to the space
cross-section f~!(t3), then time interval (2) is equal to the difference of the
heights t,, = t2 —t1. It is clear that ¢,, = 0 if p and ¢ belong to the same space
cross-section.

Given the general covariant definition of time, one should show that it is
constructive in all respects. First of all, we consider how the temporal field
defines the form of physical laws. It is known that the general form of physical
laws is very simple and is based on the following recipe: the rate of change with
time of a certain quantity is equal to the result of action of some operator on
this quantity. To be concrete, let us consider Maxwell equations. We know that
the rate of change with time of electrical and magnetic fields enter the dynamical
equations of electromagnetic field. Thus, we need to give a general covariant
definition of the rate of change with time of any field and, in particular, this
definition should be applicable for the case of electromagnetic field.

This problem has fundamental meaning, since it is impossible to speak about
physics when one has no mathematically rigorous definition of evolution. It is
clear that correct general covariant definition should be conjugated with simple
condition: if the rate of change with time of some field is equal to zero in one
coordinate system, then in any other coordinate system the result will be the same.

On the manifold there is only one general covariant operation that can be
considered as a basis for the definition of the rate of change with time of any field
quantity. This general covariant operation is called derivative in given direction
and is defined by the vector field on the manifold and the structure of the manifold
itself. Thus, the problem is to connect the temporal field f(u!,u?, u3, u*) with
some vector field #*(u', u?, u3, u*). Since a temporal field is a scalar one, the
partial derivatives define covector field ¢; = 0;f. Now, the following definition
becomes self-evident: the gradient of temporal field (or the stream of time) is the



vector field of the type

= () =gt 2= g = g, )
where g%/ are the contravariant components of Riemann metric (1). The gradient
of the field of time defines the direction of the most rapid increase (decrease) of
the field of time. We define now the rate of change with time of some quantity
as the derivative in the direction of the gradient of the field of time and denote
this operation by the symbol D;.

Let us find the expression for the rate of change with time of the temporal
field itself. We have

Dif =t'0;f = g0 f 0;f.

Since D, f is a general covariant generalization of the evident relation T t=1,

the temporal field should obey the fundamental equation

i OF Of _

ui dui

Equation (5) means that the rate of change with time of the temporal field is a
constant quantity, the most important constant of the theory. From the geometrical
point of view Eq. (5) simply shows that the gradient of the temporal field is unit
vector field on the manifold with respect to the scalar product that is defined as
usual by metric (1), (V,W) = g;; VW7 .

The rate of change with time of the symmetrical tensor field is given by the
expression

(Vf)?=g Q)

0gi; otk otk
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Dygij =t B + Gk; B + gik R (6)

Similar formulas can be presented for any other geometrical quantities. In math-
ematical literature the derivative with respect to the given direction is usually
called the Lie derivative. Thus, one can say that the rate of change with time of
any field is the Lie derivative with respect to the direction of the stream of time.

Consider the notion of time reversal and the invariance with respect to this
symmetry that is very important for what follows. It is almost evident that in
general covariant form the time reversal invariance means that theory is invariant
with respect to the transformations

t— ¢, @)

It is clear that theory will be time reversal invariant if the gradient of temporal

fields will appear in all formulae only as an even number of times, like *¢/.
Within the scope of special relativity and quantum mechanics, time and

energy are tightly connected. It is natural to suppose that in gravity physics the



link between time and energy even more deep and energy conservation follows
from the invariance of the Lagrangian theory with respect to the transformations

f(u) = f(u) +a, (8)

where a is arbitrary constant. This invariance means that all the space sections
of manifold of system in question are equivalent. With this the notion of internal
time is sufficiently characterized in detail. Now we introduce a new notion tightly
connected with a concept of time.

Einstein himself put in correspondence to the gravity field symmetrical tensor
field g;;, which is characterized by the condition that adjoined quadratic differen-
tial form

d§* = gidu'du?, )
has the signature of the interval in special relativity. In accordance with the
principle of gravity physics discussed above, it is natural to assume that Ein-
stein’s interval (9) has a structure that is defined by the form-generating field g;;
(Riemann’s metric (1)) and temporal field. If disclosed, this structure will give
a simple method to introduce temporal field into the equations of gravitational
physics. It is quite evident that metric (1) has an Euclidean signature and hence
it has no structure. To be transparent in our consideration, let us give a simple
mathematical construction. One can consider tensor field S]i» as linear transforma-
tion Vi = S;-Vj in the vector space in question. If the operator S is self-adjoint,
that is (V, SW) = (SV,W), then it is always possible to introduce the scalar
product associated with operator S via the formula < V.V >= (V,SV). It is
clear that associated scalar product will be in general indefinite and with respect
to the initial scalar product it has a structure. Thus, in general, the connection
between forms (1) and (9) is given by the relation g;; = giij’?. We shall give
now simple expression for the operator SJZ: considering time reversal invariance

from the more general point of view. We say that vector fields Viand V' are
T-symmetrical, if the sum of this fields is orthogonal to the gradient of temporal
field and their difference is collinear to it, (Vi+Vi)t; =0, V'—Vi=\t'. We
have V' = V' —2n'(V,n) = (8% — 2n'n;)V’, where

n' =t /\/(t,t), (tt)= g t't.

