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1. INTRODUCTION

Here we deal with nonrelativistic scattering theory. To be more precise
we shall speak about neutron elastic and inelastic scattering, which is met in
condensed matter research. We limit ourselves to this case for the sake of sim-
plicity only. Everything we discuss here can be generalized to more complicated
processes.

The simplest process is elastic s-wave scattering from a fixed center, which
is usually described by the wave function

U = exp (tkr) — g exp (ikr), (1

containing an incident plane wave and a scattered spherical wave with a factor b
called the scattering amplitude. This amplitude has dimension of length, and it
gives cross section 47|b|?> with dimension of area.

Such wave function is not appropriate for description of scattering, because it
does not satisfy the free Schrodinger equation. According to quantum mechanics
we need an asymptotic wave function after scattering, which is a superposition of
free states satisfying the free Schrodinger equation. In the next section we show
how to do that by nonstationary and stationary methods.

The nonstationary method is well known, and in the 3rd section we briefly
discuss how this method is used in some textbooks [1,2]. These books are
considered as providing the proof of validity of the SST. However, their proof
is not correct, and we show where. The main point is: the proof starts with
an initial wave-packet state, and scattering probability is defined as a transition
from the wave packet state to the state of a plane wave. We claim that such
transition is impossible, because unitarity is violated. In the mentioned textbooks
unitarity is considered as equality of the number of plane wave components
before and after scattering. However, this equality means conservation of wave
packet normalization. So, to be consistent, we need to find the transition from
an initial wave packet state into a final also wave packet state, and in the section
4 we show how to do at least for elastic scattering of a wave packet on a fixed
center.

It is of a surprise to find out that the scattering probability of the wave packets
does not depend on impact parameter, though this fact can be well explained in



wave mechanics. However, to get cross section from the scattering probability
we need to add to the wave mechanics an additional hypothesis that scattering is
absent, when the target is outside of the wave packet.

In section 5 we consider scattering of neutrons from an arbitrary system,
taking into account that wave packets scatter like plane waves. The standard
approach starting with Fermi golden rule is criticized, and the direct way of
calculation of the scattering probability is described. In section 6, this approach
is applied to the neutron scattering on a monatomic gas. First we show how to get
standard formulas for total and differential cross section. After that we show that
the value of the cross section is uncertain, because calculation of it in different
ways gives different and even diverging expressions. We conclude that analysis
of scattering reveals catastrophic discrepancy inherent in quantum mechanics, and
we can only suggest some way to resolve this difficulty.

In the final section we give a summary of the paper, and sum up all our
reasonings and contradictions, which were met and resolved here.

2. ASYMPTOTIC WAVE FUNCTION

According to the standard quantum mechanics (SQM), if a system has eigen
states 1y, its initial state is v;, and the wave function after scattering is ¥, then to
find a result of scattering we need to expand ¥ over eigen states, i.e. to represent
it in the form

U=+ Y aigty, )
f

where a;; are expansion coefficients, and index ¢ in them points to the initial state
before scattering. It immediately follows from (2) that scattering is a transition
from the state v; to states ¢y, and probability of transition from the initial -
state to a definite final f # i-state is described by dimensionless magnitudes
wif = |a;f|*. The unitarity condition is

1+ aul®+ ) laif> =1. 3)
J#i

Summation in expression (2) means discrete spectrum, used here for the sake
of simplicity, however, it is not essential, and we can (and shall) deal also with
continuous spectra of quantum numbers 1.

Now we can show that (1) does not correspond to the above principles of
calculation of transition probabilities in quantum mechanics.



2.1. What is Wrong in SST . What do we do in SST? Eigen states of a
particle are described by plane waves ; = exp (ikr), but the scattered wave
function after, say, elastic s-wave scattering, is described by the spherical wave,
U = 4); x exp (ikr)/r, which is not an eigen state, and even is not a solution of
the free Schrodinger equation, because

[A + k?] = —47d(r), 4)

exp (ikr)
—
where the right-hand side contains the Dirac J-function, which is not identical
zero in all the space.

2.2. What Should We Expect According to SQM According to principles of
SQM we must represent the scattered wave function as a superposition of plane
waves

U = exp (ikr) — /f(Q)dQ exp (ikqr), (5)

where ( is a solid angle of the scattered particle, and f(£2) is dimensionless prob-
ability amplitude. Then the intensity of scattering into the angle €2 is described
by dimensionless probability

dw(Q) = |f()[*dQ, (6)

and the total probability w of scattering is dimensionless integral
w= [du@ = [1r@Pan, %

To satisfy unitarity we must write the incident wave with some amplitude
1 — f(0), then the unitarity condition will lead to

2Ref(0) = | f(0)]* + w. (8)

2.3. How to Meet Our Expectation. To be consistent we need to find
asymptotic limit of the wave function (1). It is possible to do that in two ways:
to find stationary function after scattering at long distances from the scatterer, or
to find nonstationary wave function at long times ¢ — +o0.

2.3.1. Asymptotic of Stationary Function at Long Distances. The formula (1)
can be improved immediately, if we use Fourier expansion for the spherical wave:

exp (ikr) i

. . d?p|
. = %/exp (ipyr + ip:|2|) P ©)




where we fix the direction from the scatterer to the observation point as z-axis,
and integrate over all components p) parallel to z,y plane with z-component of

the momentum being equal to p, = , /k2? — pﬁ.
The range of integration over P (9) is infinite, and, in particular, it includes

those p), for which pﬁ > k2. At these p| the component p. is imaginary,

and exp(ip.|z|) is an exponentially decaying function. If the distance to the
observation point is large enough (later we discuss what does it mean «enough»),
we can neglect exponentially decaying terms, and restrict integration to pﬁ < k2%

exp (tkr 1 . . d*p
oxp (ikr) ~— / exp (ipr + ip:|2|) L (10)
T 2w Pz
P <k?
In this integral we can substitute
Epp oy 2
— =d’pd(p°/2 - k7/2)0(p.z > 0), (1)

z

where p? = pﬁ + p2, p, is a variable, and we introduced the step function
O(x), which is unity or zero, when inequality in its argument is satisfied or not,
respectively. Substitution of (11) into (10) gives

%jkm - i /exp (ipr)O(p.z > 0) d*pd(p® /2 — k*/2) =

= ﬂ/exp (ikqr)d), (12)
27
4

where kq is the wave vector of the length k pointing into the direction €2 in the
element dS of the solid angle €.

Let us now find what values do we neglect excluding exponentially decaying
terms from the integrand. For that we calculate the integral

1 . d2p|| 1 d2p|| 1
e / exp(—plz +ipr|) o <3 / exp(—p.r) e (13)
P} >k? : pi>k? -

where p, = ,/ pﬁ — k2, and we replaced z by the distance r between scatterer
and observation point.



Thus we have found the asymptotical form of the wave function after scat-
tering

U(k,r) = exp (ikr) — éexp (ikr) = exp (ikr) — Zb—k /exp (tkqr)dQ), (14)
r ™
4m

which is equivalent to (5), with scattering probability amplitude
ibk b
f(Q) = o (15)

and scattering probability

(@) = |7@)an - |

; (16)

> o

>| o

2
aQ, w= /dw(Q) =4
4m

where A = 27 /k is the neutron wave length. We see that (1) is reduced to (14),
when we neglect the terms of the order b/r. Since the decision to neglect or not
to neglect this term is at will of the physicist, then the distance r from the center
is not asymptotical one, being even of light years size, if he does not neglect it.
On the other side, the distances of the order 1 A are asymptotical ones, if b/7 is
neglected.

