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A Precision Method of Solving a Boundary Problem

for Dielectrics–Conductors System

A new precision method of analytical field calculation is presented. The method is

suitable for solution of the problem of dielectrics in the field of conductors. This

method consists in the linear superposition of the fields due to simple charge distribu-

tions. Linear or point charges are to be determined from the boundary values. All sin-

gularities are located inside the electrodes and inside or outside the dielectrics.

The values of charges are determined by the solution of the system of linear equations.

The advantages of the method are its accuracy, simplicity and availability. The accura-

cy of the method is higher than 0.004 %.

The investigation has been performed at the Laboratory of Particle Physics, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2004

Øàôðàíîâ Ì. Ä., Áàáêèí Â. À. P11-2004-41

Âûñîêîòî÷íûé ìåòîä ðåøåíèÿ êðàåâûõ çàäà÷ ýëåêòðîñòàòèêè

äëÿ ñèñòåì ïðîâîäíèêè–äèýëåêòðèêè

Ðàññìîòðåí íîâûé ïðåöèçèîííûé ìåòîä àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷ «äè-

ýëåêòðèêè â ïîëå ïðîâîäíèêîâ». Îí îñíîâàí íà ïðèíöèïå ëèíåéíîé ñóïåðïîçè-

öèè ïîëåé îò ïðîñòîãî ðàñïðåäåëåíèÿ çàðÿäîâ. Ëèíåéíûå èëè òî÷å÷íûå çàðÿäû

îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé. Âñå ñèíãóëÿðíîñòè ëîêàëèçîâàíû âíóòðè

ýëåêòðîäîâ è âíóòðè èëè âíå äèýëåêòðèêîâ. Âåëè÷èíû çàðÿäîâ îïðåäåëÿþòñÿ ðå-

øåíèåì ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Äîñòîèíñòâàìè ìåòîäà

ÿâëÿþòñÿ âûñîêàÿ òî÷íîñòü, ïðîñòîòà è äîñòóïíîñòü. Òî÷íîñòü ìåòîäà ëó÷øå

÷åì 0,004 %.

Ðàáîòà âûïîëíåíà â Ëàáîðàòîðèè ôèçèêè ÷àñòèö ÎÈßÈ.

Ñîîáùåíèå Îáúåäèíåííîãî èíñòèòóòà ÿäåðíûõ èññëåäîâàíèé. Äóáíà, 2004
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1. EXORDIUM ORATIONIS, PIA DISSIDERIA∗

‚ · ¡µÉ¥ ¤ ´µ µ¡µ¸´µ¢ ´¨e ¢Ò¸µ±µÉµÎ´µ£µ ³¥Éµ¤  ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î
Ô²¥±É·µ¸É É¨±¨ ¤²Ö ¸¨¸É¥³ ¶·µ¢µ¤´¨±¨Ä¤¨Ô²¥±É·¨±¨. ‘ÊÉÓ ³¥Éµ¤  § ±²ÕÎ -
¥É¸Ö ¢ Î¨¸²¥´´µ³ ·¥Ï¥´¨¨ £· ´¨Î´ÒÌ § ¤ Î ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢¸¶µ³µ£ É¥²Ó-
´ÒÌ § ·Ö¤µ¢ ¶·µ¢µ¤´¨±µ¢ ¨ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± , · §³¥Ð ¥-
³ÒÌ µ¶·¥¤¥²¥´´Ò³ µ¡· §µ³. Š ¦¤µ³Ê ¢¸¶µ³µ£ É¥²Ó´µ³Ê § ·Ö¤Ê ¶·µ¢µ¤´¨±µ¢
¨ ¤¨Ô²¥±É·¨±µ¢ ¸µ¶µ¸É ¢²ÖÕÉ¸Ö ±µ´É·µ²Ó´Ò¥ ÉµÎ±¨ ´  ¨Ì ¶µ¢¥·Ì´µ¸ÉÖÌ. ‚¥-
²¨Î¨´Ò § ·Ö¤µ¢ ´ Ìµ¤ÖÉ¸Ö ¨§ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨°, ±µÉµ·Ò¥
¸µ¸É ¢²ÖÕÉ¸Ö ¸ ÊÎ¥Éµ³ ¢Ò¶µ²´¥´¨Ö £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¢ ±µ´É·µ²Ó´ÒÌ ÉµÎ± Ì.

Š² ¸¸¨Î¥¸±¨³ ¶·¨³¥·µ³ ¶·¨³¥´¥´¨Ö ÉµÎ¥Î´µ£µ ¢¸¶µ³µ£ É¥²Ó´µ£µ § ·Ö¤ 
¸²Ê¦¨É ¢ÒÎ¨¸²¥´¨¥ ´ ¶·Ö¦¥´´µ¸É¨ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö, ¸µ§¤ ¢ ¥³µ£µ ¶µ-
¢¥·Ì´µ¸É´Ò³¨ § ·Ö¤ ³¨ ¶·µ¢µ¤ÖÐ¥° ¸Ë¥·Ò · ¤¨Ê¸µ³ R ¸ ¶µ²´Ò³ § ·Ö¤µ³ Q.
‚´¥ · ¢´µ³¥·´µ § ·Ö¦¥´´µ° ¸Ë¥·Ò ´ ¶·Ö¦¥´´µ¸ÉÓ ¶µ²Ö ¡Ê¤¥É É ±µ° ¦¥, ± ±
¢ ¸²ÊÎ ¥, ±µ£¤  ¢¥¸Ó § ·Ö¤ Q Ö¢²Ö¥É¸Ö ÉµÎ¥Î´Ò³ ¨ ¸µ¸·¥¤µÉµÎ¥´ ¢ ¥¥ Í¥´É·¥.

„·Ê£µ° ¶·¨³¥· ¨¸¶µ²Ó§µ¢ ´¨Ö ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ Å · ¸Î¥É Ô²¥±-
É·¨Î¥¸±¨Ì ¶µ²¥° ¨ ¶µÉ¥´Í¨ ²µ¢, ¸µ§¤ ¢ ¥³ÒÌ ¸¨¸É¥³µ° ¸¥É±¨ ¨§ ¶·µ¢µ²µÎ¥±,
· §³¥Ð¥´´ÒÌ ³¥¦¤Ê ¤¢Ê³Ö ¶² ¸É¨´ ³¨ ±µ´¤¥´¸ Éµ·  [1]. ‚³¥¸Éµ ¶·µ¢µ²µ-
Î¥± ¨¸¶µ²Ó§µ¢ ²¨¸Ó ²¨´¥°´Ò¥ § ·Ö¤Ò. ’ ± Ö ¸¨¸É¥³  ²¨´¥°´ÒÌ § ·Ö¤µ¢ ¥¸ÉÓ
³ É¥³ É¨Î¥¸± Ö ³µ¤¥²Ó ³´µ£µ¶·µ¢µ²µÎ´µ° ¶·µ¶µ·Í¨µ´ ²Ó´µ° ± ³¥·Ò (Œ�Š)
[2]. —¨¸²¥´´µ¥ ³µ¤¥²¨·µ¢ ´¨¥ ¶µ²¥° ¢ µ¡Ñ¥³¥ ± ³¥·Ò ¶µ± § ²µ, ÎÉµ ¢¤µ²Ó
²¨´¨¨, ¶¥·¶¥´¤¨±Ê²Ö·´µ° ± ¶²µ¸±µ¸É¨ ¶·µ¢µ²µÎ¥± ¨ ¶·µÌµ¤ÖÐ¥° Î¥·¥§ Í¥´É·
¶·µ¢µ²µÎ±¨, Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ E ¶·µ¶µ·Í¨µ´ ²Ó´µ coth t, £¤¥ t = πdy/s.
‡¤¥¸Ó dy Å É¥±ÊÐ Ö ±µµ·¤¨´ É ,   s Å · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¸µ¸¥¤´¨³¨ ¶·µ-
¢µ²µÎ± ³¨ (¸µ¸¥¤´¨³¨ ²¨´¥°´Ò³¨ § ·Ö¤ ³¨). ”· £³¥´É · ¸¶·¥¤¥²¥´¨Ö coth t
¶µ± § ´ ´  ·¨¸. 1.

� Î¨´ Ö ¸µ §´ Î¥´¨Ö t ∼= 6, ±µ£¤  dy/s = 2, Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ ¸É -
´µ¢¨É¸Ö µ¤´µ·µ¤´Ò³. �¸µ¡¥´´µ¸É¨, ¸¢Ö§ ´´Ò¥ ¸ ¤¨¸±·¥É´Ò³ Ì · ±É¥·µ³ § -
·Ö¤µ¢, ¨¸Î¥§ ÕÉ. �  · ¸¸ÉµÖ´¨¨ dy = 2s µÉ ¶²µ¸±µ¸É¨ ¶·µ¢µ²µÎ¥± Ô±¢¨-
¶µÉ¥´Í¨ ²Ó´µ° ¶µ¢¥·Ì´µ¸ÉÓÕ Ö¢²Ö¥É¸Ö ¶²µ¸± Ö ¶µ¢¥·Ì´µ¸ÉÓ, ¶ · ²²¥²Ó´ Ö
¶²µ¸±µ¸É¨ ¶·µ¢µ²µÎ¥±. �É¸Õ¤  ¸²¥¤Ê¥É ¸¶µ¸µ¡ ·¥Ï¥´¨Ö ±· ¥¢µ° § ¤ Î¨ ¤²Ö