It is clear that the fields #* and —t' are T-symmetrical. Thus, it is natural to
suppose that S is operator of T'-symmetry that is S; = 0; — 2n'n; and hence for
the Einstein’s potential we obtain the following expression:

Gis = 9k (5] — 2n"ny) = gi; — 2nam, (10)

which is invariant under transformations (7). The contravariant components of
the tensor field g;; are g¥ = g — 2n'n’.



Let us give the physical meaning of the Einstein’s scalar product associated
with T-symmetry. Since

<V,V>=(V,V)=2(V,n)? = [V|*(1 = 2cos® ¢) = —|V|* cos 2¢,

where ¢ is the angle between the vectors V* and n', the Einstein’s scalar product
is indefinite and can be positive, negative or equal to zero according to the value
of the angle ¢. In particular, < V,V >= 0, if ¢ = /4. Thus, the Einstein’s
scalar product is time reversal invariant and permits to classify all the vectors
depending on which angle they form with the gradient of the temporal field.
As we see, the temporal field and T-symmetry define Einstein’s form (9) as
the metric of the normal hyperbolic type. Hence, the gradient of the temporal
field defines the causal structure on the physical manifold and can be identified
with it. It is the physical meaning of the Einstein’s interval and mechanism of
formation of physical pseudo-Euclidean metric as well. It should be noted that
in our reasonings we did not use Eq. (5). This will become clear later under the
consideration of the variational principle.

Now we shall show that the causal structure (the gradient of the temporal
field) can be reduced to the canonical form (0, 0,0, 1) by the suitable coordinate
transformation at once in all points of some (may be small) patch of any point
on the physical manifold. Local coordinates with respect to which gradient of
the temporal field has the form (0,0,0,1) will be called compatible with causal
structure or intrinsic coordinates. It should be noted very important significance
of the system of coordinates compatible with causal structure since it is similar
to the Darboux system of coordinate in the theory of symplectic manifolds which
is a geometrical basis for the Hamilton mechanics. What is more, there are
transformations of coordinates which conserve the causal structure and these
transformations are analogous to the canonical transformations in Hamiltonian
mechanics.

Geometrically, the stream of time is defined as a congruence of lines (lines of
time) on the manifold. Analytically, the lines of time are defined as the solutions
of the autonomous system of differential equations

du? o Of s : .
el ¥ B [~ i _
Let ‘ ‘ _
u'(t) = @ (ug, ug, ug, ug,t) = @' (uo, t) (12)

be the solution to Egs. (11) with initial data ?(ug,to) = uf. Substituting u*(t) =
¢'(ug,t) into the function f(u', u?, u®, u) we obtain p(t) = f(p(ug,t)). By
virtue of (5) and (11), one finds

dp(t) Of du? B ijafﬁ_l

dt  Out dt 7 Outoul




It leads to f(¢(uo,t)) =t —to+ f(up). Suppose that all initial data belong to the

space section f(up, u3, u3, ul) = to. Rewriting this relation in the parametric

form u} = ' (x!, 2% x3), Egs. (12) can be written as the system of relations

u' = ¢ (xt, 2%, 23, 1). (13)

Functions (13) have continuous partial derivatives with respect to variable z', x2,
23, t and their functional determinant is not equal to zero. Since in the system
of coordinates x', 2,23 ¢ temporal field has a simple form f(z!, 22 23,t) =
f(@(z,t)) = t, then in this coordinate patch ¢; = 9;f = (0,0,0,1). Since coordi-

nates z', 22, 2% do not vary along the lines of time, then
dxt dt
2 g =0 =1.2.3) Z=¢g%=1
il » (k=123) — =g

Hence the functions ¢'(x!, 22, 23 ¢) design intrinsic system of coordinate of the
dynamical system in question. Thus, in the intrinsic system of coordinates

t; = (anvoa 1)7 gpA = Oa 944 = ]-7 ti = gijtj = gi4 = (0,0,0, 1);

which is what we had to prove. Therefore, it follows that in the system of
coordinates compatible with causal structure, metric (1) takes the form

ds? = g (xt, 2%, 2% t)dat da” + (dt)?, p,v=1,2,3, (14)

since t; = gijtj = gi4.