2.3.2. The Nonstationary Derivation of Asymptotic Wave Function at Large
Times t — oo. To find nonstationary asymptotic of the wave function (1) it is
sufficient to include in it the time-dependent factor exp (—iwyt), where wy =
k?/2, and to use Fourier representation

o(r,t) = g exp (tkr — iwit) =

_ b / p exp (ipr — iwyt) wp, =p2/2, (17)
= (271—)2 wp—wk—ie p p kt), p—p ’

for the spherical wave.
We can add and subtract iw,t in the exponent, and represent the field (17)
as a superposition of plane waves

5y = / F(p,t) exp (ipr — iwyt)dp, (18)

with amplitudes
~ b exp (ilwp, — wit)
f(pa t) - (27’()2

; 19)

wp — Wk — 1€

which depend on time ¢.



Now we use the evident relation

t
exp (ilwp — wilt) _ / exp (iw, — wilt')dt’, (20)
Wp — W — 1€

which in the limit £ — oo gives the law of energy conservation

t

ilim [ exp (ilw, — wi]t')dt = 2mid(w, — wi) = 4mid(p® — k%), (21)
—00

In this limit (18) is

oy = / i exp (ipr—iwpt)d>pd (p* —k*) = Zzb—k /dQ exp (tkqr—iwit), (22)
™ ™
4

and we get dimensionless scattering probability amplitude (15) and the total
scattering probability w = 47|b/A|?, which coincides with (16).

2.4. Scattering Cross Section. We found dimensionless scattering probabil-
ity, but almost all the experiments are interpreted in terms of scattering cross
sections. To get a cross section we are to introduce a front area A of the inci-
dent particle wave function, and suppose that scattering takes place only, if the
scattering center crosses this area.

Let us compare experimental and theoretical definitions of the cross section
in an experiment schematically shown in Fig. 1. If the detector registers N

Fig. 1. Definition of cross section for a single atom



neutrons per unit time, then the total probability W for a single neutron to be
scattered in the sample into the given direction is

o N N

N =78 (23)

where J is the neutron flux density, S is the area of the sample immersed into
the neutron flux, and N; = JS is the total number of neutrons incident on the
sample per unit time.

The scattering probability w; per unit atom is defined as

= — 24
N (24
where N, is the number of atoms on the way of a single neutron. If the neutron
wave function has area A, then the number of atoms N, is equal to Ny Ad, where
Ny is atomic density and d is the sample thickness. From (24) we immediately
find the scattering cross section of a single neutron per single atom

w N, N, N
Nod N;Nod JSNod  JNyV’

o= Aw; = (25)

where V' is the sample volume V' = Sd. The second equality in (25) defines
experimentally measured quantity for a thin sample with area .S wider than the
beam area, and the last equality defines the experimentally measured quantity
for a small sample with area S smaller than the beam width. To interpret the
measured quantity as a cross section we must compare it to Aw;. Of course,
this A includes also dimension of the single nucleus, so for a point neutron the
cross section can be interpreted as cross area of the nucleus. However, in this
case we have a paradox: sometimes the cross section ¢ is several orders of
magnitude larger than the nucleus area. We avoid the paradox, if accept that A
is considerably larger than nucleus.

It is important to note that the neutron-nucleus scattering process is a conse-
quence of a short range interaction. However, this short range interaction becomes
a long range one because of properties of the neutron wave function. This long
range property is demonstrated in such effects as total reflection and diffraction
in crystals. To calculate probability of these effects it is sufficient to suppose that
the wave function is a plane wave. Introduction of the finite front area means
that the particle wave function is not a plane wave, but a wave packet.

This wave packet cannot be spreading, because, if it were, the transmission
of the sample would decrease, when sample is shifted from source to detector,
and no one, in our knowledge, had ever observed such a phenomenon.



One of the possible candidates for the nonspreading wave packet is the
singular de Broglie wave packet (dABWP) [3-5]

s ) . exp (—s|r — vt
t) =4/ kr —iwt) ———— 26
Yap (T, t) 5 OXP (ikr — iwt) P R (26)
where w = [k? — s2]/2, s determines the packet width, and v is wave packet

velocity, which in our units m = i = 1 coincides with the wave vector k. The
front area of (26) can be estimated as Ayp = m/s?. This area is considerably
larger than interatomic distance, because of long range interaction with many
atoms, so the dimensions of nuclei can be neglected.

3. THE PROOF OF SST IN TEXTBOOKS AND ITS FLAW

The reader may doubt our definition of the cross section having in mind
that in such well-known books as those by Goldberger & Watson [1], and by J.
Taylor [2] wave packets are used to proof correctness of SST. We briefly outline
here their proof and show its flaw. The main point is the following: the incident
wave packet |¢) is represented as the Fourier expansion [ d*pa(p)|p), where |p)
is a plane wave with wave number p, and a(p) are Fourier coefficients. After
scattering this wave packet is transformed into

/ d*pa(p)|p’)d®p' (p|S|p) = / d’p'b(p")|p’), 27)
where S is S -matrix, and

/
o) = [ @1SIplalp)as. 28)
The scattering probability is defined as
dw(p') = [b(p)*d’p, (29)

i.e. the scattering probability is defined by Fourier coefficients of the expansion. It
is the same as for free wave packet to define scattering probability by |a(p)|?d>p.
Below we present more details of this proof and arguments against its validity.

3.1. Steps to the Proof

1. In this proof a wave packet |¢) for initial state of incoming particle long
before scattering is introduced. In this state the particle is far from scatterer
(target) and therefore its dynamics is described by free Hamiltonian Hy:

|6(t)) = exp (—iHot)|¢). (30)



The wave packet is represented by Fourier expansion over plane waves
9)= 16000 = [ d*pak - p)lp). (1)

where k is momentum of the packet, |p) is eigen function of the momentum
operator: (r|p) = exp (ipr), and a(p) are numerical coefficients.

2. A wave function |¥) of the particle at the interaction moment ¢ = 0
is introduced. At that time dynamics of the particle is described by the full
Hamiltonian H containing interaction potential V. The time dependence of this
function is determined by expression |¥(t)) = exp (—iHt)| ).

3. Two above functions |¥) and |¢) are related to each other by requirement
that at ¢ — —oo the wave function exp (—iHt)|¥) asymptotically transforms into
exp (—iHot)|¢), i.e. at t — —oo we have

exp (—iHt)|¥) — exp (—iHot)|®), (32)

or
) = Qifg), Qi = lim UO,1), UO,1)=eMe ™0 (33

The limiting operator €2 is called Méller operator [2].
4. According to (33) the operator U (0, t) satisfies the differential equation

i%U(O,t) = —e'ty e Hot, (34)

because H — Hy = V. It follows from this equation that

0
0y =1—i / S L T (39)

—0o0

and

0
W) = 1—¢/dt’ein’ve*iH0t’ |¢) =

0
:/dBpa(k—p) 1—¢/dt’ei(H—Ep>t’V Ip), (36)
— 00

where we used the relation exp (—iHot)|p) = exp (—iEpt)|p).



Integration of (36) over ¢’ leads to

/d3pa(k - p) [1 - #p_%‘/} lp) = /dgpa(k —p)[Yp), (37

where the function [¢)p), which replaces plane waves at the time, when interaction
is acting, is introduced.
5. This function is

1
=|1-—=—V . 38
o) = 1= =gV |19 (9)
It satisfies the full Schrédinger equation with interaction

(H — Ep)lYp) =0 (39)

and in agreement with standard representation contains the incident plane and
outgoing spherical waves.
6. Using the following identity

we find that
H—Elp—ie:Ho—;p—ie(l_V#p—ie)' “h
Therefore |1)p) is transformed to
1
[Yp) = [1 - mﬂ p), (42)
where )
T=V- va. (43)

7. An asymptotical state |x) of the particle after scattering is defined. Its dy-
namics is again determined by the free Hamiltonian Hy: |x(t)) = exp (—iHot)|x)-

This state is also a wave packet |x) = [ d*p|p)as(k,p).