∗‚¸ÉÊ¶²¥´¨¥, ¡² £¨¥ ´ ³¥·¥´¨Ö (² É.). ‚ ¤µ¡·µ¥ ¸É ·µ¥ ¢·¥³Ö, ¢µ ¢·¥³¥´  � ¸± ²Ö ¨
�ÓÕÉµ´ , ¢¸¥ ´ ÊÎ´Ò¥ É·Ê¤Ò ¶¨¸ ²¨¸Ó ´  ² ÉÒ´¨. �Éµ µ¡¥¸¶¥Î¨¢ ²µ Ï¨·µ±¨° µ¡³¥´ ´ ÊÎ´Ò³¨
·¥§Ê²ÓÉ É ³¨ ¸·¥¤¨ ÊÎ¥´ÒÌ ³¨· . ‘¥£µ¤´Ö ¤ ¦¥ ¢ �µ¸¸¨¨ ¶·¥¤¶µÎ¨É ÕÉ  ´£²¨°¸±¨°.
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�¨¸. 1. �²¥±É·¨Î¥¸±µ¥ ¶µ²¥ E ¢¤µ²Ó ²¨´¨¨, ¶¥·¶¥´¤¨±Ê²Ö·´µ° ¶²µ¸±µ¸É¨ ¶·µ¢µ²µÎ¥±,
¶·µ¶µ·Í¨µ´ ²Ó´µ coth(t), £¤¥ t = πdy/s

¶²µ¸±µ£µ ¶·µ¢µ¤´¨± , ´ Ìµ¤ÖÐ¥£µ¸Ö ¶µ¤ ¶µÉ¥´Í¨ ²µ³ U . �·¨ ·¥Ï¥´¨¨ ¢³¥-
¸Éµ ¶²µ¸±µ£µ Ô²¥±É·µ¤  ¨¸¶µ²Ó§Ê¥É¸Ö ¸¨¸É¥³  ²¨´¥°´ÒÌ § ·Ö¤µ¢. � §³¥Ð¥´¨¥
ÔÉ¨Ì § ·Ö¤µ¢ ¶µ µÉ´µÏ¥´¨Õ ± ¶µ¢¥·Ì´µ¸É¨ Ô²¥±É·µ¤  µ¶·¥¤¥²Ö¥É¸Ö ¶µ ¸µµÉ-
´µÏ¥´¨Õ dy = 2s. „²Ö ± ¦¤µ° ±µ´É·µ²Ó´µ° ÉµÎ±¨ ¸µ¸É ¢²Ö¥É¸Ö Ê· ¢´¥´¨¥
¢¨¤ 

∑
i

Ui = U . ˆÌ µ¡Ð¥¥ Î¨¸²µ · ¢´µ Î¨¸²Ê ²¨´¥°´ÒÌ § ·Ö¤µ¢. ‚ ÔÉµ³

Ê· ¢´¥´¨¨ Ui = f(qi, ri) ¢ · ¸¸³ É·¨¢ ¥³µ° ±µ´É·µ²Ó´µ° ÉµÎ±¥ Ö¢²Ö¥É¸Ö ¶µ-
É¥´Í¨ ²µ³, µ¡· §µ¢ ´´Ò³ ²¨´¥°´Ò³ § ·Ö¤µ³ ¸ ¨´¤¥±¸µ³ i. ’ ±¨³ µ¡· §µ³,
¨§ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° µ¶·¥¤¥²ÖÕÉ¸Ö ¢¥²¨Î¨´Ò ¢¸¶µ³µ£ É¥²Ó´ÒÌ § -
·Ö¤µ¢. �µ ¨§¢¥¸É´Ò³ Ëµ·³Ê² ³ Ô²¥±É·µ¸É É¨±¨ ¤²Ö ²¨´¥°´ÒÌ § ·Ö¤µ¢ ³µ¦´µ
· ¸¸Î¨É ÉÓ ¶µ²Ö ¨ ¶µÉ¥´Í¨ ²Ò. ˆ¸¶µ²Ó§µ¢ ´¨¥ ²¨´¥°´ÒÌ § ·Ö¤µ¢ µ£· ´¨-
Î¥´µ µÎ¥´Ó Ê§±¨³ ±·Ê£µ³ § ¤ Î. ‚ µ¡Ð¨Ì ¸²ÊÎ ÖÌ ´¥µ¡Ìµ¤¨³µ ¨¸¶µ²Ó§µ¢ ÉÓ
ÉµÎ¥Î´Ò¥ ¢¸¶µ³µ£ É¥²Ó´Ò¥ § ·Ö¤Ò [3].

Œ¥Éµ¤ ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î Ô²¥±É·µ¸É É¨±¨ ¤²Ö ¸¨¸É¥³ ¶·µ¢µ¤´¨±¨Ä
¤¨Ô²¥±É·¨±¨ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¢¶¥·¢Ò¥ ¡Ò² · ¸¸³µ-
É·¥´ ¢ [4]. ‡ ¤ Î  ·¥Ï ² ¸Ó ¸ ¶µ³µÐÓÕ ¨É¥· É¨¢´µ£µ ¸¶µ¸µ¡ . �µ É ³ ¦¥ ¢
± Î¥¸É¢¥ · §¢¨É¨Ö ³¥Éµ¤  ¶·¥¤² £ ²µ¸Ó ·¥Ï¥´¨¥ ¶µ¤µ¡´ÒÌ § ¤ Î  ²£¥¡· ¨Î¥-
¸±¨³¨ ³¥Éµ¤ ³¨ ´  µ¸´µ¢¥ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°. �µ§¦¥ ³¥Éµ¤ ¨¸¶µ²Ó-
§µ¢ ²¸Ö ¢ [5Ä7]. ‚ [5] ¶µ± § ´µ ¢²¨Ö´¨¥ ¤¨Ô²¥±É·¨Î¥¸±µ° · ³±¨ ´  ±· ¥¢Ò¥
ÔËË¥±ÉÒ ¢ Œ�Š. ‘²¥¤¸É¢¨Ö · §³¥Ð¥´¨Ö ¤¨Ô²¥±É·¨Î¥¸±µ° ¶² ¸É¨´Ò ¢ µ¡Ñ¥³¥
Œ�Š · ¸¸³µÉ·¥´Ò ¢ [6]. ‚ [7] ¤ ´Ò ´¥±µÉµ·Ò¥ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±¨Ì
¶µ²¥° ¨ ¶µÉ¥´Í¨ ²µ¢ ¢ ³´µ£µ¶·µ¢µ²µÎ´µ³ ¤¥É¥±Éµ·¥ ZEPLIN III [8].

�µÖ¸´¨³ ³¥Éµ¤ ¢Ò¡µ·  ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ®¤¨Ô²¥±-
É·¨± ¢ Ô²¥±É·µ¸É É¨Î¥¸±µ³ ¶µ²¥ ¶·µ¢µ¤´¨±µ¢¯. �  ·¨¸. 2 ¶µ± § ´  Î ¸ÉÓ
¶² ¸É¨´Ò ±µ´¤¥´¸ Éµ·  Å ¨¸ÉµÎ´¨±  ¸Éµ·µ´´¨Ì § ·Ö¤µ¢, ´ Ìµ¤ÖÐ¥£µ¸Ö ¶µ¤
¶µÉ¥´Í¨ ²µ³ ÄU ,   É ±¦¥ Î ¸ÉÓ ¤¨Ô²¥±É·¨±  ¸ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ-
¸ÉÓÕ ε, ´ Ìµ¤ÖÐ¥£µ¸Ö ´  ´¥±µÉµ·µ³ · ¸¸ÉµÖ´¨¨ µÉ ¶² ¸É¨´Ò, µ£· ´¨Î¥´´µ°
¤Ê£µ° sd.
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�¨¸. 2. ‘Ì¥³ , ¶µÖ¸´ÖÕÐ Ö ¢Ò¡µ· ¸¨¸É¥³Ò Ê· ¢´¥´¨°. ‡¤¥¸Ó E Å ¶µ²¥ ¸Éµ·µ´´¨Ì
§ ·Ö¤µ¢, U Å §´ Î¥´¨¥ ¶µÉ¥´Í¨ ²  ´  ¶² ¸É¨´¥ ±µ´¤¥´¸ Éµ· , sd Å £· ´¨Í  · §-
¤¥²  ¢ ±ÊÊ³Ä¤¨Ô²¥±É·¨±, in ¨ out Å ¸µµÉ¢¥É¸É¢¥´´µ ¢´ÊÉ·¥´´¨¥ ¨ ¢´¥Ï´¨¥ § ·Ö¤Ò
¤¨Ô²¥±É·¨± 

‘É·¥²±µ° E ¶µ± § ´µ ´ ¶· ¢²¥´¨¥ ¶µ²Ö, ¸µ§¤ ¢ ¥³µ£µ ¸Éµ·µ´´¨³¨ § -
·Ö¤ ³¨. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ´ ¶· ¢²¥´¨¥³ ¢¥±Éµ·  Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö … ´ 
¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨±  ¨´¤ÊÍ¨·ÊÕÉ¸Ö ¸¢Ö§ ´´Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥ § ·Ö¤Ò.
� ¶· ¢²¥´¨Ö ´µ·³ ²Ó´ÒÌ ±µ³¶µ´¥´Éµ¢ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö µÉ ¨´¤ÊÍ¨·µ¢ ´-
´ÒÌ § ·Ö¤µ¢ µ¡µ§´ Î¥´Ò ¸É·¥²± ³¨, ¨¸Ìµ¤ÖÐ¨³¨ ¨§ ÉµÎ±¨ q ´  ¶µ¢¥·Ì´µ¸É¨
¤¨Ô²¥±É·¨±  (¸³. ·¨¸. 2). �²¥±É·¨Î¥¸±µ¥ ¶µ²¥ ¢ ²Õ¡µ° ÉµÎ±¥ ¶µ¢¥·Ì´µ¸É¨
¸µ§¤ ¥É¸Ö ¢¸¥³¨ ¸¢Ö§ ´´Ò³¨ § ·Ö¤ ³¨ ¤¨Ô²¥±É·¨±  ¢³¥¸É¥ ¸µ ¸Éµ·µ´´¨³¨ § -
·Ö¤ ³¨ Ô²¥±É·µ¤µ¢. �  µ¸´µ¢ ´¨¨ ¶·¨´Í¨¶  ¸Ê¶¥·¶µ§¨Í¨¨ ¢ Ô²¥±É·µ¸É É¨±¥
³Ò ¨³¥¥³ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ´µ·³ ²Ó´Ò³¨ ¸µ¸É ¢²ÖÕÐ¨³¨ ´  ¶µ¢¥·Ì´µ¸É¨
¢´ÊÉ·¨ ¨ ¢´¥ ¤¨Ô²¥±É·¨± :

En(in) = En − En(q) ¨ En(out) = En + En(q).