So, for any point of physical manifold we can indicate a local coordinate
neighborhood with the coordinates compatible with causal structure. Covering
manifold with such charts we get atlas on the manifold that is compatible with
its causal structure. In this atlas the field equations have the most simple form
in the sense that all components of the gradient of temporal field take numerical
values. We see that causal structure is analogous to the symplectic structure of
the Hamiltonian mechanics.

From the above consideration it also follows that variable ¢, parametrizing
the line of time, can be considered as coordinate of time of the physical system
in question. This name is justified particularly by the fact that the rate of change
with time of any field is equal to the partial derivative with respect to ¢, i.e.,
D, = 0/t in the system of coordinate compatible with causal structure (see,
for example (6)). This is very important point since we see that the intrinsic
coordinates give the possibility to write all equations in the form analogous to
the canonical form of the Hamilton equations.

Furthermore, if we reverse time putting t* = —t’, then the lines of time
will be parametrized by new variable £. From Egs. (11) it is not difficult to
derive that there is one-to-one and mutually continuous correspondence between



the parameters ¢ and ¢ given by the relation £ = —t. From here it is clear that
in the system of coordinate defined by the time reversal, the variable —t¢ will be
the coordinate of time. Thus, the general covariant definition of time reversal
given by (7) is adjusted with the familiar definition that is connected with the
transformation of coordinates. Finally, we note one more important fact related to
the intrinsic coordinates. Transformations (8) take the well-known form t — ¢t +a
in the system of coordinates compatible with the causal structure.

2. GEOMETRICAL LAWS OF THE GRAVITATIONAL FIELD

Consideration made above gives the evident geometrical method of con-
structing Lagrangians in gravity physics. It is clear that geometrical laws of the
gravitational field are defined by the Lagrangian L = R, where R is a scalar
that is constructed from the Einstein’s gravitational potential in the standard way.
Since the Einstein interval is defined by the two fields connected by Eq. (5),
it is necessary to pay special attention when deriving the equations of gravita-
tion field. A standard method is to incorporate constraint (5) via a Lagrange
multiplier ¢ = e(u), rewrite the action density for gravity field in the form
L, = R+ e(gt;tj — 1) and treat the components of the fields g;; and f as
independent variables.

Let us consider the action

1 1 y
A= i/R\/§d4u+/Lm(§,F)\/§d4u+ §/e(g”titj —1)/gd*u, (15)

where g = Det(g;;) > 0 and L,,(g, F') is the Lagrangian density of the system
of other fields F' which incorporates the Einstein’s gravitational potential in the
conventional form. Such geometrical method of introduction of causal structure
into the geometrical equations of fields does not require special explanation but
it is not evident how from geometrical laws to derive dynamical laws (the form
of which was defined earlier). This problem will be solved here in the two
important cases. It will be demonstrated how from the geometrical laws of the
electromagnetic field to derive the Maxwell equations for the electric and magnetic
fields in general covariant four-dimensional form (notice that this problem remains
unresolved up to date). In other case, we shall derive general covariant dynamical
laws of the gravitational field from the geometrical laws of this field. In the
framework of the questions discussed, now we would also like to mention that
Riemann—Cartan geometry [11] is defined by the connection

L;‘k = F;‘k + T;k + QilTl?ngmk + 9" T3k gmj

where Tjk, is the torsion tensor. Hence, it is natural to incorporate the temporal
field into this geometry by replacing g;; on the Einstein gravitational potential g;;.



Since Einstein’s gravitational potential is the function of g;; and f, it is
convenient to use the chain rule. We have R = §“6R;; + R;;0g" . Further, we
denote the Christoffel symbols as I‘;-  and I‘; i belonging to the fields g;; and g;;,
respectively. From (10), after some calculations, we obtain

Tiy =T + Hiy., (16)
where
H;k =n"(Vni + Vinj) + (2n'n! — g“)(njé,yc” + 150" ) (Vinny — Ving,).

In last formula V; is covariant derivative with respect to the connection I‘;k. It
is easy to derive from (16) that f‘gk = I‘gk,, and hence §*/ 5Rij can be omitted as
a perfect differential. Varying now g%/, we get
83 = 69" + PH5g" + QR84 f,
where N o A _ _ ‘ ‘ A
Py =2n'n'ngng — n'(ngd] +nid}) —n’ (nkd; + nidy,),
Qiik — 2 (2ninin® — night — i gik),
(t,t)
A tensor field P,z{ is symmetrical in covariant and contravariant indices.