8. A correspondence between |i)) and |x) is established by the requirement
that at ¢ — 400 the wave function exp (—iHt)|¥) transforms into exp (—iHot)|x):

exp(—iH?)|¥) — exp(—iHot)|x), (44)

10



or

) = Jim e[ Bpall — p)lup) =

t—o0
Y / Ppalk — p) e~ P |p), (45

where in the last equality equation (39) is taken into account.
9. The function [¢p) is expanded over plane waves. Then (45) becomes

t—o0

Ix) = lim [ d®pa(k — p) / d’p' Tt p') (p||p) e, (46)
with account of exp (iHot)|p') = exp (¢E,t)|p’). Substitution of (42) brings

x) = lim [ d°p/|p’) / d*pa(k — p)x

ei(Ep/ —Ep)t

X lfs(P -p) - m(lﬂﬂ@] SNCY)

10. It follows from (20) that
Ix) = /d3p’lp’> / d*pa(k — p)[5(p — p) — 2mid(Ey — E,)T(p',p)] =
— [ @) [ EpipiSiplat - p). 68)

where T'(p',p) = (p'|T|p), and scattering matrix S with matrix elements
g
(P'|S|p) = 6(p — p') — 2mid(Ey — E,)T (P, p) (49)

is introduced.

3.2. The flaw of the Proof. Above we presented main steps to the proof, but
not the proof itself. The steps are correct and they demonstrate that our approach
to get asymptotical state after scattering (compare (20), (21) with (47), (48)) is
well justified.

Now we show the next step to the proof, which is not correct. This step
introduces probability of scattering. It is suggested that after scattering detectors

11



register not a wave packet but a plane wave, so the probability of scattering from
the state of the wave packet

16) = |6(k)) = / dpa(k - p)|p)

with momentum k into the plane wave |p’) with momentum p’ is

2

dw = & |(p|)I? = dp / p(p'|8Ip)alk — p)| . (50)

Since the state |p) is nonnormalizable, such a definition violates unitarity: the
normalized state transforms into nonnormalizable, so the norm is not conserved.

In all the textbooks pointed above the unitarity is considered as equality of
number plane wave components in the initial and final wave packets, but not as
equality of norms of the initial and final states. We think it is not correct.

From unitarity of the S-matrix it follows that norm of the wave function is
conserved, so if |¢) is a wave packet normalized to unity, then the final wave
function |x) after scattering must be also normalized to unity. It would be more
consistent, if the final state is represented as a superposition of wave packets

Ix) = / I’k'b(k — K')|p(K")), (51)

and b(k — k') = (¢(k')|S|¢(k)) defines the amplitude of transition probability
from the wave packet state |¢(k)) with momentum k into wave packet state
|¢(k’)) with momentum k'.

In fact, in the books [1,2] and others only scattering of plane waves is
considered, and the initial wave packet defines only spectrum of plane waves in
the incident beam. However, in this case it is more accurate to find probability
amplitude of the plane wave scattering

df = —2miT(p',p)d(p* /2 — p*/2)d’p’ = 2mipT (p, p)dQ (52)
into solid angle element d)’, to make with it the probability of scattering
dw = |2mpT(p', p)|2ds,

and to average this probability over the spectrum of initial states

<dw>= | [ lalk - p)PdpizmT ol P | a5 (53)

12



However, in this case we obtain only dimensionless probability, and it is im-
possible to find a cross section because plane waves do not have finite dimension
of the wave front.

With definition (50) of scattering probability it is possibly to define the
scattering cross section but even in this case, to get a cross section from probability
you need an additional hypothesis, which was never clearly formulated because
it looks evident from the common sense.

3.3. Transformation of Probability into Cross Section. This transformation
is slightly different in different books, and it is useful to look at this difference.
We present here only two ways presented in books [1,2].

3.3.1. Transition to Cross Section According to Goldberger & Watson. Ac-
cording to (50) the scattering probability is defined by the Fourier coefficient in
expansion (48) over plane waves |p’):

dw = d3pl(27'r)2T(p'7p1)T*(p'7p2)a(k - P1)a*(k - p2)><
x d*p1d®pad(pi /2 — p5/2)0(p /2 — pi/2), (54)

it means that the incident wave packet is considered as a coherent unity, and not
as incoherent superposition of plane waves in the incident beam.

The momenta p; and p, in matrix elements T'(p’, p; ,) are replaced by
the average momentum k of the initial wave packet. As a result we obtain:
T(p',p,)T*(p',py) ~ |T(p',k)|>. The momentum p; in &(p'?/2 — p?/2) is also
replaced by k, and in result the product d®p’§(p?/2 — p?/2) is transformed to
kdSY, where Q' is the solid angle in the space of vectors p’. The J-function
§(p?/2 — p3/2) is represented as

S(wt/2 - 93/2) = o [ deexp it} - 3)/2), (5
—o0
The difference p? — p3 in the exponent is replaced by
pi = p3 = (1 +P2) (1 — p2) = 2k(p; — Py). (56)
After that expression (54) becomes
dw = dVk27|T(p', k)|? / dt|o(tk)|?, (57)
—o0

where the representation

o) = (r16) = [ palh = p)irlp) = [ Epalh - pexplipr) ()
of the wave packet |¢) is used.

13



If we choose the coordinate system with z-axis along k, then (57) becomes
identical to

dw = A2 | T(p! k)2 / d216(0,0, 2)%. (59)
—0o0
Since the wave packet ¢ is normalized to unity

/ Erig(r))* =1, (60)

the integral [[¢(0,0,z)|?dz has dimensionality 1/cm?, therefore it can be con-

sidered as density of the incident particles J. It follows immediately that

do — d7w =dQ'27|T(p', k)%, 61)

and the obtained cross section does not depend on the form of the wave packet.
However it is important to note, that the target scatterer is supposed to cross
through the wave packet |¢).

3.3.2. Transition to Cross Section According to J. Taylor. According to (57)
the scattering center crosses the wave packet of the scattered particle, and at the
moment ¢t = 0 it coincides with the packet center [1], as is shown in Fig. 2. Just
because of that the expression contains ¢(kt):

(k) = (116)] g, = [ d*pall ~ p) exp (iph) (62)

instead of ¢(r) (58).

z =kt

Fig. 2. Position of scatterer at ¢ = 0 with respect to wave packet of scattered particle. On
the left-hand side the packet center coincides with scatterer. Such a position is used in [1].
On the right-hand side the position of the packet center is characterized by the impact
parameter p. Such a parameter is used for derivation of cross section in [2]

14



J. Taylor in his book [2] introduces an impact parameter p Lk of the wave
packet center with respect to scatterer. With the impact parameter expression (62)
changes to

okt + p) = [ d*palk - p) exp (ipkt + ipp). (63)

and Eq. (57) and (59), respectively, take the form

du(p) = k2T R [ dtlo(ek+ p)P (64)
dw(p):dQ'2ﬂ|T(p',k)|2/dz|¢(px,py,z)|2. 65)

We see that the scattering probability into element d2’ depends on p. The
cross section is defined as an integral over impact parameters

oo

do = [ &piu(p) = a2mT@ R [ dPriotrl =

—0o0

= dQ'27|T(p',k)|?, (66)

where normalization condition (60) is used. The result completely coincides with
(61) in agreement with SST. However, we want to note again, that it is implicitly
assumed that there are no scattering, if the impact parameter is larger than the
wave packet radius, though the final result does not depend on wave packet
dimensions.