‚ ÔÉ¨Ì ±· ¥¢ÒÌ Ê¸²µ¢¨ÖÌ En Å ´µ·³ ²Ó´Ò° ±µ³¶µ´¥´É ¶µ²Ö µÉ ¸Éµ·µ´´¨Ì
§ ·Ö¤µ¢,   En(q) Å ´µ·³ ²Ó´Ò° ±µ³¶µ´¥´É ¶µ²Ö µÉ ¢¸¥Ì ¸¢Ö§ ´´ÒÌ § ·Ö¤µ¢ ´ 
¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨±  ¢ ÉµÎ±¥ q. �µ § ±µ´ ³ Ô²¥±É·µ¸É É¨±¨ ÔÉ¨ ¤¢  ¸µ-
µÉ´µÏ¥´¨Ö ¸¢Ö§ ´Ò Ê· ¢´¥´¨¥³, ¸¶· ¢¥¤²¨¢Ò³ ¤²Ö ²Õ¡µ° ÉµÎ±¨ ¶µ¢¥·Ì´µ¸É¨
¤¨Ô²¥±É·¨± :

En + En(q) = ε(En − En(q)). (1.1)

Šµ£¤  ³Ò £µ¢µ·¨³ µ ¶µ²ÖÌ, µ¡· §µ¢ ´´ÒÌ ¢¸¥³¨ § ·Ö¤ ³¨, Éµ Ë ±É¨Î¥-
¸±¨ ·¥ÎÓ ¨¤¥É µ¡ ¨´É¥£·¨·µ¢ ´¨¨ ¶µ²¥°, ¸µ§¤ ¢ ¥³ÒÌ ´¥¨§¢¥¸É´Ò³¨ · ¸¶·¥-
¤¥²¥´¨Ö³¨ ¶µ¢¥·Ì´µ¸É´ÒÌ ¶²µÉ´µ¸É¥° § ·Ö¤µ¢ ¤¨Ô²¥±É·¨±  ¨ ¶·µ¢µ¤´¨± .
ˆ³¥´´µ ¢ ¸¨²Ê ÔÉµ£µ ¢ µ¡Ð¨Ì ¸²ÊÎ ÖÌ § ¤ Î¨ ®¤¨Ô²¥±É·¨± ¢ Ô²¥±É·¨Î¥¸±µ³
¶µ²¥ ¶·µ¢µ¤´¨±µ¢¯ ¢  ´ ²¨É¨Î¥¸±µ° Ëµ·³¥ ´¥· §·¥Ï¨³Ò. ˆ¸±²ÕÎ¥´¨¥³
Ö¢²ÖÕÉ¸Ö § ¤ Î¨ µ ´¥µ£· ´¨Î¥´´µ³ ¶µ ¤²¨´¥ ¤¨Ô²¥±É·¨Î¥¸±µ³ ¸É¥·¦´¥ Ô²²¨-
¶É¨Î¥¸±µ£µ ¸¥Î¥´¨Ö ¨ ¤¨Ô²¥±É·¨Î¥¸±µ³ Ô²²¨¶¸µ¨¤¥ ¢· Ð¥´¨Ö, · §³¥Ð¥´´ÒÌ
¢ µ¤´µ·µ¤´ÒÌ Ô²¥±É·¨Î¥¸±¨Ì ¶µ²ÖÌ [9]. �·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ¸ ¨¸¶µ²Ó§µ¢ -
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´¨¥³ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ¶·µ¢µ¤´¨±µ¢ Ê¤µ¢²¥-
É¢µ·ÖÕÉ¸Ö § ·Ö¤ ³¨, · §³¥Ð ¥³Ò³¨ ¢³¥¸Éµ ¶·µ¢µ¤´¨±µ¢ ¢ µ¡Ñ¥³¥, ±µÉµ·Ò°
µ´¨ § ´¨³ ²¨. ƒ· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ¤¨Ô²¥±É·¨±µ¢ Ê¤µ¢²¥É¢µ·ÖÕÉ¸Ö ¢¸¶µ-
³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨, · §³¥Ð ¥³Ò³¨ ¢³¥¸Éµ ¤¨Ô²¥±É·¨±µ¢ ¢ µ¡Ñ¥³¥ ¨ ¢´¥
µ¡Ñ¥³ , ±µÉµ·Ò° § ´¨³ ² ¤¨Ô²¥±É·¨±. ‚¸¶µ³µ£ É¥²Ó´Ò¥ § ·Ö¤Ò · §³¥Ð ÕÉ¸Ö
¢¡²¨§¨ ¶µ¢¥·Ì´µ¸É¥° ¤¨Ô²¥±É·¨±µ¢.

�µ¸³µÉ·¨³, ± ± ±¨³ ¸µµÉ´µÏ¥´¨Ö³ ¶·¨¢µ¤¨É ¨¸¶µ²Ó§µ¢ ´¨¥ ¢´ÊÉ·¥´´¨Ì
¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨±  ´  ¶µ¢¥·Ì´µ¸É¨, µ£· ´¨Î¨¢ ÕÐ¥° ¥£µ.
‚´ÊÉ·¥´´¨¥ (in) § ·Ö¤Ò ÊÎ ¸É¢ÊÕÉ ¢ ¸µ§¤ ´¨¨ ¢´¥Ï´¥£µ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö
Eout. � ¶· ¢²¥´¨¥ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö, ¸µ§¤ ¢ ¥³µ£µ ¶µ²µ¦¨É¥²Ó´Ò³¨ ¢´Ê-
É·¥´´¨³¨ § ·Ö¤ ³¨, ¸µ¢¶ ¤ ¥É ¸ ´ ¶· ¢²¥´¨¥³ ¶µ²Ö ±µ´¤¥´¸ Éµ·  (¸³. ·¨¸. 2),
¢ ·¥§Ê²ÓÉ É¥ ³Ò ¶µ²ÊÎ ¥³ Eout = E+E(in). ’µ£¤  ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ § ±µ´ ³¨
Ô²¥±É·µ¸É É¨±¨ ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨±  ¸ ¢´ÊÉ·¥´´¥° ¸Éµ·µ´Ò ¢¥²¨Î¨´ 
¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ Ein = E − E(in). ‘ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸¢Ö§¨
³¥¦¤Ê ¶µ²Ö³¨ ´  £· ´¨Í¥ ¢ ±ÊÊ³Ä¤¨Ô²¥±É·¨± ¨³¥¥³ µ±µ´Î É¥²Ó´µ¥ ¢Ò· ¦¥-
´¨¥,  ´ ²µ£¨Î´µ¥ Ê· ¢´¥´¨Õ (1.1):

E + E(in) = ε(E − E(in)).

�¡· É¨³¸Ö ± ¶·µ¡²¥³¥ ¶·¨³¥´¥´¨Ö ¢´¥Ï´¨Ì § ·Ö¤µ¢. ‘ ÊÎ¥Éµ³ ´ ¶· ¢²¥-
´¨Ö Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ¢´¥Ï´¥£µ § ·Ö¤  (out) ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨± 
¸ ¢´ÊÉ·¥´´¥° ¸Éµ·µ´Ò ¸µ§¤ ¥É¸Ö ¶µ²¥ Ein = E − E(out). ‚ ÔÉµ³ ¸²ÊÎ ¥
É·¥¡µ¢ ´¨¥ § ±µ´µ¢ Ô²¥±É·µ¸É É¨±¨ ¶·¨¢µ¤¨É ± ¸µµÉ´µÏ¥´¨Õ ¤²Ö ¶µ²Ö ¢´¥
¤¨Ô²¥±É·¨±  Eout = E + E(out), ¸²¥¤µ¢ É¥²Ó´µ, ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸µµÉ´µÏ¥´¨¥
¤²Ö £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨´¨³ ¥É ¢¨¤

E + E(out) = ε(E − E(out)).

’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³ ¨¤¥´É¨Î´µ¸ÉÓ ¸µµÉ´µÏ¥´¨° ¤²Ö ´ Ìµ¦¤¥´¨Ö
¢´¥Ï´¨Ì ¨ ¢´ÊÉ·¥´´¨Ì § ·Ö¤µ¢. �Éµ ¶µ§¢µ²¨É ¸µ¸É ¢²ÖÉÓ µ¤¨´ ±µ¢Ò¥ ¸¨¸É¥³Ò
Ê· ¢´¥´¨°, µÉ²¨Î ÕÐ¨¥¸Ö Éµ²Ó±µ É¥³, ± ±¨¥ § ·Ö¤Ò ´¥µ¡Ìµ¤¨³µ ¨¸¶µ²Ó§µ-
¢ ÉÓ.