Let G;; = Ri; — %gin be the Einstein’s tensor. Further, we put Lp =
%Mij 0g*, and introduce by the standard way the energy-momentum tensor 7;; =
M;; — gi; Lr. Observing that

Gij + g P = gi, 9;Q7" = nin;QVF =0,

it is easy to verify that a total variation of the action (with neglect of a perfect
differential) can be presented in the following form:

sA= / (Ai;0g" + BSf + e (gVtt; — 1)) /gd'u, a7)

where
kl kl 1 kl
Aij — Gij + le]Dij + ilij + ilklaj + 5titj — —¢ (g trt; — )gija

B = -V, ((Gz] + Tij - €titj)Qijk) - 2vk(€tk).

One can consider tensor Pz-’}l as operator P acting in the space of symmetrical
tensor fields. The characteristic equation of this operator has the form P2 +2P =
0, and hence (P + 1)2 = 1. Thus, operator P + 1 is inverse to itself. Since

10



titj + taty Pl = —t;t;, from (17) it follows that in the framework of considered
here concept of time the Einstein equations have the form

Gij+Tij =<0, f0;f, ¢"0if0;f =1, (18)
Vi(eth) = 0. (19)

Equations (18) constitute the full system of geometrical equations of the
gravitational field. As is shown above, these equations emerge from the first
principles of gravity physics formulated by Einstein. Equation (19) expresses the
law of energy conservation in gravitational physics which, evidently, is general
covariant. To make sure that we indeed deal with conservation of energy, it is
sufficient to figure out that action (15) is invariant with respect to transformation
(8). Thus, Eq. (19) results also from the Noether’s theorem. It is also clear that
the Lagrange multiplier € has a physical meaning of energy density of the system
in question. From Egs. (18) it follows that

£ = Git'tl + Tit'th =4+ e, (20)

where £, = G;;tit/ = %Rijgij is energy density of the gravitational field and
em = Ti;t't7 is energy density of other fields. Consider the law of energy
conservation from the various points of view. First of all, we consider link
between (18) and (19).

The so-called local energy conservation is written as follows vV, T4 = 0,
where T = T},;5%§7' and V; is covariant derivative with respect to f‘;k These
equations are fulfilled on the equations of the fields F' that contribute to the
energy-momentum tensor. Since V;G% = 0 identically, from the Einstein’s field
Egs. (18) it follows that

ViT9 = et!(Vit?) + 7V, (eth).
From (5) and (16), we get f‘;k =T, + 2t'Vt, and finally we have
@iTij = thi(eti).

In view of this, the energy conservation law can be treated as the condition of
compatibility of the field equations. In this sense, the law of energy conservation
is analogous to the law of charge conservation.

Show that rate of change with time of the energy density D;(,/ge) equal to
zero and hence this quantity is a first integral of the system in question. We have
Dy(y/ge) = t'0;(\/9g) + /9e0it" = 0;(\/get?). Since /gV(et*) = 0;(,/get?),
from the law of energy conservation (19) it follows that energy density is the first
integral of the system

Dy(,/ge) = 0. 1)

11



In the system of coordinates, compatible with causal structure, this equation has
a more customary form

2 (Vi) =0

Compare the law of energy conservation with the law of charge conservation
which can be written in general covariant form as follows V;J! = 0. Putting
JE=ti(t, J)+ J = ti(t,J) = pt' + P', we find that D;(\/gp) + 0;(/gP") = 0.
Thus, we see that the charge density is not, in general, the first integral of the
system while energy density always is.

Equations (18) are geometrical and from the physical point of view it is not
evident that they express the fundamental dynamical laws of the nature. This
is not a simple exercise to derive from (18) physical laws of the gravitational
field and we first consider more easy (but very important as well) problem. We
derive the general covariant Maxwell equations from some natural geometrical
equations.

3. TIME IN THE THEORY OF ELECTRIC AND MAGNETIC FIELDS

Let A; be the vector potential of the electromagnetic field. Let us define
the gauge invariant tensor of electromagnetic field as usual Fj; = 0;4; — 0;A;.
According to the principle of gravity physics we introduce temporal field into the
theory of electromagnetic field through the gauge invariant and general covariant
Lagrangian
1 s
Lem = ZFiijlgzkg]l
with the energy-momentum tensor

T;j = FFjg™ — GijLem.