4. SCATTERING OF WAVE PACKETS

We see that the proof of validity of SST is not perfect because of unacceptable
definition of probability of scattering, according to which a wave packet after
scattering transforms to plane waves, though according to unitarity it should
remain a wave packet. Now we want to show how to calculate scattering of wave
packets at least in the simplest case of elastic scattering from a fixed center. We
consider a wave packet not as a preparation of a particle in some state, but as
an intimate property of the particle, which means that the particle after scattering
is the same packet as before scattering. In general all the wave packets can be

15



represented as Fourier expansion
Y(k,r,s,t) = G(s|r — kt|) exp (ikr — iw(k)t) =

- / dpalk,p) explipr — iw(p, k)], (67)

where parameter s determines width of the packet, a(k, p) and w(p, k) are func-
tions of invariant variables k2, p? and kp.

4.0.1. Elastic Scattering of Wave Packets on a Center. The primary wave
packet describes a free incident particle. Its Fourier expansion contains plane
waves exp (ipr), which satisfy the free equation

[A + p?] exp (ipr) = 0. (68)

In the presence of a potential u(r)/2 the plane wave should be replaced by the
wave function ¢p(r), which is a solution of the equation

[A+p* —u(r)]p(r) = 0 (69)

containing exp (ipr) as the incident wave. Substitution into (67) transforms it to
vl t) = [ dpallep)iy(r) exp [ i(p, bt (70

After scattering on a fixed center with impact parameter p the incident plane
wave transforms to a superposition of plane waves

4o(r) = exp (ipp) / 42 (9) exp (ipalr — p). 1)

where f(£2) is the probability amplitude of a plane wave with wave vector p to
be transformed to the plane wave with wave vector pq, pointing into direction
 in the element of solid angle df). This amplitude for isotropic scattering is
f(82) = bp/2mw. Dependence on p is an irritating moment, however, since the
spectrum of wave packets has a sharp peak at p = k, we can approximate f(2)
by bk/2m.

The vector pg, in (71) is of length p, but it is turned by angle Q from p.
Substitution of (71) into (67) for exp (ipr) transforms (67) to the form

Y(k,7,1) =/d3pa(kap) exp (ipp)dQ2f (Q) exp [ipg[r — p] —iw(p, k)t]. (72)
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Since a(k,p), pp and w(k,p) are invariant with respect to rotation, we can
replace them with a(kq, pg), PopPq and w(kq,pg). After that we can transform
integration variable p — pgq, and drop index 2 of p. As a result we transform
(72) to the form

Pke,m 1) = / d*palke,p) exp (ippa)dRf(Q)x

X eXp[ip[T - p] - Z'W(p7 kQ)t]7 (73)

which can be represented as
vlert) = [ A0 @o(ka,r = p+ past) (74)

where 1y denotes the wave packet of the the same form as that of the incident
particle. Now we see that the packet as a whole is scattered with probability
dw = |f(Q)]2dQ = |bk/27|dS2, which, surprisingly, has no dependence on impact
parameter p as in the case of plane waves. It shows that scattering of wave packets
almost the same as that for plane waves. The difference between them is of the
order s/k, where s is the wave packet width in the momentum space, as in the
case of the de Broglie wave packet (26).

To get cross section from probability we need an additional hypothesis that
the scattering takes place only when the particle wave packet overlaps the target
position. This hypothesis is outside of the wave mechanics, so we can say
that without this hypothesis the wave mechanics is incomplete theory, i.e. it is
insufficient to describe scattering of particles.

With the additional hypothesis we can write cross section as o = Aw, where
A is the cross area of the particle wave packet. In the case of the de Broglie
wave packet (26) this area is 7/s2. To show that the de Broglie singular wave
packet (26) is the most appropriate one, we consider below three types of wave
packets.

4.1. Three Types of the Wave Packets. All the packets are representable in
the form (67), and they differ by the Fourier coefficients a(p, k) and dispersion
w(p, k). We consider three types of the wave packets and discuss which one is
the most appropriate for description of particles.

4.1.1. The Gaussian Wave Packet. The most popular in the literature is the
Gaussian wave packet

2 2[r — kt]?
’l/)G(T‘,k,t,S) = (m) e’bk'f'fzk t/2 exp <_%> ) (75)
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This packet is normalized to unity, satisfies the free Schrodinger equation, but
spreads in time. Because of this spreading its form in space does not coincide
with that shown in (67).

Its Fourier components are

1
2rs\/m

where s is the width in momentum space. The spectrum of wave vectors p is
spherically symmetrical with respect to the central point p = k and decays away
from it according to Gaussian law.

The cross area of this packet can be defined as

3/2
Fgmk,s):( ) oxp (—(k — p)*/25%), w(p.k)=p>/2,  (76)

Ac = /Wp2d3r|G(r,k,t,s)|2 =

2 2 2 2 4
9 9 5 5%p 141%s
/p T eXp( 1+t254> T a7

4.1.2. Nonsingular de Broglie Wave Packet. It is known that there are no
nonspreading normalizable wave packets, which satisfy the free Schrédinger equa-
tion. However, nonnormalizable wave packets do exist. As an example we can
demonstrate nonsingular de Broglie wave packet [3]

Yns(r, K, t, 8) = exp (ikr — iwt) jo(s|r — vt]), (78)

in which wy, = k?/2 + s?/2 and v = k in units h?/m = 1. The packet (78) is
a spherical Bessel function jo(sr) exp (—is?t/2), which center is moving with
the speed v. This packet satisfy the free Schrodinger equation. Its Fourier
components are

F(p,k,s) = Fos(p. k,s) x 6((k —p)* — s%), w(p,k)=p*/2, (19

and spectrum of p is a sphere of radius s in momentum space with centrum at
the point p = k. Since it is not normalizable, its front area is infinite like in the
plane wave case.

4.1.3. The singular de Broglie Wave Packet The singular de Broglie wave
packet [3]

Yap(r,k,t,s) = C exp (ikr — m)w (80)

|r — wvt|
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is normalizable one with normalization constant C' = ./s/2x defined by the
relation

/d3r|¢(s,v,r,t)|2 =1. (81)

The parameter s is the width of the packet in momentum space and reciprocal
width in coordinate space, v is the packet speed, and w = (v? — 5%)/2. We see
that w is less than kinetic energy by the term s2/2, which can be considered as
the bound energy of the packet.

The singular de Broglie wave packet satisfies inhomogeneous Schrodinger
equation

{ (i A} Gap(r,v,t,5) = =270 T 26 (1 — wt), (82)

which right-hand side is zero everywhere except one point along trajectory in free
space.
The Fourier coefficients of the singular de Broglie wave packet are

4 1
Fipkos) = Fan(p. k) =\ |5 o (83)

w(p, k) = [2kp — k* + 5%]/2 = [p* — (k — p)* — 5°]/2. (84)
The spectrum of wave vectors p is spherically symmetrical with respect to the
central point p = k and decays away from it according to Lorenzian law with
width s.
The Fourier coefficients (83) and frequency (84) become the same as for
spherical wave

. exp (ikr 4 . .exp(—ik?t/2) d3p
exp (—ik?t/2) i ): (27.‘_)3/6Xp(1p7') pg—kQ/—z'e , (85)

after substitution k — 0 and s — k.
The front area of the singular de Broglie wave packet can be defined as

and

i —95/22 + 22
Agp = = / ddemdp?np? SRI2VE +27) (86)
27 p? + a?
0
After change of variables y = x/p we get
oo (o]
exp(—2sp\/1+y%) 7 / T
Agp =2 dydpp* =— =—. (87
dB 7TS/ ydpp 1442 952 1+y 2 T 352 (87)
0 0
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4.14. Genesis of the singular de Broglie Wave Packet. The singular de
Broglie wave packet descends from the spherical wave. Indeed, let us consider
the spherical wave with energy ¢2/2