2. AD REM∗

‚ ± Î¥¸É¢¥ Ë¨§¨Î¥¸±µ° ³µ¤¥²¨ ´ ³¨ · ¸¸³ É·¨¢ ¥É¸Ö ¤¨Ô²¥±É·¨Î¥¸±¨°
¸É¥·¦¥´Ó ¤¨ ³¥É·µ³ 10 ³³ ¸ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸ÉÓÕ ε = 4, ±µÉµ·Ò°
· ¸¶µ²µ¦¥´ ¸ ¢ ±ÊÊ³´Ò³ (£ §µ¢Ò³) § §µ·µ³ ¢ µ¡Ñ¥³¥ ¶²µ¸±µ£µ ±µ´¤¥´¸ Éµ· .
� ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¶² ¸É¨´ ³¨ ±µ´¤¥´¸ Éµ·  20 ³³, ¨Ì Ï¨·¨´  120 ³³. ‚Ò¡µ·

∗Š ¤¥²Ê (² É.).
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· ¸¸ÉµÖ´¨°, ¸· ¢´¨³ÒÌ ¸ ¤¨ ³¥É·µ³ ¸É¥·¦´Ö, ¶µ§¢µ²Ö¥É Ê¸¶¥Ï´¥¥ ¶·µ¸²¥¤¨ÉÓ
§ ¢¨¸¨³µ¸ÉÓ ÉµÎ´µ¸É¨ ·¥Ï¥´¨Ö § ¤ Î¨ µÉ · §²¨Î´ÒÌ ¶ · ³¥É·µ¢: Î¨¸²  ¢¸¶µ-
³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢, ¨Ì ¢§ ¨³´µ£µ · ¸¶µ²µ¦¥´¨Ö. „²¨´  ¸É¥·¦´Ö ¨ ¶² ¸É¨´
500 ³³. ’ ±¨¥ ¢¥²¨Î¨´Ò ¤²¨´Ò ¶µ§¢µ²ÖÕÉ · ¸¸³µÉ·¥ÉÓ ¤¢Ê³¥·´Ò° ¸²ÊÎ °
¢ ³¥¤¨ ´´µ³ ¸¥Î¥´¨¨ z = 0. � §³¥¸É¨³ ¢¸¶µ³µ£ É¥²Ó´Ò¥ ²¨´¥°´Ò¥ § ·Ö¤Ò
®¢´¥ Ô²¥±É·µ¤µ¢¯ ,   É ±¦¥ ®¢´ÊÉ·¨ ¨²¨ ¢´¥ ¤¨Ô²¥±É·¨± ¯ (·¨¸. 3). Š ¢ÒÎ±¨
µ¡µ§´ Î ÕÉ ´¥±µÉµ·ÊÕ Ê¸²µ¢´µ¸ÉÓ, ¶µ¸±µ²Ó±Ê ¢ ³ É¥³ É¨Î¥¸±µ° ³µ¤¥²¨ ¢ Ö¢-
´µ³ ¢¨¤¥ µÉ¸ÊÉ¸É¢ÊÕÉ ¨ ±µ´¤¥´¸ Éµ·, ¨ ¤¨Ô²¥±É·¨±. Œ É¥³ É¨Î¥¸±µ° ³µ¤¥²ÓÕ
Ö¢²Ö¥É¸Ö ¸µ¢µ±Ê¶´µ¸ÉÓ ¸¨¸É¥³ Ê· ¢´¥´¨° ¤²Ö ´ Ìµ¦¤¥´¨Ö ¢¥²¨Î¨´ ¢¸¥Ì ¢¸¶µ-
³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢. ‚ ¸¢µÕ µÎ¥·¥¤Ó, ¢¸¶µ³µ£ É¥²Ó´Ò¥ § ·Ö¤Ò µ¡¥¸¶¥Î¨¢ ÕÉ
¢Ò¶µ²´¥´¨¥ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´  ¶µ¢¥·Ì´µ¸ÉÖÌ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ¢¥·Ì-
´µ¸ÉÖ³ Ô²¥±É·µ¤µ¢,   É ±¦¥ ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨± .

�¨¸. 3. ‘Ì¥³  · ¸¶µ²µ¦¥´¨Ö ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¢ Ë¨§¨Î¥¸±µ° ³µ¤¥²¨ ¤¨Ô²¥±-
É·¨Î¥¸±µ£µ ¸É¥·¦´Ö ¢ ¶µ²¥ ±µ´¤¥´¸ Éµ· 

‚ ±µ´±·¥É´µ³ ¢ ·¨ ´É¥ Î¨¸²µ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ± ¦¤µ° ¨§ ¶² -
¸É¨´ ±µ´¤¥´¸ Éµ·  · ¢´µ 400. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ · ¸¸³µÉ·¥´´Ò³ ¢ÒÏ¥ ¸µµÉ´µ-
Ï¥´¨¥³ dy = 2s ¶·¨ · ¸¸ÉµÖ´¨¨ ³¥¦¤Ê ¸µ¸¥¤´¨³¨ § ·Ö¤ ³¨ 0,3 ³³,   · ¸¸Éµ-
Ö´¨¥ ³¥¦¤Ê ¶µ¢¥·Ì´µ¸ÉÓÕ ¸ § ·Ö¤ ³¨ ¨ ¶µ¢¥·Ì´µ¸ÉÓÕ ¶² ¸É¨´Ò ±µ´¤¥´¸ Éµ· 
· ¢´µ 0,6 ³³. � ¸¸³ É·¨¢ ²¨¸Ó ¸²ÊÎ ¨, ±µ£¤  ¶µ ¶¥·¨³¥É·Ê ¤¨Ô²¥±É·¨±  ¡· -
²µ¸Ó ¶¥·¥³¥´´µ¥ Î¨¸²µ ±µ´É·µ²Ó´ÒÌ ÉµÎ¥± ¨ · ¢´µ¥ ¨³ Î¨¸²µ ¢´ÊÉ·¥´´¨Ì ¨
¢´¥Ï´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± . � ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ±µ´É·µ²Ó-
´Ò³¨ ÉµÎ± ³¨ ds = 2πR0/n, £¤¥ R0 Å · ¤¨Ê¸ ¸É¥·¦´Ö. � ¸¸ÉµÖ´¨¥ ³¥¦¤Ê
± ¦¤µ° ¨§ ¶µ¢¥·Ì´µ¸É¥° ¸ § ·Ö¤ ³¨ ¨ ¶µ¢¥·Ì´µ¸ÉÓÕ ¤¨Ô²¥±É·¨± 

dr = 2ds. (2.1)

„²Ö ¶µ¢¥·Ì´µ¸É¥° ¸ § ·Ö¤ ³¨ · ¤¨Ê¸ µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³ R =
R0±dr. ‡ ·Ö¤Ò · §³¥Ð ÕÉ¸Ö ´  É¥Ì ¦¥ · ¤¨Ê¸ Ì, ÎÉµ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³
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±µ´É·µ²Ó´Ò¥ ÉµÎ±¨. �·¨ ³µ¤¥²¨·µ¢ ´¨¨ ¶µÉ¥´Í¨ ² ¢¥·Ì´¥° ¶² ¸É¨´Ò ±µ´-
¤¥´¸ Éµ·  · ¢´Ö²¸Ö 500 ‚,   ¶µÉ¥´Í¨ ² ´¨¦´¥° ¶² ¸É¨´Ò ¸µ¸É ¢²Ö² Ä500 ‚.
�  Í¨²¨´¤·¨Î¥¸±µ° ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨± , µ¡· Ð¥´´µ° ± ¢¥·Ì´¥³Ê Ô²¥±-
É·µ¤Ê ±µ´¤¥´¸ Éµ· , ´ Ìµ¤ÖÐ¥³Ê¸Ö ¶µ¤ ¶µ²µ¦¨É¥²Ó´Ò³ ¶µÉ¥´Í¨ ²µ³, ¶µÖ¢²Ö-
ÕÉ¸Ö ¸¢Ö§ ´´Ò¥ µÉ·¨Í É¥²Ó´Ò¥ § ·Ö¤Ò.

3. OMNE INITIUN DIFFICILE EST∗

� ¸¸³µÉ·¨³ ³¥Éµ¤ · §¤¥²Ó´µ£µ ¨¸¶µ²Ó§µ¢ ´¨Ö ¢´ÊÉ·¥´´¨Ì ¨²¨ ¢´¥Ï´¨Ì
§ ·Ö¤µ¢, µÉ´µ¸ÖÐ¨Ì¸Ö ± ¤¨Ô²¥±É·¨±Ê. ‚´ÊÉ·¥´´¨¥ ¢¸¶µ³µ£ É¥²Ó´Ò¥ § ·Ö¤Ò
¤¨Ô²¥±É·¨±  ¢³¥¸É¥ ¸µ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨ ¶·µ¢µ¤´¨±  ¨¸¶µ²Ó§ÊÕÉ¸Ö
¤²Ö µ¶·¥¤¥²¥´¨Ö ¶µ²¥° ¨ ¶µÉ¥´Í¨ ²µ¢ ¢´¥ ¤¨Ô²¥±É·¨± . � ¢´¥Ï´¨¥ § ·Ö¤Ò
¤¨Ô²¥±É·¨±  ¢³¥¸É¥ ¸µ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨ ¶·µ¢µ¤´¨±  ¨¸¶µ²Ó§ÊÕÉ¸Ö
¤²Ö µ¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨± .

„²Ö ± ¦¤µ° ¨§ ±µ´É·µ²Ó´ÒÌ ÉµÎ¥± ¢¥·Ì´¥° ¶² ¸É¨´Ò ±µ´¤¥´¸ Éµ·  ¸µ-
¸É ¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö É¨¶ 

∑

i

Ui +
∑

k

Uk +
∑

d

Ud = U01. (3.1)

‚ ¶µ¤µ¡´µ³ Ê· ¢´¥´¨¨ Ui Å ¶µÉ¥´Í¨ ², ¸µ§¤ ¢ ¥³Ò° § ·Ö¤µ³ ¸ ´µ³¥·µ³ i,
µÉ´µ¸ÖÐ¨³¸Ö ± µ¤´µ° ¨§ ¶² ¸É¨´ ±µ´¤¥´¸ Éµ· , Uk Å ¶µÉ¥´Í¨ ² µÉ § ·Ö¤  k
¢Éµ·µ° ¶² ¸É¨´Ò, Ud Å ¶µÉ¥´Í¨ ² µÉ § ·Ö¤  d ¤¨Ô²¥±É·¨± .

“· ¢´¥´¨Ö É¨¶ 

∑

i

U∗
i +

∑

k

U∗
k +

∑

d

U∗
d = U02 (3.2)

µÉ´µ¸ÖÉ¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ, ±µ ¢Éµ·µ° ¶² ¸É¨´¥ ±µ´¤¥´¸ Éµ· . �µÉ¥´Í¨ ²Ò
U01 ¨ U02 Å £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ±µ´¤¥´¸ Éµ· .

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¸µµÉ´µÏ¥´¨¥³ (1.1) ¸µ¸É ¢²¥´Ò Ê· ¢´¥´¨Ö

∑

i

Eni +
∑

k

Enk +
∑

d

End = ε (
∑

i

Eni +
∑

k

Enk −
∑

d

End), (3.3)

µ´¨ Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ¢Ò¶µ²´¥´¨Ö £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨-
Ô²¥±É·¨± .