The equations for the tensor Fj; can be written in the form

* .. ~ ..
ViF7 =0, V=0, 22)
where 1
FV = 5eWM By, PV = Fug™g’,
and €%l are contravariant components of the Levi-Civita tensor normalized as

e1234 = /9. Now we shall derive from geometrical laws of the electromagnetic
field the general covariant four-dimensional Maxwell equations for the electric
and magnetic fields which, in fact, express the fundamental physical laws. First
of all, we formulate the main relations of the vector algebra and vector analysis
on the four-dimensional physical manifold which is interesting by itself.
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A scalar product of two vector fields A* and B’ is defined by Riemann
metric (1) as earlier. A vector product of two vector fields A* and B® we shall
construct as follows:

Ci = [AB]Z = eijkltjAkBl.

Here, the crucial significance of the temporal field should be emphasized. It is
evident that [AB]+ [BA| = 0. From geometrical point of view a vector product is
a vector field that is tangent to any space section of the manifold in any point. By
the direct calculation it can be shown that |[[AB]| = |A||B|siny, [A[BC]] =
B(A,C) - C(A, B).

Differential operators of the vector analysis on the physical manifold are
defined as natural as algebraic ones. For the divergence and gradient we have,
respectively,

divA = %ai(\/gm), (grad )" = (g7 — t't))0;0 = g7 0;¢ — t'Dy¢p

and, as a consequence,

1 1

divgrad ¢ = ﬁai(\/ggijajfﬁ) \/gai(\/ﬁtithi)) =V;V'g — Vi(t' D).

A rotor of the vector field A is defined as a vector product of 9 and A
, - 1 ..,
(rot A)" = e”kltj(‘)kAl = Ee”klt]’(ak/h — 01 Ag).

It is easy to verify that rot grad ¢ = 0. It is evident that all operations so defined
are general covariant.

There is only one direct way to derive from geometrical Egs. (22) the
fundamental physical laws first formulated by Maxwell. Consider the rate of
change with time of the potential of electromagnetic field. By definition, we have

DtAi = t’“é)kAi -+ Aké)it’“ = tk(é)kAi — &Ak) -+ 8i(tkAk) = thki — &gb,

where ¢ = —tFAy. Thus, the rate of change with time of the electromagnetic
potential can be presented as the difference of two covector fields with one of
them having the form

E, = t*Fy. (23)

From this, it follows that strength of the electric field is general covariant and
gauge invariant quantity that is defined by the equation

E; = t"Fy, = —DyA; — 0.
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Now, it is quite clear that general covariant and gauge invariant definition of the
magnetic field strength is given by the formula H* = (rot A)*, and hence

H; =t"Fy, (24)

where ];ij = gikgjl]?kl. It is evident that t'H; = t*F; = 0.

Now it is not difficult to derive the Maxwell equations for the electric and
magnetic fields precisely from geometrical Eqs. (22). Resolving Eqs. (23), (24)
over Fji, we obtain

Ej = —th'Ej + tjEi — EijkltkHl. (25)

Thus, on the physical manifold there is general covariant one-to-one algebraic
relation between the electric and magnetic fields and tensor of the electromagnetic
field that is defined by the temporal field. Out of (25) we find

Fii = _fH L H — My By U — T B ek, (26)

Substituting (26) into (22), we shall obtain the dynamical Maxwell equations for
the strengths of the electric and magnetic fields in the following general covariant
and gauge invariant form

1 1
rot B = —ﬁDt(\/ﬁH), rot H = ﬁDt(\/ﬁE) 27

From Egs. (27) it follows that

Dy(9;(v/gH")) =0, Dy(9;(\/gE")) =0,

and therefore the dynamical equations are compatible with constraints. From
Eqgs. (27) one can also derive that

Di(y/gtiE") =0, Dy (\/gt;H") =0,

which shows that the orthogonality of electric and magnetic fields to the gradient
of the temporal field may be considered as the initial conditions.

Thus, it is shown that the principles of the theory of time and gravity physics
are in full correspondence with the fundamental physical laws, and hence they can
be considered as a method to derive new fundamental equations. To complete this
discussion with the Maxwell equations as the main topic, we write the expression
for the components of the energy-momentum tensor in terms of electric and
magnetic field strength

1
Tij = 595 (1B + [H?) = B.E; = HiHj = 611 — t;1T;, (28)
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where II; are covariant components of the Pointing vector
" = e*¢, B H), T = [EH].

From (28) and definition given above we find the energy density of the electro-
magnetic field

1
Em = 5(E2 + H?)

which is a reasonable result.