Y(r,t,q) = exp (—@%/2)%. (88)

This wave satisfies inhomogeneous Schrédinger equation

{Z'% .+ %] W(rt,q) = —2m exp (—ig?t/2)3(r). (89)

The right-hand side describes the center radiating the spherical wave. If we
change to the reference system moving with the speed v = k then we must
transform the function v

exp (iglr — kt))

Y(r,t,q) — VU(r, k,t,q) = exp (ikr — ith/2 - z’th/2) i — K]

. (90)

The transformed function is the spherical wave around moving center. It satisfies
the equation

g A
|:Z'E + 5} U = —27 exp (i[k* — ¢*Jt/2)0(r — kt). 1)
If the energy of the wave (88) is negative: ¢> = —s?2, i.e. the wave (88) describes

a bound state around the center, then (90) becomes

exp (—s|r — kt|)

U(r, k,t,is) = exp (ikr — ik*t/2 + ist/2) F—

92)
With normalization constant C' expression (92) becomes identical to (80). Thus
the singular de Broglie wave packet is the spherical Hankel function of imaginary
argument moving with the speed v.

4.1.5. Genesis of the Nonsingular de Broglie Wave Packet. The nonsingular
de Broglie wave packet is obtained by transformation to the moving reference
frame of the nonsingular spherical wave

jo(gr) exp (—ig*t/2),

which satisfies the homogeneous Schrodinger equation. This way we can construct
a lot of nonsingular wave packets corresponding to different angular momenta /.
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4.1.6. Resume. We considered three types of spherically symmetrical wave
packets. However, only one of them is normalizable, and is not spreading. This
is the singular de Broglie wave packet, so it looks as the most appropriate one
for description of elementary particles. The scattering cross section, 0 = Aw,
obtained with it coincides with generally accepted one o = 47|b|?, if the cross
area of the packet Ayp is proportional to A2, It is equivalent to s oc k. In
that case the packet width in coordinate space decreases with energy. Such a
behavior is in accord with the intuitive expectations that the slow particles have
wave properties, whereas the more fast ones are better described by corpuscular
mechanics.

5. SCATTERING FROM AN ARBITRARY SYSTEM

Since probability of scattering can be calculated in the same way as for plane
waves we want to address the following question: is it possible to calculate this
probability in a direct way, without introduction of some finite volume L3, which
plays an auxiliary role, and is excluded at final stage? We shall show that the
direct method exists, and in general it gives a result different from that of SST.
We apply the direct method to neutron scattering by monatomic gas and find,
when our result can be identical to that of SST. At the same time we find that the
result is ambiguous, which proves once again that the wave mechanics and with
it quantum mechanics are incomplete theories.

5.1. Scattering According to SST. Here we remind to the reader, following
the textbooks [6,7], how cross sections are calculated in SST. We find there a list
of rules one must to follow to get an expression for the cross section.

5.1.1. Rules for Calculation of Scattering from an Arbitrary System in SST.
First we consider general rules for an arbitrary scattering system.

1. The starting point is the «Fermi Golden Rule», according to which one
defines probability of scattering per unit time (though it does not depend on
time)

27r|

dw(k; — kyf,t) = 3 p s VI, k)P p(Err) (93)

of the neutron in an initial state |k; > from the system in a state |\; > to final
neutron and system states |ky >, |A\; > respectively. Here V' is interaction
potential, which we can represent in the form

h2
V= %4@5@1 —7y), (94)

21



where 71, 72 are neutron and atom coordinates, respectively, p(Eyy) is the density
of final states of the neutron per unit energy Eyy:

LY k(L mkd,
21 dE; \2r hz

ol = (

) 95)

h
&k = k2 dkdQy,, dE, = —kdk,
m

dS) is an element of the solid angle in k-space, L is some (arbitrary large) size
of a space cell, and the law of energy conservation is assumed.

Note that here we use normal units without m = A = 1.

2. The neutron states are represented as

ks, p >= exp (ik;,¢r). (96)

1
1,3/2
3. The expression (93) is multiplied by
1 =dEs0(Efx + Epx — Ei. — Ein),
where E; fy, are initial and final neutron energies i°k7 ;/2m, and Ej y\ are initial
and final energies of the scattering system. After multiplication one obtains the
double differential probability of scattering per unit time

d2

——w(k; — kg, t) =
a6 dEy R
2 L\® mk
=7 [(\po kg [VIAG K| <%> §5(Efk + Eyx — Eg. — Ep), (97)
which after substitution of (94) becomes

d2
—w(k; — kg, t) =
agamy, ke kY

hky

= —=5 b [ (Ao exp (i) A)[* O(Epk + Egx — Eik — Eix),  (98)

where kK = k1 — ko is momentum transferred to the scatterer.
4. This double differential probability is divided by the incident flux
hk;
mL3’

and as a result one obtains the double differential scattering cross section

d2

— (ki — kN — ) =

k )
— _k{" 612 |(Af| exp (ikr) | N) > 6(Efr + Efx — Bk — Eix),  (99)
1
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or a triple differential neutron cross section

3
d—kjl‘;’.o—(kij)\i — kf,)\f) =

hQ
=——|b| [(As| exp (ikr)|\:)[* 6(Epk + Ex; — Ei — Ex,)  (100)

for given initial and final states |\; ; > of the scatterer.
5. After that we sum (99) over final states of the scatterer, average over its
initial states and find

d? ;
gk = k2 P) = o 62 D7 PO (] exp (irer) Xa)I
f AisAf

x 0(Efx + Ex; — Eg. — Ey,;), (101)

where P(\;) is probability for the scatterer to have initial state |\;).
If P()\;) is the Maxwellian distribution M(E)/kgT'), where T is tempera-
ture, and kp is the Boltzmann constant, then

3

= o5 2 m (k T) (gl expliser) X}

X (5(Efk + E)\f — FE;, — E)\i). (102)

5.1.2. Scattering from a Monatomic Gas. Now we look how these general
rules are applied to such a simple system like a monatomic gas. In this case the
states of the scatterer, |A), are similar to those of neutrons, i.e. they are plane
waves |\) = |p) = L™3/2 exp (ipr).

1. The matrix elements are

h2 d3r .
Ap, krlVINi ki) = 47Tb— / 5 exp (i[k; + p; — ks —pf]r) =

27rbﬁ2

s ———(2n)°0(k; +p; — ks — py).

The square of this matrix element, according to step 1, is equal to square of the
d-function, and it is represented as 6% = [L?/(2m)?|6(k; + p; — ks — py). With
this representation one obtains (93) in the form

(2m)*hky [b?