—¨¸²µ ÔÉ¨Ì Ê· ¢´¥´¨° · ¢´µ Î¨¸²Ê ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¶¥·¢µ°, ¢Éµ-
·µ° ¶² ¸É¨´Ò ±µ´¤¥´¸ Éµ·  ¨ ¸É¥·¦´Õ ¤¨Ô²¥±É·¨± , É. ¥. ¸¨¸É¥³  Ê· ¢´¥´¨°
¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²¥´ .

∗‚¸Ö±µ¥ ´ Î ²µ É·Ê¤´µ (² É.).
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� Î´¥³ ¸ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (3.1)Ä(3.3) ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢´Ê-
É·¥´´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± . � °¤¥´´Ò¥ § ·Ö¤Ò ¶µ§¢µ²ÖÕÉ
¶µ²ÊÎ¨ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ ¨ Ô²¥±É·¨Î¥¸±¨Ì ¶µ²¥° ¢´¥ ¤¨Ô²¥±-
É·¨± . �  ·¨¸. 4, a ¶µ± § ´µ · ¸¶·¥¤¥²¥´¨¥ ´ ¶·Ö¦¥´´µ¸É¨ Ô²¥±É·¨Î¥¸±µ£µ
¶µ²Ö ¸ ¢´ÊÉ·¥´´¥° ¸Éµ·µ´Ò ¶² ¸É¨´Ò ±µ´¤¥´¸ Éµ· . � ¸¸³µÉ·¨³ · ¸¶·¥¤¥²¥-
´¨¥ ¤²Ö x > 50 ³³. ‚ ÔÉµ° Î ¸É¨ ¶² ¸É¨´Ò Î¨¸²µ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢
³¥´ÓÏ¥, Î¥³ ¢ Î ¸É¨ x < 50 ³³. “³¥´ÓÏ¥´¨¥ Î¨¸²  § ·Ö¤µ¢ ¶·¨ x > 50 ³³
¤²Ö µ¡¥¸¶¥Î¥´¨Ö Ô±¢¨¶µÉ¥´Í¨ ²Ó´µ¸É¨ ¶·µ¢µ¤´¨± , ± ± ÔÉµ É·¥¡ÊÕÉ § ±µ´Ò
Ô²¥±É·µ¸É É¨±¨ ¶·µ¢µ¤´¨±µ¢, ±µ³¶¥´¸¨·Ê¥É¸Ö Ê¢¥²¨Î¥´¨¥³ ¢¥²¨Î¨´ § ·Ö¤µ¢.
Œ ±¸¨³Ê³ ¶·¨ x = 0 µ¡Ê¸²µ¢²¥´ ¶·¨¸ÊÉ¸É¢¨¥³ ¤¨Ô²¥±É·¨± . �  ·¨¸. 4, ¡
¶·¥¤¸É ¢²¥´  Í¥´É· ²Ó´ Ö Î ¸ÉÓ ¤ ´´µ£µ · ¸¶·¥¤¥²¥´¨Ö. � ¸¸³ É·¨¢ ¥³µ¥
· ¸¶·¥¤¥²¥´¨¥ ¶µ²ÊÎ¥´µ ´ ²µ¦¥´¨¥³ ¶ÖÉ¨ ´¥§ ¢¨¸¨³ÒÌ · ¸¶·¥¤¥²¥´¨°, ¶µ-
²ÊÎ¥´´ÒÌ ¤²Ö · §´µ£µ Î¨¸²  ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢.

�¨¸. 4.  . � ¸¶·¥¤¥²¥´¨¥ ´ ¶·Ö¦¥´´µ¸É¨ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ¢¤µ²Ó ¶µ¢¥·Ì´µ¸É¨ µ¤-
´µ° ¨§ ¶² ¸É¨´ ±µ´¤¥´¸ Éµ· , ¶µ²ÊÎ¥´´µ¥ ´ ²µ¦¥´¨¥³ ¶ÖÉ¨ ´¥§ ¢¨¸¨³ÒÌ · ¸¶·¥¤¥-
²¥´¨° ¤²Ö · §²¨Î´µ£µ Î¨¸²  ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± ; ¡ Å Í¥´É· ²Ó´ Ö
Î ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö, ¶µ± § ´´µ£µ ´   

�  ·¨¸. 5 ¢ Ê¢¥²¨Î¥´´µ³ ¢¨¤¥ ¶µ± § ´ Ë· £³¥´É · ¸¶·¥¤¥²¥´¨Ö ·¨¸. 4, a,
±µÉµ·Ò° ¤¥³µ´¸É·¨·Ê¥É ¢²¨Ö´¨¥ ¤¨¸±·¥É´µ¸É¨ § ·Ö¤µ¢. � ¸¶·¥¤¥²¥´¨¥ ¸ ²µ-
± ²Ó´Ò³¨ ³ ±¸¨³Ê³ ³¨ ¨ ³¨´¨³Ê³ ³¨ (±·¨¢ Ö 1) ¸µµÉ¢¥É¸É¢Ê¥É · ¸¶·¥¤¥-
²¥´¨Õ ´  ¢´ÊÉ·¥´´¥° ¶µ¢¥·Ì´µ¸É¨ ¶² ¸É¨´Ò, ´ Ìµ¤ÖÐ¥°¸Ö ´  · ¸¸ÉµÖ´¨¨
dy = 2s µÉ ¶µ¢¥·Ì´µ¸É¨ ¸ § ·Ö¤ ³¨. Š·¨¢ Ö 2 ¸µµÉ¢¥É¸É¢Ê¥É · ¸¶·¥¤¥²¥´¨Õ
¶µ²Ö ´  · ¸¸ÉµÖ´¨¨ dy = 3s µÉ ¶µ¢¥·Ì´µ¸É¨ ¸ § ·Ö¤ ³¨.

‡´ Î¥´¨Ö ¶µ²Ö E ¢ § ¢¨¸¨³µ¸É¨ µÉ Î¨¸²  ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨-
Ô²¥±É·¨±  n ¤²Ö x = 0 ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 1, ¶µ ±µÉµ·µ° ³µ¦´µ ¸Ê¤¨ÉÓ µ
ÉµÎ´µ¸É¨ · ¸¸³ É·¨¢ ¥³µ£µ ³¥Éµ¤ .

’ ¡²¨Í  1

n 10 20 50 100 1000
E, ±‚/¸³ 0,711777 0,711777 0,711776 0,711776 0,711775
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�¨¸. 5. ”· £³¥´É · ¸¶·¥¤¥²¥´¨Ö, ¶µ± § ´´µ£µ ´  ·¨¸. 4, a, ¤¥³µ´¸É·¨·ÊÕÐ¨° ¢²¨Ö´¨¥
¤¨¸±·¥É´µ¸É¨ § ·Ö¤µ¢. Š·¨¢ Ö 1 ¸µµÉ¢¥É¸É¢Ê¥É · ¸¶·¥¤¥²¥´¨Õ ´  · ¸¸ÉµÖ´¨¨ dy = 2ds
µÉ ¶²µ¸±µ¸É¨ ¸ § ·Ö¤ ³¨, ±·¨¢ Ö 2 Å ´  · ¸¸ÉµÖ´¨¨ dy = 3ds

�¨¸. 6. � ¸¶·¥¤¥²¥´¨¥ ±µ³¶µ´¥´ÉÒ ¶µ²Ö Ey ¢¤µ²Ó ¶²µ¸±µ¸É¨, ¶·µÌµ¤ÖÐ¥° Î¥·¥§ ÉµÎ±Ê
B ´  ·¨¸. 3 ¨ ¶ · ²²¥²Ó´µ° ¶² ¸É¨´ ³ ±µ´¤¥´¸ Éµ· 

� ¸¶·¥¤¥²¥´¨¥ ´µ·³ ²Ó´ÒÌ ¸µ¸É ¢²ÖÕÐ¨Ì ¶µ²Ö ¢¤µ²Ó ¶²µ¸±µ¸É¨, ¶·µÌµ-
¤ÖÐ¥° Î¥·¥§ ÉµÎ±Ê B ·¨¸. 3, ¶µ± § ´µ ´  ·¨¸. 6.

‚ É ¡². 2 ¸¢¥¤¥´Ò ¤ ´´Ò¥ µ ¢¥²¨Î¨´ Ì ¶µÉ¥´Í¨ ²  ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨-
Ô²¥±É·¨±  ¢ § ¢¨¸¨³µ¸É¨ µÉ Î¨¸²  ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨±  n ¢
ÉµÎ±¥ B ·¨¸. 3.

’ ¡²¨Í  2

n 10 20 60 100 200 300
U , B 114,7750 114,7036 114,7031 114,7040 114,7042 114,7043

ˆ¸¶µ²Ó§ÊÖ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (3.1)Ä(3.3), ¶µ²ÊÎ ¥³ ¢¸¥ ¢´ÊÉ·¥´´¨¥ ¢¸¶µ-
³µ£ É¥²Ó´Ò¥ § ·Ö¤Ò, µÉ´µ¸ÖÐ¨¥¸Ö ± ¤¨Ô²¥±É·¨±Ê, ¨ § ·Ö¤Ò, µÉ´µ¸ÖÐ¨¥¸Ö ±
±µ´¤¥´¸ Éµ·Ê. ‚´¥ ¤¨Ô²¥±É·¨±  · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±¨Ì ¶µ²¥° ¢ Ï¨-