Let us now assume that the electromagnetic field is considered on the back-
ground of the physical manifold of some full system of fields. Let it be known
also that for gravity field of this system the equation D;g;; = 0 holds valid. In
such approximation, when physical manifold is external with respect to the elec-
tromagnetic field, it can be shown that the energy density of the electromagnetic
field satisfies the equation

1 _
ﬁDt(\/E&n,) + ViII' = 0.
It is exactly the energy conservation law of the electromagnetic field in the above-
mentioned approximation.
To conclude this section, we mention the existence of the Lagrangian

LCS = %tzA]ﬁw,

that is not invariant with respect to time reversal. The modification of electro-
dynamics due to the Lagrangian of this form was considered in [12], where an
analogue of the gradient of the temporal field was introduced and interpreted as
a mass of the photon. It would be very interesting to reconsider the results of
paper [12] from the new point of view presented here.

4. PHYSICAL LAWS OF THE GRAVITATIONAL FIELD

Now we have an important experience that allows us to write geometrical laws
(18) in the form of physical equations of the gravitational field analogous to the
Maxwell equations. The guiding idea is very simple. The equation div E = 47p
is tightly connected with the charge conservation. Thus, our goal is to find
gravitational analog of this equation which should be connected with the energy
conservation in a manner similar to the conservation of the electric charge.

To this end, we first of all introduce the important notion of the momentum
of gravitational field, i.e. quantity which is analogous to E;. Consider a tensor
field of type (1,1)

o1, 1, : :
Py = 59" Dugji = 59" (Vits + Vit;) = g™ Vit = V1",
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A tensor field so defined will be called the momentum of the gravitational field
or simply the momentum of the field. Give some important relations for the
momentum

tiPj =0, t/P; =0, g¢"*Plg;=PFj,

Dy} = 'V P}, ViPf = V;Pf = Ri*t!,
Diljy = ViPi+ Vil = " ViP]", - Dig = 99" Dogan = 2F.

As the following step in the required direction we shall write Eqs. (18) in the

following form:

~ 1. 1
Rij +Tij = 59iT = 595 €, (29)

where T = Tijgij. If we start with Egs. (30), we get by contraction (20) and
R=c+ T, and so we can get back to (18). We may use either (18) or (30) as
the basic equations.

With (5) and (16) we get Ri; = Ri; + Vi(t'D;gi;) and hence g**Rj), =
R! + 2D, P} + 2P} P}. Introduce the tensor fields

Bj = hiRihj + DoPj + PPy, Nj = Wi = STh,
where h; = 5;- —t't; is projection operator hzhf = h; We next define the energy
flow vector of the gravitational field
Gi = ViPF = 0:P{ +t;(P' Pl + D, Py)
and the energy flow vector of other fields
Hi =E&m ti — Tiktk.

It is evident that (¢, G) = (¢,1I) = 0. With this we can derive from Egs. (30) the
following system of equations:

R T
DyPj + PiP; + By + Nj = ce b G0

G; =11, €29

and vice versa. Our statement is that Egs. (31) represent in general covariant
form the physical laws of the gravitational field similar to Maxwell Eqgs. (27).
To emphasize this analogy, we write Egs. (31) in the form
L Du(yGPl) + Bi+ NI = Lo
% +(v9Pj) + B + ;= 58
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and add that like equation divE = 0, Eq. (32) may be considered as constraint
since from (31) it can be derived that

Dy(G; —1L;) + PF(G; — TI;) = %Dt(\/ﬁ(Gi —11,)) = 0.

The last equation means also that Eqgs. (31) and (32) are compatible.

Equation (32) has very simple physical sense that the energy flow vector
of the gravitational field is exactly equal to the energy flow vector of other
fields. For the energy density of the gravitational field we have e, = %Rij g4 =
R+ (P})? 4+ DyP! =T + U, where

1 . 1 .
T = 5(P;)2 — 5P;P; (32)
is a density of kinetic energy and
1 1, 1 . .
U= SR+ 5(P)?+ 3PP + DiP} (33)

is a density of potential energy of the gravitational field.