5(k: +p; — kf—pyp)dQy. (103)
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2. After steps 3 one obtains

d2
dedEfk

_ hky (27)3

~ mlIS

w(k; — kf,t) =
b]?6(ki +p; — ky — pp)d(Efr + Efp — B — Eip),  (104)

where Ej, = h?k*/2m, E, = h*p*/2M, and M is the atomic mass.
3. After the step 4 one obtains

d2
dQ B,
_ ky @2n)°

ok L3

(kiapf i kf7pz) =

b]%6(ki +p; — ks — ps)d(Epr + Egp — Egp — Eip),  (105)

or the triple differential neutron cross section

d3
—=0

dk?
(27m)°®

= T3 I0PP0(ki 4y — ky — pp)o(k7 /2 + pp}/2 = /2 — ppi/2), (106)

where = m/M.
4. Summation over final states in the step 5 is integration over d3py with
weight L3d®ps/(2)3, which defines number of final states in the volume L3.
Averaging over the same Maxwellian distribution as above gives

Ao (ky — ko, T)
dE Q0

k
= [ dpso by~ ks~ py)x

h?p? 3

or

d? 2 :

ol =k 1) = 0P [ (ks b~ ky — )y x
f (3

h2p?

x 6(k7 + ppt — ki — pp)M | ————
IMkpT

) d®p;. (107)
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5. Now it is convenient to redefine temperature T — mh?kgT, or to choose
unities i = m = kg = 1, then the Maxwellian distribution is

2
pp ( p )3/ 2 r 108
M < 2T> onT “Hor (108)
Substitution of it into (107) and integration over d®p; gives

d3

dk?’ (k _)kfa )

3/2
= —Ibl"’/é (Br—w+prp) (7)) exp < 2T> &pi, (109)

where Ep = pr?/2 is recoil energy, and w = (k2 — I<;J2f) /2 is energy transferred
to the gas. After integration over d>p; we get the triple differential cross section

d3 1 2 1 (w — ER)2
0 o(ki — ks, T) = Ii_ki|b| ST O (—74ERT ) (110)

6. Integration over d>ky gives total cross section

A P i

where E, = k?/2uT is reduced energy of the incident neutron, and ®(z) is the
error function

o(x) = % /dz exp (—22).
0

5.2. Direct Calculation of Scattering. After repeating all the steps of SST
calculations, which involve an artificial introduction of a finite volume L3, one
wonders, whether it is impossible to derive the scattering cross section without
that? Now we want to show how to make direct calculations without L.

5.2.1. The Direct Calculation of Scattering from an Arbitrary System. Let the
scatterer to be described by the Hamiltonian H’, which for the sake of simplicity
is supposed to have a discrete spectrum FE\. The neutron scattering is determined
from solution of the Schrédinger equation

hgt Al H' + V(’I‘l,’l'g) Q/J(’I'l, ’I“Q,t) =0, (112)
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where interaction potential V' is shown in (94). Solution of Eq. (112) in pertur-
bation theory is represented in the form

P(ri,re,t) = Po(r1, r2,t) — 0¢(r1, T2, 1),

where y(r1,72,t) is initial wave function before scattering,
51&(?"1, T2, f,) =

:/G(rl,rg,t;r'l,r’Q,t’)V(r'l,7"2)@/)0(7"1,ré,t')d%’ld?’rédt’, (113)

and G is the Green function of Eq. (112) without interaction
0 h?
|:Zhat+_A1 :| G(T17r27t;rllvrl2ﬂt/):
= —6(r1 —r))(ry —rh)6(t —t'). (114)
For the function before scattering we take

Yo(r1, 7, t) = Dy, (ro) e~ BNt giRiT1—iBut, (115)

where @), (r) and E, are eigen function and eigen value of the Hamiltonian H’,
and k;, E;;, = h2k? /2m are wave vector and energy of the incident neutron.
The Green function of the Eq. (112) without interaction is

1 A A
= G 2 [ R ()
Af

Bhepdw
Efk—ﬁ-E)\f —w — 1€

G(ry —ri,re —rht — 1

efikf'f‘/lJriwt’(I);f (,,,/2)7 (116)

which is easily checked by substitution of (116) into Eq. (114).
Substitution of (94), (116) and (115) into (113) gives

1 ik 1y —iwt d3k:fdw —ik s tiwt
_ fTri—iwtg KT +Hiwt %
(277)42/6 )‘f(TQ)Efk—f—EAf—w—iee

h2
x @3, (r'2)2—47rb5(7"1 —1rL)®y, (rh) exp (—iE\t") exp (ik;r) — iEyt') =

Z/dgqu))\f T2 <>\f7kf|v|>\z;k> ikfrl*i(Ejk‘,‘i’E,\i)t (117)
27‘(3 Efk—l—E,\f— ik — B\, — i€ ’
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where

2
O s |V i) = 2h_m4”b /d%cp;f () exp(irr) Dy, (r) (118)

is a matrix element of the interaction potential, and k = k; —k is the momentum
transferred.
At t — oo one can use the limit

im exp (Z(Efk + E)\f — FEi, — E)\i)t)
t—o0 Efk+E,\f — By, — By, — e

= 27Ti(5(Efk+E)\f _Eik_E)\,-), (119)
which upon substitution into (117) gives the asymptotical wave function

1

oY = @2 Z/dgkf<>‘fakf|v|>\iaki>><

% 8(Ep + Ex, — Ei — Ex,)®y, (12) e st eiksM=iBrct (120
f f i f

The probability amplitude of transition from the initial state |\;, k;) to final state
|/\f Ky > is

id3k

df (ki, i — kg, Ap) = ﬁw,kﬂvmkm@ﬁ + By, — B — By,) =
o .m /ffde
= 5z (g W RilVIAL R, (121)

where

2m
k= \/’%2 + 55 (Bx = Bxy),
and €2 characterizes direction of the scattered neutron.
It follows from (121) that the probability of neutron scattering into element
of solid angle d{); and of transition of the system from the state |);) into state
[Ap) is

2
dw(k:, O, A — Ap) = ‘ K2d |, B [VINL k2. (122)

1 ‘ m
(2m)* | h2
If we replace

m

2 kpdQy = d’ky6(Eip + Ex, — Epi — En,),
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i.e. make transition reciprocal to (121), we obtain

dw(kzi,Qf, /\i — )\f) =
mk:f d3/€f
h2 (2m)*

|(Ar k| VN ki) > 8(Epy, + Ex, — Eg — Ey,). (123)
Substitution of the potential (94) gives
dw(ki,Qf, )\i — )\f) =

By
(2m)?

2
ﬂW%M |(\s] exp (ikr)|\\)[* 0(Epy + Ex, — B, — Ey,). (124)
To get the cross section we must multiply the probability by the wave front area
A. We obtain an agreement with standard formula (106), if we suppose that
A = (2m)%/kiks.

5.2.2. Some Remarks. The above considerations for neutron scattering by an
arbitrary system are valid only, if both the neutron and the systems are described
by the same Schrédinger equation, which has a single derivative on time. If the
system obeys a different equation with double derivative on time (this is the case,
when we consider scattering on oscillators), we need to use not the Schrodinger
but different equation. What to do in this case needs separate considerations.

5.2.3. Direct Calculation of Scattering from a Monatomic Gas. When we
consider neutron scattering from monatomic gas, we must treat the neutron and
atom of the gas in the same way. Collision of two particles changes the state of
both, thus we need to solve the Schrodinger equation for both particles:

0 Ay plAs u(ry —ra,t) B
Z&—F?‘F D) - 9 w(rlvr2at)_0’ (125)

where potential u is given in (94), ry, ro, m, M are coordinates and masses
of the neutron and atom, respectively, u = m/M, and we use unities in which
m="h=1.

The Green function of the equation (125) without interaction is

G(ri —rl,re —rht —t') =

_l/°eXp(ikf(T1-Tﬁ)*'pf(Tz-Té)-iw(t—‘ﬂ))dgkfd3pfdw
o Epp+Epp —w —ie (2m)7 ’

(126)

where Eyj, = k?/Q, E¢, = MP?/Z
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The scattered part of the wave function is

2nb [ Bkyd®prdwdir dirhdt’ "

) =
v (2m)7 B¢+ Epp —w —ie

x exp (iky(r1 — 7)) +ips(ra —ry) —iw(t —t'))x
5(ry — 1) exp (ik;r) +ip;rh, — i(Eiy + Eip)t’) =

b Pkyd®psd(ky +py — ki —p;) y
(2m)? Efp+ Epp — By — By — e

X exp (ikf’l"l + iprQ — i(Eik =+ Eip)f,), (127)

where exp (ik;r1 — iE;t), exp (ip;r2 — iE;pt) describe incident plane waves
of the neutron and atom, respectively, with their energies F;; = k‘f /2, and
Eip = pup} /2.