8



·µ±µ³ ¨´É¥·¢ ²¥ Î¨¸²  ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¶µ²´µ¸ÉÓÕ ¨¤¥´É¨Î´Ò. �Éµ
¦¥ µÉ´µ¸¨É¸Ö ¨ ± ¶µÉ¥´Í¨ ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨Ö³. ‚µ§´¨± ¥É ¢µ¶·µ¸, ¸ ± -
±µ° ÉµÎ´µ¸ÉÓÕ ³¥¦¤Ê ¶µÉ¥´Í¨ ² ³¨ ¨ ¶µ²Ö³¨ ¢´¥ ¤¨Ô²¥±É·¨±  ¢Ò¶µ²´ÖÕÉ¸Ö
¸µµÉ´µÏ¥´¨Ö, ¶·¥¤¶¨¸Ò¢ ¥³Ò¥ § ±µ´µ³ Ô²¥±É·µ¸É É¨±¨ E = dU/dy. „²Ö
¶·µ¢¥·±¨ ÔÉµ£µ ¸ Ï £µ³ 0,01 ³³ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢¥²¨Î¨´Ò
¶µÉ¥´Í¨ ²  ¢¤µ²Ó µ¸¨ µ·¤¨´ É ¢´¥ ¤¨Ô²¥±É·¨± . ‚ÒÎ¨¸²Ö²¨¸Ó µÉ´µÏ¥´¨Ö · §-
´¨ÍÒ ¶µÉ¥´Í¨ ²µ¢ ∆U ´  ¨´É¥·¢ ²¥ ∆y = 0, 002 ³³ ± ¢¥²¨Î¨´¥ ÔÉµ£µ ¨´-
É¥·¢ ² . �µ²ÊÎ¥´´µ¥ §´ Î¥´¨¥ ∆U/∆y ¸· ¢´¨¢ ²µ¸Ó ¸µ §´ Î¥´¨¥³ ¢¥²¨Î¨´Ò
¶µ²Ö ¢ ÉµÎ±¥, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¸¥·¥¤¨´¥ ¨´É¥·¢ ²  ∆y. �  ·¨¸. 7 ¶·¨¢¥-

�¨¸. 7. � ¸¶·¥¤¥²¥´¨¥ ¶µ²Ö ¢¤µ²Ó µ¸¨ y (¸¶²µÏ´ Ö ±·¨¢ Ö) ¨ µÉ´µÏ¥´¨¥ ∆U/∆y,
¢§ÖÉµ¥ ´  ¨´É¥·¢ ²¥ y = 0, 002 ³³ (ÉµÎ±¨). � §´¨Í  ´¥ ¶·¥¢ÒÏ ¥É 0,000001 ±‚/¸³

¤¥´ ·¥§Ê²ÓÉ É É ±µ£µ ¸· ¢´¥´¨Ö. ‚µ ¢¸¥³ ¨´É¥·¢ ²¥ · §´¨Í  ´¥ ¶·¥¢ÒÏ ¥É
0,000001 ±‚/¸³, É. ¥. ´ Ìµ¤¨É¸Ö ´  Ê·µ¢´¥ ÉµÎ´µ¸É¨ ¢ÒÎ¨¸²¥´¨°,   ´¥ ÉµÎ´µ-
¸É¨ ·¥Ï¥´¨Ö § ¤ Î¨. ’ ±µ¥ ¸µ£² ¸¨¥, ¥¸É¥¸É¢¥´´µ, Ö¢²Ö¥É¸Ö ¶µ¤É¢¥·¦¤¥´¨¥³
¶· ¢¨²Ó´µ¸É¨ ¢Ò¡µ·  Ê· ¢´¥´¨° ¨ ³¥Éµ¤  ·¥Ï¥´¨Ö § ¤ Î¨ ¶µ ´ Ìµ¦¤¥´¨Õ
¶ · ³¥É·µ¢ Ô²¥±É·¨Î¥¸±¨Ì ¶µ²¥° ¨ ¶µÉ¥´Í¨ ²µ¢ ¢´¥ ¤¨Ô²¥±É·¨± .

4. NIHIL EST SIMUL ET INVENTUM ET PERFECTUM∗

� ¸¸³µÉ·¨³ ¸²ÊÎ ° ¨¸¶µ²Ó§µ¢ ´¨Ö ¢´¥Ï´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨-
Ô²¥±É·¨± . ‘¨¸É¥³  Ê· ¢´¥´¨° (3.1)Ä(3.3) ¶µ§¢µ²Ö¥É ÔÉµ ¸¤¥² ÉÓ. ‚ÒÎ¨¸²¥´¨Ö
¡Ò²¨ ¶·µ¢¥¤¥´Ò ¢ [10]. „²Ö ÔÉµ£µ ¢ ·¨ ´É  ÉµÎ´µ¸ÉÓ ´ Ìµ¦¤¥´¨Ö ¢¥²¨Î¨´
Ô²¥±É·¨Î¥¸±¨Ì ¶µ²¥° ¢ µ¡Ñ¥³¥ ¤¨Ô²¥±É·¨±  ¤²Ö 200 ¨ 800 ¢¸¶µ³µ£ É¥²Ó´ÒÌ
§ ·Ö¤µ¢ ´ Ìµ¤¨É¸Ö ´  Ê·µ¢´¥ 2 ¨ 0,5 %. Œµ¦´µ ²¨ Ê¢¥²¨Î¨ÉÓ ÉµÎ´µ¸ÉÓ ·¥Ï¥-
´¨Ö § ¤ Î¨ ¤²Ö µ¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ ¨ ¶µ²¥° ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨± ?

„²Ö ¢Ò¶µ²´¥´¨Ö £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´µ·³ ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ Ô²¥±É·¨-
Î¥¸±µ£µ ¶µ²Ö ¤µ²¦´Ò ¡ÒÉÓ · ¢´Ò ¶µ  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´¥. �µ ¨§ ÔÉµ£µ ´¥

∗�¨ÎÉµ ´¥ ¡Ò¢ ¥É µ¤´µ¢·¥³¥´´µ ¨ ¨§µ¡·¥É¥´´Ò³, ¨ ¸µ¢¥·Ï¥´´Ò³ (² É.).
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¸²¥¤Ê¥É · ¢¥´¸É¢µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¢´¥Ï´¨Ì ¨ ¢´ÊÉ·¥´´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ
§ ·Ö¤µ¢ qo = qi. �Éµ ÊÉ¢¥·¦¤¥´¨¥ ¸¶· ¢¥¤²¨¢µ ¤²Ö ²Õ¡µ° ¶·µ¨§¢µ²Ó´µ ¢Ò-
¡· ´´µ° ¶ ·Ò § ·Ö¤µ¢ ¶µ¢¥·Ì´µ¸É¨ sd. ‘ Ê¢¥²¨Î¥´¨¥³ Î¨¸²  ²Õ¡µ° ¶ ·Ò
¢´¥Ï´¨Ì ¨ ¢´ÊÉ·¥´´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ · §´¨Í  (qo − qi) ¸É·¥³¨É¸Ö
± ´Ê²Õ. �·¨· ¢´Ö¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢´¥Ï´¨¥ ¨ ¢´ÊÉ·¥´´¨¥ § ·Ö¤Ò ¤¨Ô²¥±-
É·¨±  ¨ ¶µ¸³µÉ·¨³ ·¥§Ê²ÓÉ É.

„²Ö ·¥Ï¥´¨Ö ¢ ¦´µ, ÎÉµ¡Ò ÔÉµ Î¨¸²µ § ·Ö¤µ¢ ´ Ìµ¤¨²µ¸Ó ¢ · §Ê³´ÒÌ
¶·¥¤¥² Ì. ‚ ·¥§Ê²ÓÉ É¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (3.1)Ä(3.3) ¤²Ö § ¤ ´´µ£µ
Î¨¸²  ¢´ÊÉ·¥´´¨Ì § ·Ö¤µ¢ ¨³¥¥³ § ·Ö¤Ò ±µ´¤¥´¸ Éµ·  ¨ ¤¨Ô²¥±É·¨± . „²Ö
´ Ìµ¦¤¥´¨Ö ¶µ²¥° ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨±  ¨¸¶µ²Ó§Ê¥³ É¥ ¦¥ ¢¸¶µ³µ£ É¥²Ó´Ò¥ § -
·Ö¤Ò ±µ´¤¥´¸ Éµ· ,   ¢´¥Ï´¨³ § ·Ö¤ ³ ¤¨Ô²¥±É·¨±  ¶·¨¶¨Ï¥³ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ¢¥²¨Î¨´Ò ¢´ÊÉ·¥´´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢. �·µ¢¥¤¥³ ¸· ¢´¥´¨¥
¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¢ÒÎ¨¸²¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¶µ²Ö ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨± 
¸ · §²¨Î´Ò³ Î¨¸²µ³ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢. �¥§Ê²ÓÉ É ¸· ¢´¥´¨Ö ¶·¥¤¸É -
¢²¥´ ´  ·¨¸. 8. Š·¨¢Ò¥ (¸´¨§Ê ¢¢¥·Ì) ¸µµÉ¢¥É¸É¢ÊÕÉ Î¨¸²Ê ¢´¥Ï´¨Ì § ·Ö¤µ¢

�¨¸. 8. �¥§Ê²ÓÉ É ¸· ¢´¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¶µ²¥° ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨±  ¢ § ¢¨¸¨³µ¸É¨
µÉ Î¨¸²  ¥£µ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢: 500, 600, 1000, 2000 (¸´¨§Ê ¢¢¥·Ì)

¤¨Ô²¥±É·¨±  Å 500, 600, 1000 ¨ 2000. �·¨ §´ Î¥´¨¨ y = 10 ¢¥²¨Î¨´Ò ¶µ²¥°
¸µµÉ¢¥É¸É¢¥´´µ · ¢´Ò 0,228121, 0,228138, 0,228162 ¨ 0,228172 ±‚/¸³. 500
¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ µ¡¥¸¶¥Î¨¢ ÕÉ ÉµÎ´µ¸ÉÓ 0,022 %. �¥§Ê²ÓÉ É Ö¢²Ö¥É¸Ö
Ê¤µ¢²¥É¢µ·¨É¥²Ó´Ò³ ¶µ ÉµÎ´µ¸É¨, ´µ Î¨¸²µ § ·Ö¤µ¢ ¢¸¥-É ±¨ ¢¥²¨±µ. �µ¶·µ-
¡Ê¥³ ·¥Ï¨ÉÓ § ¤ ÎÊ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ê¸²µ¢¨Ö ´¥¶·¥·Ò¢´µ¸É¨ ¶µÉ¥´Í¨ ²  ´ 
¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨± .

5. INVENIT ET PERFECIT∗

‘¨¸É¥³  Ê· ¢´¥´¨° (3.1)Ä(3.3) ´¥ ÊÎ¨ÉÒ¢ ¥É Ê¸²µ¢¨Ö ´¥¶·¥·Ò¢´µ¸É¨ ¶µ-
É¥´Í¨ ²  ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨± , É·¥¡Ê¥³Ò¥ § ±µ´ ³¨ Ô²¥±É·µ¸É É¨±¨.