For the better understanding of the last constructions we shall consider the
general covariant dynamical laws of the gravitational field in the atlas compatible
with causal structure. With respect to the coordinate transformations that conserve
causal structure the quantity g, (¢, z*, 2%, 23), (p,v = 1,2, 3) from metric (14)
transforms as the symmetrical tensor, and di? = g, (t,z', 22, 2%)dx*dz” may
be considered as the metrics of the space sections of the physical manifold. For
this one parametric set of three-dimensional metrics we can consider Christoffel
symbols L% and covariant derivative V, with respect to the L%, Riemannian
tensor curvature S,,,", tensor Ricci S, = S,.0" and scalar curvature S =
g"" S = SI as usual. In the atlas compatible with causal structure we have
LE =T Pl=Pi =0 B! =B =0,(=1,23,4) and what is more
important that

Bl =St R+ (P))?+ PP/ +2D,P =S
Thus, out of (33), (34) we get for the densities of the kinetic and potential energy
of the gravitational field following representation:
1 1
2 2

Now we write Egs. (31) and (32) in the atlas compatible with causal struc-
ture under assumption that T;; is the tensor of the energy-momentum of the
electromagnetic field. In this case,

1
T = -(PJ)>— -P/P}, U=3S.

1
Nl =T} = S(E* + H*)8) — EE, — H'H,
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is the Maxwell stress energy tensor. Thus, we can write basic Egs. (31) and (32)
in the following form:

. 1
P+ PP+ SE+TH = 5555, (34)

V,P! —,P¢ = [EH],, (35)

where dot stands for partial derivative with respect the variable ¢. From Egs. (35)
and (36) it follows that the Cauchy problem for the gravitational field is not more
difficult than for the electromagnetic field.

In the above consideration we derived the law of energy conservation from
very general geometrical laws. It is very important from the physical point of
view to consider energy conservation on the basis of Maxwell equations and
physical laws of gravitational field (35), (36). In the atlas compatible with causal
structure the Maxwell Eqgs. (27) read

EF 4 PCEM = eM?9,H,, H"+ PJHM =——c"?9,E,.
Taking into account that g,, = 2gl,gP/j’ , one can derive from the Maxwell

equations the formula
Em + Pleym = =V, II" = TIPY.
We have for the energy density of the gravitational field
., = PIE — PUPI 4 1§
Eg=1Lsl6 — utv + 5 :
From Egs. (35) it follows that this expression can be presented as follows:

. 1 v ¢ L pv
€g+ Pleg = 59” Suv + TP

Since %g””SW =V, G", for € = ¢4 + €, We have
é+PPe=V,G" — V,II".
Thus,
oL (VEE) = VA + PLE) = ,(V3G") ~ A(VAT). G6)

We may integrate this relation over a three-dimensional volume V' lying in the
space section of the physical manifold. For the energy in the volume V we
have W = [ €,/gdV. Consider the fluxes of the gravitational ®; = JQ,do” and
the electromagnetic @, = f II,do" energy, where integral is taken over the
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boundary surface of the volume V. Since the right-hand side of Eq. (37) can be
converted by Gauss’s theorem, from (37) we have the relation
0

8tW =&, — Ogpy.
Thus, the law of energy conservation (21) means that the fluxes of the gravitational
and electromagnetic energy flow in opposite directions and exactly equal to each
other. (We know that our sun is a surprisingly powerful source of the radiant
energy. Now it is evident that if there is the flow of gravitational energy in
the direction to the sun then we can say that our sun is the transducer of the
gravitational energy into the electromagnetic one).

Of course, Egs. (35) and (36) are compatible, since from Eqgs. (35) it follows

that 1 8
= ﬁ&(\/ﬁUM) =0,

where U, = G, — II,. Now we consider question about exact solutions of
Egs. (35) and (36).

U, + P2U,

5. EXACT SOLUTIONS

We have seen above that there is deep analogy between the energy and charge
and the gravitational and electromagnetic fields. Here we consider the existence
of solutions to Egs. (35) and (36) which reproduce the physical situation with
point-like distribution of the gravitational energy, i.e. €, = md(r), where m is
a gravitational charge of point source. This physical situation is analogous to
the point-like distribution of density of charge, when p = ¢d(r), where ¢ is an
electric charge of point source. Thus, we search the solution of the gravitational
equations analogous to the Coulomb potential. Starting point is the question about
static gravitational field.

Gravitational fields will be called static if the rate of change with time of the
gravitational potential is equal to zero, D;g;; = 0. In accordance with (6), this
condition can be written as

Dygij = Vit; +V,t; = 0.

It is evident that definition of the static gravitational fields is general covariant.
With this it is not difficult to show that the gravitational field generated by the
gravitational charge cannot be static.