The wave function (127) can be represented as a superposition of plane
waves describing final states of the neutron, exp (ik;ri1 — iEyxt), and the atom,
exp (ip,ra — ilgpt):

5 = / ki py — kppy, )k pdpy

X exp(z'kf’rl + ipfr2 — Bt — iEfpt),
where

~ b S(ki+py—ki—p;)
kia 1 kv at = .
Jkispi = krPrt) = Gy Bro 1 By — B~ By — i -

X exp (i(Efk + Efp — FE. — F; )f,)

With the relation (20) we find in the limit £ — oo that the probability amplitude
for the particle to leave in the state k¢, and for the atom to leave in the state p ¥
is:
lim f(ki,p; — kg, pp, 0)d°kyd’ps =
ib

and after integration over final momenta d3py of the atom we obtain probability
amplitude of scattering from an atom with momentum p;,

ib
f(ki — kys,p;) = dgkfﬂ(k'? + (ki +p; —ky)®? =k —ppi).  (128)
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Some remarks. Let’s note that we sum the amplitude over final states, not
the probability, and it is more correct, because, if we are not interested what is the
final state of the atom, we must sum over them, since amplitudes with different
atomic states can interfere with each other.

More over, usually cross sections are averaged over initial states, however
the amplitude should also be averaged over initial states. The amplitude averaged
in this way is the coherent amplitude, and its square gives coherent contribution
to coherent probabilities and coherent cross sections.

Averaging the squared amplitude over initial states gives total probability and
cross section, which consists of coherent and incoherent parts, and there is an
interesting problem how to separate them experimentally.

5.2.4. Scattering in the Center- of Mass-System. Let us represent the argument
of the d-function in the form

kF 4 w(ks +p; — kyg)? — ki — pp =

2 2
M q
14p) (k-2 pP) - . (129
(e (k- op) - 1 a)

where P = k;+p, is the total momentum of the center of mass, and g = k; — up;
is the relative speed of the neutron and atom.
The change of variables

kem = ks —pP/(1+p), (130)
and integration over dk.,, reduces (128) to
df (ki, Qem, p;) = ﬁdﬂcw (131)
The scattering cross section from an atom with momentum p, is
ibq 2
do(ki, Qem,p;) = A m dQem, (132)

and the total scattering cross section from an atom with momentum p; is

2

ibq , (133)

D) =ATA | —F——
o(ki,p;) = 4m ‘27r(1+/$)2

where A is the neutron wave front area.
Total cross section for atom at rest. In the case p, = 0, the cross section
(132) becomes

2

bk A, (134)

do (ks Qe p; = 0) = A | ——t
o pi =0) 27 (1 + )2
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because in that case ¢ = k;. Integration over df).,, gives total cross section of
scattering from atom at rest

o(ki,p; = 0) = 47 A ‘ 5 i (135)

(1 + )

Total cross section for scattering from monatomic gas. To get cross section for
scattering from monatomic gas at temperature 7' we must average (132) over p;,
with Maxwellian distribution (108)

2
_ _ 3 Hp; bq
do(ki, Qem, T) = /d piM < 2T) A ‘7%(1 ot

2
dQerm. (136)

If area A does not depend on neutron energy, then the total cross section is

2 3/2 2
a3 z(L) P
/ Pi\ger) P\ 7Hor )~

? 3 k2
(2uT) <5+2MT>' (137)

It is seen that the cross section grows linearly with increase of the temperature.

However, it is not this cross section which is measured in an experiment. In
the experiment the probability of neutron scattering from a gas sample of width
d and density Ny is measured. This probability is proportional to the flight time
ty = d/k; of the neutron through the sample, and to the number v(k;,p;) of
collisions per unit time, which in its turn is proportional to Ny, o and to relative
velocity ¢ = |k; — up;|. So, the full probability of a single neutron scattering in
the sample is

b
O'(ki,T) =47 A ‘m

x (K + 12p) _47TA‘m

W—Ni/dW (ki,p;)M s
= Oki PiQO\Ki, D; MQT .

After substitution of (133) in the case of constant A we obtain an expression,
which grows at high temperatures oc 7°%/2. Experiment shows that the grows
is only oc T2, It means that A = a/q> with constant o. With such A
the total scattering probability after change of variables p = p,/+/2T/p and

k. = k;/\/2uT becomes

2

b
2m(1 4 p)?

4oy
w3/2k,

W = Nod

/dede eXp(—pQ) (k. — p)2.
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Thus, the experimentally measured cross section oexp, = W7Nod should be com-
pared with theoretical one

b
2m(1 4 p)?

4o
w3/2k,

2
ot = [ v e (i) T =B a38)

The integral at the right-hand side is

47 i
I=- /pdp{[P(i%kf +p%)O(p < ki )+
0

+ kp [3p% + K210(p > ki) } exp(—p?) =

2 2
— o | [ e )~ o+ e
" 0

+ /dpzkr [3p? + kf]e‘p2 = (k,«e_kE + g[l + 2k:3]<1>(k,a)> .
0

T
k.
So cross section (138) is

b
2m(1 4 p)?

’ (e—k’f + ;{:[1 + 2kf]<1>(kT)) :

@
Oeff = 47T\/7_Tk

which coincides with the standard expression (111), if a = [27(1 + 1)]?, because

k. = VE,.
We can also show that the differential cross section in this case does also
coincide with the standard one (110). For that we replace

1 2
00y~ L 503 2+ b+ 9~ k)2 - K22 = p?/2), (139

which means transition reciprocal to the one from (128) to (131). After this
replacement we represent (134) in the form

> §(Er — w + up;K)
(ki — pp;)?

b

do(k; — ks, p;) = Ad®ky (LT 70

, (140)

where Eg = ux?/2, K = k; — kg, and w = k?/2 — k?/Q
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In (140) we can integrate over dky, then we obtain differential scattering
cross section

b
2n(1+ )
(nPn £ \/p2(Pn)? — (P2 + (ki — pp;)?)°
(1+ )/ (ki = pp;) 2/ 12 (Pn)? — 12 P2 + (ki — ip;)?
where m is a unit vector, pointing into direction of ky scattered neutron.

In the case of A = //q? the probability of neutron scattering in the sample
to the state k¢, averaged over Maxwellian distribution is equal to

dO’(kJi, Qfapi) = Adgkif

(141)

2

b

d
Wi(k; — ks, T) = No—oad’ky | ———
d (k kif ) k‘iad kf‘?ﬂ'(l-i—u)

; 1\¥ .
X/ p <27TMT) e VT (Br —w+ pr), (142)

where p = pup;, and we used (140). After integration over d>p we obtain the
cross section

ad3ky b (Ep — w)?
(ki — Ky, T) = S k2 TGP
docss(ki =k 1) = T 3+ ) eXp( AERT ) (143)

identical to (110), if a = [27(1 + p)]%.

5.3. An Alternative Calculation. Catastrophe in Quantum Mechanics
Above we considered probability amplitude (131) calculated in the center-of-
mass coordinate system. It means that the argument of J-function in (128) was
represented in the form (129), and after change of variables (130) and integration
over dk.,, we obtained (131), and the cross section (132). Transition from the
cm system to laboratory one was performed with reciprocal transformation (139),
which led to (140) and after integration over dk; — to (141).