∗�É±·Ò² ¨ Ê¸µ¢¥·Ï¥´¸É¢µ¢ ² (² É.).
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�Éµ Ê¸²µ¢¨¥ ´¥¶·¥·Ò¢´µ¸É¨ ¶µÉ¥´Í¨ ²  ¢ ±µ´É·µ²Ó´ÒÌ ÉµÎ± Ì ´  ¶µ¢¥·Ì´µ-
¸É¨ ¤¨Ô²¥±É·¨±  µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¢¨¤ 

∑

i

Ui +
∑

k

Uk +
∑

d

U i
d =

∑

i

Ui +
∑

k

Uk +
∑

d

Uo
d .

‡¤¥¸Ó ¸Ê³³Ò
∑
i

Ui +
∑
k

Uk ¶·¥¤¸É ¢²ÖÕÉ ¢¥²¨Î¨´Ò ¶µÉ¥´Í¨ ²µ¢, ¸µ§¤ -

¢ ¥³ÒÌ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨ ±µ´¤¥´¸ Éµ· , µ´¨ µ¤¨´ ±µ¢Ò³ µ¡· §µ³
¢Ìµ¤ÖÉ ¢ µ¡¥ Î ¸É¨ Ê· ¢´¥´¨Ö, ¨Ì ³µ¦´µ ¸µ±· É¨ÉÓ. �µ¸²¥ ¸µ±· Ð¥´¨Ö ¨³¥¥³
Ê· ¢´¥´¨Ö ¤²Ö ¶µÉ¥´Í¨ ²µ¢, ¸µ§¤ ¢ ¥³ÒÌ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨ Éµ²Ó±µ
¤¨Ô²¥±É·¨± :

∑

d

U i
d =

∑

d

Uo
d . (5.1)

ˆ¸¶µ²Ó§ÊÖ ¢ ¶· ¢µ° Î ¸É¨ ÔÉµ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¢´ÊÉ·¥´´¨¥ § ·Ö¤Ò
¤¨Ô²¥±É·¨±  ¨§ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (3.1)Ä(3.3), µ¶·¥¤¥²¨³ ¢´¥Ï´¨¥ ¢¸¶µ³µ£ -
É¥²Ó´Ò¥ § ·Ö¤Ò ¤¨Ô²¥±É·¨±  ¨ ¶·µ¢¥¤¥³ ´¥µ¡Ìµ¤¨³Ò¥ · ¸Î¥ÉÒ. �¨¦¥ ¶·¥¤-
¸É ¢²¥´Ò £· Ë¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ.

�  ·¨¸. 9 ¶·¨¢¥¤¥´Ò Ï¥¸ÉÓ ¸µ¢³¥Ð¥´´ÒÌ · ¸¶·¥¤¥²¥´¨° Ô²¥±É·¨Î¥¸±µ£µ
¶µ²Ö ¢¤µ²Ó µ¸¨ µ·¤¨´ É ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶µ 10, 20, 60, 100, 200 ¨ 300
¢´ÊÉ·¥´´¨Ì ¨ ¢´¥Ï´¨Ì § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± .

�¨¸. 9. ‘µ¢³¥Ð¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ¢¤µ²Ó µ¸¨ µ·¤¨´ É, ¶·µÌµ-
¤ÖÐ¥° Î¥·¥§ Í¥´É· ¤¨Ô²¥±É·¨Î¥¸±µ£µ ¸É¥·¦´Ö, ¤²Ö 10, 20, 60, 100, 200 ¨ 300 ¢¸¶µ³µ-
£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± 

�¨¸. 10 ¶·¥¤¸É ¢²Ö¥É Ê± § ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Éµ²Ó±µ ¢ µ¡Ñ¥³¥ ¤¨Ô²¥±-
É·¨± . ‚¥·Ì´ÖÖ ±·¨¢ Ö ¸µµÉ¢¥É¸É¢Ê¥É 10 ¢¸¶µ³µ£ É¥²Ó´Ò³ § ·Ö¤ ³. ‘·¥¤´¥¥
§´ Î¥´¨¥ ´ ¶·Ö¦¥´´µ¸É¨ ¶µ²Ö ¢ Í¥´É·¥ ¤¨Ô²¥±É·¨±  ¶µ ¶ÖÉ¨ ¶µ¸²¥¤´¨³ ´ ¡µ-
· ³ § ·Ö¤µ¢ E = 0,228174 ±‚/¸³. „²Ö ¸²ÊÎ Ö 10 § ·Ö¤µ¢ E = 0,228247 ±‚/¸³.
�µ ¸µµÉ´µÏ¥´¨Õ dr = 2ds (1.2) ¤²Ö ¤ ´´µ£µ ¸²ÊÎ Ö ¶·¨ r = 5 ³³ dr =
6, 28 ³³. ‡´ Î¨É, ¢¸¶µ³µ£ É¥²Ó´Ò° § ·Ö¤ · ¸¶µ²µ¦¥´ ´¥ ³¥¦¤Ê ±µ´É·µ²Ó´µ°
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ÉµÎ±µ° ¨ Í¥´É·µ³,   §  Í¥´É·µ³. ‘²¥¤¸É¢¨¥³ ÔÉµ£µ Ö¢²Ö¥É¸Ö ¨ · §²¨Î¨¥ ¢
¶µÉ¥´Í¨ ²¥ ¤²Ö 10 ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ (É ¡². 2).

�¨¸. 10. � ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö, ¶·¥¤¸É ¢²¥´´Ò¥ ´  ·¨¸. 9, ¢§ÖÉÒ¥ Éµ²Ó±µ
¢ µ¡Ñ¥³¥ ¤¨Ô²¥±É·¨± 

6. PERGAM TURBARE PORRO ITA HAEC RES POSTULAT∗

„²Ö ¢Ò¶µ²´¥´¨Ö £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´µ·³ ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ Ô²¥±É·¨Î¥-
¸±µ£µ ¶µ²Ö ¢ ²Õ¡µ° ÉµÎ±¥ ¶µ¢¥·Ì´µ¸É¨ ´¥§ ¢¨¸¨³µ µÉ Î¨¸²  § ·Ö¤µ¢ ¤µ²¦´Ò
¡ÒÉÓ · ¢´Ò ¶µ  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´¥. �Éµ É·¥¡µ¢ ´¨¥ Ô²¥±É·µ¸É É¨±¨ ¶·¨¢µ-
¤¨É ± ¸µµÉ´µÏ¥´¨Õ

∑

d

Eo
d =

∑

d

Ei
d. (6.1)

Š ± ¨ ¢ ¸²ÊÎ ¥ Ê¸²µ¢¨° (5.1), ¨§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (3.1)Ä(3.3) µ¶·¥¤¥²Ö-
ÕÉ¸Ö ¢´¥Ï´¨¥ ¢¸¶µ³µ£ É¥²Ó´Ò¥ § ·Ö¤Ò ¤¨Ô²¥±É·¨± , ¶µ§¢µ²ÖÕÐ¨¥ ¢Ò¶µ²´¨ÉÓ
´¥µ¡Ìµ¤¨³Ò¥ ¢ÒÎ¨¸²¥´¨Ö.

7. SPECIOSA MIRACULA∗∗

�¥§Ê²ÓÉ É ·¥Ï¥´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ê· ¢´¥´¨° (5.1) ¨ (6.1) ¸µ¢³¥¸É´µ ¸
Ê· ¢´¥´¨Ö³¨ (3.1)Ä(3.3) ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 11.

∗�Ê¤Ê ¶·µ¤µ²¦ ÉÓ ¸¢µ¨ ¢Ò¤Ê³±¨ Å ÔÉµ£µ É·¥¡Ê¥É ¤¥²µ (² É.).
∗∗�²¨¸É É¥²Ó´Ò¥ ÎÊ¤¥¸  (² É.).
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�¨¸. 11. � ¸¶·¥¤¥²¥´¨Ö ¶µ²Ö ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨±  ¢ ¸²ÊÎ ÖÌ ¨¸¶µ²Ó§µ¢ ´¨Ö Ê· ¢´¥´¨°
(5.1) ¨ (6.1) ¤²Ö ´ Ìµ¦¤¥´¨Ö ¢´¥Ï´¨Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢ ¤¨Ô²¥±É·¨± 

�  ´¥³ ¶µ± § ´Ò Ë· £³¥´ÉÒ · ¸¶·¥¤¥²¥´¨° ´ ¶·Ö¦¥´´µ¸É¥° ¶µ²Ö ¢ µ¡Ñ-
¥³¥ ¤¨Ô²¥±É·¨± . ‚¥²¨Î¨´Ò ¶µ²¥° ¢ Í¥´É·¥ ¤²Ö ¸²ÊÎ Ö ¨¸¶µ²Ó§µ¢ ´¨Ö Ê· ¢-
´¥´¨° (5.1) ¨ (6.1) ¸µµÉ¢¥É¸É¢¥´´µ · ¢´Ò 0,228174 ¨ 0,228168 ±‚/¸³. �É´µ-
Ï¥´¨Ö ´µ·³ ²Ó´ÒÌ ±µ³¶µ´¥´Éµ¢ ¶µ²Ö ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨±  3,99974 ¨
3,99984 ¶·¨ § ¤ ´´µ³ §´ Î¥´¨¨ ε = 4 ¶µ§¢µ²ÖÕÉ µÍ¥´¨ÉÓ ÉµÎ´µ¸ÉÓ ·¥Ï¥´¨Ö
¤²Ö ´ Ìµ¦¤¥´¨Ö ¶µ²¥° ¨ ¶µÉ¥´Í¨ ²µ¢ ¢´ÊÉ·¨ ¤¨Ô²¥±É·¨± . �´  · ¢´  0,00625
¨ 0,004 % ¸µµÉ¢¥É¸É¢¥´´µ. � ÉµÎ´µ¸É¨ ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨° ´¥¶·¥·Ò¢´µ¸É¨
¶µÉ¥´Í¨ ²µ¢ ´  ¶µ¢¥·Ì´µ¸É¨ ¤¨Ô²¥±É·¨±  ³µ¦´µ ¸Ê¤¨ÉÓ ¶µ ¨Ì ¢¥²¨Î¨´ ³,
¢ÒÎ¨¸²¥´´Ò³ ¸ ¢´ÊÉ·¥´´¨³¨ ¨ ¢´¥Ï´¨³¨ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨ ¤¨-
Ô²¥±É·¨±  ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ê· ¢´¥´¨° (5.1) ¨ (6.1).