We use the empirical (noninternal) representations about the spherical sym-
metry. In accordance with this in the atlas compatible with causal structure a
potential with spherical symmetry has the form

di* = A%dr® 4 B*(d#?* + sin? 0 d¢?),
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where A = A(r,t), B = B(r, t). For the nonzero components of the Ricci
tensor of this one-parametric set of metric we find the following expressions:

2

Si1 = 1B

’ ’ 1" B ’ ’ 1"
(AB —AB"), Sp=-g(AB -AB")+1-—

and Ss33 = Soysin®f, where prime stands for derivative with respect to the
variable 7. Hence, for the potential energy of this configuration we have

1 2 " 1 B2
UfiSfm(AB — AB Hﬁ(“ﬁ)'

To get U = 0 we immediately put B "= A . Remind that we aim to realize the
situation with a point-like distribution of the gravitational energy.
For the nontrivial components of the momentum we have

B
B7

A
Pl== P;=P=
1 A’ 2 3
where dot denotes partial derivative with respect to the variable ¢. The energy

flow vector of the gravitational field has only one nonzero component

2 . / ./
=—(AB — AB
Gl AB ( )7
and in accordance with relation A = B’ the equation G; = 0 is fulfilled. Thus,
we have two equations

2BB+B*=0, AB?+ ABB = 5AB?.
Now we use the other empirical idea about a spherical wave and put A =

A(r—t), B = B(r—t). From the equation for B only we find that BB% = m,
where m is a constant of integration (gravitational charge) and hence

o

B:mP—(r_t)}
2 m
SinceA:Bl,then
A—lz §(T_t) 3
2 m ’

and it is not difficult to see that second equation for A and B is fulfilled au-
tomatically. Thus, the Einstein gravitational potential can be presented in the
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following form:

2 13
i = a9 F (r t)] m2(d6? + sin? 0d¢?).
|:§ (r_t)i| 3 2 m

2 m

The solution obtained is known as Schwartzschild solution [13]. Since for the
kinetic energy we have 7' = 0, then we see that this solution really corresponds
to the situation described above and hence in definite sense it is an analogous of
the Coulomb potential.

Now we consider another very simple but important physical situation. The
idea about homogeneous and isotropic distribution of the gravitational energy may
be realized in the atlas compatible with causal structure by the one-parametric set
of metric

di* = a(t)do?,

where do? is the metric of the unit three-dimentional sphere, which in the four-
dimensional spherical coordinates has the form

do? = dyp? + sin® ¢ (dh?* + sin® 0dp?).
Now problem is to find a function a(t). We have

SH — 35#

a
H_— Z §H
v ag v Pu*a(suv

and hence for the density of the gravitational energy we get

3.
Eg:E( 2+1).

We know that 9(,/ge,)/0t = 0. Since /g = a®sin® ¢ sin 6, then by integrating
over the variables 1, 6, ¢ we get the following equation for a(t) from the law of
energy conservation

a(d® 4 1) = 2ag = const.

With respect to the new variable 7, such that dt = adn, the solution of the
equation in question can be presented in the following form a = ag(1 — cosn).
Thus, we get that emergence and evolution of the clot of gravitational energy is
described in parametric form as follows:

a=uap(l—cosn), t=ap(n—sinn).

We see that solutions presented here are tightly connected with the gravitational
energy.
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6. SUMMARY

It is shown that gravity physics is an internal field theory by nature which does
not contain apriori any external parameters and allows one to reveal important
internal properties of physical system when coordinates have no physical sense.
This means that physical sense of general covariance is recognized and there exists
a reparametrization-invariant description (see [9] for an excellent and detailed
survey on this subject).

The phenomenological energy-momentum tensor of perfect fluid plays an
important role in the astrophysical and cosmological applications of General Rel-
ativity. The predictions made in the present paper open the possibility to analyze
theoretical cosmology on the completely new grounds tightly connected with the
meaning of gravitational energy. In this regard, it is natural to assume that ob-
servable luminous matter is nothing else but the indicator showing the vortex
distribution of the hidden gravitational energy on the scale of galaxies as well as
on the scale of visible region of the Universe.

Another evident prediction of the theory is that the gravitational energy can
be identified with the dark energy and hence no phantom matter is needed.

From the suggested novel concept of time it follows that the flow of gravita-
tional energy should be quite usual phenomenon. In view of this, it is interesting
to look for and investigate the cosmological flows of electromagnetic energy
which have no evident sources.

Besides, from the theory of time presented here it follows directly that there
is matter outside the time. For example, the gravity field and the electromagnetic
field exterior to time are described by the equations

1
Rij — igin = gijFQ - Fiijlgkla
ViF7 =0, FY=Fug™¢", Fyj=0,4;-0;A,

where F? = %FijFij . Recall that the metric g;; is positive definite. In this
context it is very important to understand the nature of the emergence of time as
an objective property of physical systems and as distinctive order parameter.

From the theory formulated here it is clear that any straight-forward attempt
to change a natural course of physical processes is conjugated with enormous
expenditure of energy.
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