Now we proceed differently. We integrate (128) directly over dky. Then we
obtain probability amplitude of scattering into direction €2 of the wave vector
ky in laboratory coordinate system

. ib
flki — kg, p;) = d3/ff;5(kfv + plkes +p; — kyg)® — k7 — pp?) =

ibdQ2 s k3
2 |ky(1+p) — pmP|’

df (ki, Qf,p;) = (144)
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where

_ uPn \/p?(Pn)? — 12 P? + (ki — pp;)°?
1+p

P = Ek; + p;, and n is the unit vector pointing into direction £2y. With the help
of amplitude (144) we obtain the scattering cross section

ky

>0, (145)

b 2

2m(1 + p)?
4
(an + /1p2(Pn)? — p2P? + (k; — MPi)Q)

X . 146
12(Pn)? — 2P+ (ki — py)?] (146)

dJ(ki, ﬂf,pi) = deA ‘

Now we can make transformation

2
‘uPn + /u2(Pn)? — p2P? + (k; — MPi)Q‘

21+ p)2\/ 12 (Pn)? — p2P? + (ki — up;)?
= dk6(kF + p(ki +p; — ky)* — k7 — ppi), (147)

which is reciprocal to the one, used in (144), then we obtain

2

b

21

§(Er —w+ pKkp;)
VI (Pn)? — 2 P? + (ki — pp;)?

We can replace \/p2(Pn)2 — u2P2 + (k; — up;)? in denominator by |(1 +
wky — pPn|, multiply it by ky, replace p;ks by pp;k; — up;k, and substi-
tute according to the argument of the J-function pp,;k; = w — Er. After some
rearrangement the Eq. (148) becomes

do(k; — ky,p;) = Ad’ksk} . (148)

2 0(Ep — w+ ukp;)

do(k; _)kfvpi) :Ad3kfk§ |s — pw — pk;p;| ’
iP;

(149)

b
2T

where s = kZ/2 + kj% /2. We see that this expression strongly differs from (140).
If we substitute A = a/¢?, introduce number v(k; — ky) of collisions per unit
time, which give scattering from k; to ky, and flight time t; = d/k; through the
sample, and average over distribution of p;, then we obtain the effective cross
section

doeg(ki,— k¢, T) =

2
/P(pz)d?’ 5(ER _w"_/“ipi) . (150)

« -
= —d%ksk} i
ki ki — pp;l|s — pw — pkip;|

b
21
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5.3.1. Scattering from the Atom at Rest. As an exercise let us consider the
case P(p;) = d(p;). In this case expression (150) becomes

2
o s a3 b |7 0(ER —w)
dO'eff(k“—> k:f,pz—O)—k—?d k?fk?f % W (151)
To find the total cross section we first integrate over angles and obtain
2ra b |”O(|pus —w| < wkiky)
dO’eff(kJi,—> k}f,pt:O): M—kf’kfdkf % 5 — . (152)

After change of variables ky = k;x we obtain the integral

1

4o b |? zidz
kispi=0)= ——— | — — =
Ueﬂ( is Di ) /l(1+ﬂ) o /252-1-’}/
¥
b (8, (1—u?)?? p
=4ro | ———= 247 arctan | ——— , (153
o ST (3“ p siz)) Y

where v = (1 — p)/(1 + p). This expression differs from (135), where for
comparison A = «/k? should be substituted. The difference can be described by
the factor

__ 1 8 o, (1—p?)? p
Clp) = 1+ p)? <3/$ + p arctan 0 )

This difference is the first evidence of the catastrophe, because it shows that there
is an ambiguity in definition of the cross section. This ambiguity is the result of
definition of probability as a square of probability amplitude.

5.3.2. Scattering from the Maxwellian Gas. Now we take P(p;) to be
Maxwellian. Substitution of (108) into (150) gives

b |2 wo\3/2
%‘ /(QWT) %
2
s 3 §(Er — w+ pKp;)
xexp | —u== | d’p; . (154)
( 2T> ki — upylls — pw — pkip;|

In the integral we can change variables p = pp, and integrate over one component
of p, along k. Then we obtain the result

oot (ki,— Ky, T) = %d%fkfc

doeg(ki,— k¢, T) =

ad¥k; | b | (w— Eg)? )
_ _WEER ) R 155
wkiy2mpT | 21 eXp( AERT ) (k7 w,8), (155)
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which has an additional factor F'(x2,w, s) comparing to (110)

F(r%w s):k3/ oo (— 21 ! (156)
T I ) 2T P 2uT ) |k; — plls — pw — kip|

To calculate this factor we represent k; as k. + k_, where

(kik)k  w+ K22
k.= PR = K

?

and k| k., = 0. Then

w4+ k2/2—w+ ER)?
! 2 2) + (kL —p )=

(ki — ) = ¢

K

1
= 75+ + (kL —py)?

and
(w+ K2/2)(w — ER)
2

s—puw—kip=s—puw— —kip,.

Substitution into (156) and change of variables g = p;, — k. gives

d? +ky)?
F(k* w,s) = / 27qu exp (—%) X

4k
X .
VAR )2 + A% (@ + k2/2)(1+ ) + 2k q]

(157)

It is easy to see that this integral diverges at the point 2k, q = —(w +
k2/2)(1 + p). This divergence, in principle, can be eliminated with the help
of imaginary part, which will be needed to satisfy unitarity condition, however
this imaginary part does not solve the main problem — the difference of two
probabilities, which is seen in the case of scattering on a free atom at rest, where
divergence is absent.

Fig. 3. Geometry of the experiment with
scattering of the neutron beam on an
atomic beam. P = |k; + p;| is the
total momentum of neutrons and atoms,
q = |ki — up,| is relative velocity of neu-
trons and atoms, 6 is direction of the scat-
tered neutrons with respect to total mo-
mentum. In this direction scattering cross
section has a maximum
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We see the only way to resolve the paradox, is to quantize angular distribu-
tion, i.e. to make the particle scattering only at discrete angles. In that case the
number of scattering angles will be the same in center-of-mass system and in the
laboratory reference frame. Therefore both way of probability calculations will
give the same result. We do not know now how to define the quantum of angle,
however, it seems that any size can be of use for resolution of this paradox. The
quantum A2 must be defined in a reference system, where angular distribution is
uniform. Transition to other reference systems changes this quantum and makes
it dependent on angle AQ(f2). It seems that introduction of a finite space sell
L serves like this angular quantization, however, we cannot find direct relation
between them.

6. CONCLUSION

Simple consideration of scattering processes shows a contradiction hidden
in the standard approach. On one side, we use plane waves as eigenstates of a
particle, and on the other side describe scattered particles with spherical waves,
which are not even solutions of the free Schrodinger equation. Rigorous approach
permits to calculate only dimensionless probabilities of scattering. To get cross
section we are to introduce some front area of the wave function for the incident
particle, and a hypothesis that scattering takes place only when the scatterer is
inside this front area. Without this hypothesis the quantum or wave mechanics
is incomplete theory. However, even with this hypothesis QM is not a complete
theory, because it does not permit to find a unique scattering cross section.

In to-day science all the measured cross sections are compared to theoretical
ones calculated with the help of a set of rules, which do not represent a self-
consistent theory. In this paper we could only demonstrate this fact with the help
of a single example. We cannot now propose an alternative theory, but think that
our research will liberate the physical community from the prejudice that QM is
a perfect and complete theory, and stimulate the search for more adequate and
self-consistent theory of microworld.

It is possible to test experimentally the scattering cross section (146) and (141)
by scattering a collimated neutron beam on an atomic beam. According to both
formulas the probability of scattering has maximum at some direction with respect
to total momentum P = k; + p,. Vector diagram of the experiment is presented
in Fig.5.3.2. The momentum k; after scattering is equal to pP cos6/(1 + p).
Measurement at two different P can discriminate between two expressions.
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