…¸²¨ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨° (5.1) ¢´¥Ï´¨¥ § ·Ö¤Ò ´ Ìµ¤ÖÉ¸Ö ¨§ · ¢¥´-
¸É¢  ¶µÉ¥´Í¨ ²µ¢, Éµ ´¥É ´¨Î¥£µ Ê¤¨¢¨É¥²Ó´µ£µ ¢ ·¥§Ê²ÓÉ É¥: 114,70426 ¨
114,70425 ‚.

ˆ§ (6.1) ¢´¥Ï´¨¥ § ·Ö¤Ò ´ Ìµ¤ÖÉ¸Ö ¨§ · ¢¥´¸É¢  ´µ·³ ²Ó´ÒÌ ±µ³¶µ´¥´-
Éµ¢ ¶µ²Ö, ¶µÔÉµ³Ê ¤²Ö µ¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ ¨¸¶µ²Ó§Ê¥É¸Ö ´¥ ¶·Ö³µ°,
  ±µ¸¢¥´´Ò° ¸¶µ¸µ¡. �É¸Õ¤  ¨ · §²¨Î¨¥ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¸ ¢´ÊÉ·¥´´¨³¨ ¨
¢´¥Ï´¨³¨ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ § ·Ö¤ ³¨: 114,70426 ¨ 114,70099 ‚.

� §´¨Í  ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ê· ¢´¥´¨° (3.1)Ä(3.3) ¢³¥¸É¥ ¸ Ê· ¢´¥´¨Ö³¨
(5.1) ¨²¨ (6.1) ³ ² , ¶µÔÉµ³Ê ¶·¨ ·¥Ï¥´¨¨ ´¥µ¡Ìµ¤¨³µ ¶·¨³¥´ÖÉÓ ¢ ±µ´-
±·¥É´µ³ ¸²ÊÎ ¥ ¢ ·¨ ´É, ´ ¨¡µ²¥¥ ¶µ¤Ìµ¤ÖÐ¨° ¤²Ö ¸µ¸É ¢²¥´¨Ö Ê· ¢´¥´¨° ¨
¶µ¸²¥¤ÊÕÐ¨Ì ¢ÒÎ¨¸²¥´¨°.

� ³¨ · ¸¸³µÉ·¥´ ´ ¨¡µ²¥¥ ÉµÎ´Ò° ¢ ·¨ ´É ·¥Ï¥´¨Ö ¤²Ö ¤¨Ô²¥±É·¨± 
µÎ¥´Ó ¶·µ¸Éµ£µ ¶µ Ëµ·³¥. �¤´µ° ¨§ ¶·¨Î¨´ ¢Ò¡µ·  ¤¨Ô²¥±É·¨±  É ±µ° Ëµ·³Ò
Ö¢²Ö¥É¸Ö ¨³¥´´µ ¥£µ ¶·µ¸ÉµÉ . �Éµ ¤ ²µ ¢µ§³µ¦´µ¸ÉÓ ¡Ò¸É·µ° ¡¥§µÏ¨¡µÎ´µ°
¶¥·¥¸É·µ°±¨ ¶·µ£· ³³´µ£µ µ¡¥¸¶¥Î¥´¨Ö. ‚³¥¸É¥ ¸ É¥³, ¤²Ö ¶·µ¢¥·±¨ ³¥-
Éµ¤  ¨ ¢Ò¡µ·  ¶ · ³¥É·µ¢, µ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ´¥µ¡Ìµ¤¨³ÊÕ ÉµÎ´µ¸ÉÓ ·¥Ï¥´¨Ö,
¶µÖ¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¸· ¢´¥´¨Ö ·¥§Ê²ÓÉ Éµ¢ ·¥Ï¥´¨° ¸ ·¥§Ê²ÓÉ É ³¨ Î¨-
¸Éµ  ´ ²¨É¨Î¥¸±µ£µ ¡¥§³µ¤¥²Ó´µ£µ ·¥Ï¥´¨Ö. ’ ±¨³ µ¡Ñ¥±Éµ³ ¤²Ö ¸· ¢´¥´¨Ö
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³¥Éµ¤µ¢ ¢ÒÎ¨¸²¥´¨Ö Ö¢²Ö¥É¸Ö ¡¥¸±µ´¥Î´µ ¤²¨´´Ò° ±·Ê£²Ò° ¸É¥·¦¥´Ó ¤¨Ô²¥±-
É·¨±  ¢ µ¤´µ·µ¤´µ³ Ô²¥±É·¨Î¥¸±µ³ ¶µ²¥ [9]. „²Ö ÔÉµ£µ ¸²ÊÎ Ö ¢ Ê± § ´´µ°
· ¡µÉ¥ ¶·¨¢¥¤¥´  ¶·µ¸É Ö Ëµ·³Ê² :

Ed = Es(2εs/(ε + εs)),

¢ ±µÉµ·µ° Ed Å ´ ¶·Ö¦¥´´µ¸ÉÓ ¶µ²Ö ¢ µ¡Ñ¥³¥ ¤¨Ô²¥±É·¨Î¥¸±µ£µ ¸É¥·¦´Ö,
Es Å ´ ¶·Ö¦¥´´µ¸ÉÓ µ¤´µ·µ¤´µ£µ ¶µ²Ö ¢´¥ ¸É¥·¦´Ö, εs ¨ ε Å ¤¨Ô²¥±É·¨Î¥-
¸±¨¥ ¶·µ´¨Í ¥³µ¸É¨ ¢´¥Ï´¥° ¸·¥¤Ò ¨ ¸É¥·¦´Ö. „²Ö ´ Ï¥£µ ¸²ÊÎ Ö ¤¨Ô²¥±-
É·¨Î¥¸±¨Ì ¶·µ´¨Í ¥³µ¸É¥° εs = 1 ¨ ε = 4 Ëµ·³Ê²  ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨°
¢¨¤:

Ed =
2
5
Es. (7.1)

ŒÒ · ¸¸³µÉ·¥²¨ ¤¢  ¢ ·¨ ´É  · ¸¸ÉµÖ´¨° ³¥¦¤Ê µ¡±² ¤± ³¨ ±µ´¤¥´¸ -
Éµ·  (2 ¨ 6 ¸³) ¶·¨ µ¤¨´ ±µ¢µ° · §´µ¸É¨ ¶µÉ¥´Í¨ ²µ¢ ³¥¦¤Ê ´¨³¨, · ¢´µ°
1000 ‚. ‘²¥¤µ¢ É¥²Ó´µ, ¤²Ö ÔÉ¨Ì ¤¢ÊÌ ¢ ·¨ ´Éµ¢ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¤¨Ô²¥±-
É·¨Î¥¸±µ£µ ¸É¥·¦´Ö ¢¥²¨Î¨´Ò 0,5 ¨ 0,166667 ±‚/¸³ ¢ µ¶·¥¤¥²¥´´µ° ³¥·¥
¶·¥¤¸É ¢²ÖÕÉ §´ Î¥´¨Ö µ¤´µ·µ¤´ÒÌ ¶µ²¥°. „²Ö ´¥µ£· ´¨Î¥´´µ£µ ¶µ ¤²¨´¥
¤¨Ô²¥±É·¨Î¥¸±µ£µ ¸É¥·¦´Ö, ´¥µ£· ´¨Î¥´´ÒÌ ¶µ · §³¥·Ê ¶² ¸É¨´ ±µ´¤¥´¸ -
Éµ·  ¨ § §µ·Ê ³¥¦¤Ê ¶² ¸É¨´ ³¨ ³Ò ¨³¥¥³ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨¥³
(7.1) ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò ¶µ²¥° ¢ ¤¨Ô²¥±É·¨±¥: Ed1 = 2 × 0, 5/5 = 0, 2;
Ed2 = 2 × 0, 166667/5 = 0, 066667 ±‚/¸³.

‚ÒÎ¨¸²¥´¨Ö ¤²Ö Í¥´É·  ¤¨Ô²¥±É·¨±  ¤ ²¨ É ±¨¥ ·¥§Ê²ÓÉ ÉÒ: Ed1 = 0, 2292
¨ Ed2 = 0, 06751 ±‚/¸³. �É²¨Î¨¥ µÉ ¨¤¥ ²Ó´µ£µ ¸²ÊÎ Ö ¸µ¸É ¢²Ö¥É 15 ¨ 1,26 %.
�·¨ Ê¢¥²¨Î¥´¨¨ · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê µ¡±² ¤± ³¨ ±µ´¤¥´¸ Éµ·  ¸ 2 ¤µ 6 ¸³
Ê³¥´ÓÏ¨²µ¸Ó ¢²¨Ö´¨¥ ¤¨Ô²¥±É·¨±  ´  · ¸¶·¥¤¥²¥´¨¥ § ·Ö¤µ¢ ±µ´¤¥´¸ Éµ· .
�µ²¥ ¢ µ±·¥¸É´µ¸É¨ ¤¨Ô²¥±É·¨±  ¸É ²µ ¡µ²¥¥ µ¤´µ·µ¤´Ò³. ” ±É µÉ²¨Î¨Ö µÉ
¨¤¥ ²Ó´µ£µ ¸²ÊÎ Ö Éµ²Ó±µ ¢ 1,26 % Ö¢²Ö¥É¸Ö ¸¢¨¤¥É¥²Ó¸É¢µ³ ¶· ¢¨²Ó´µ¸É¨ · ¸-
¸³ É·¨¢ ¥³µ£µ ³¥Éµ¤  ·¥Ï¥´¨Ö.

Š ±µ° ±·¨É¥·¨° ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¢Ò¡µ·  Î¨¸²  ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö-
¤µ¢ n ¢ µ¡Ð¥³ ¸²ÊÎ ¥? ’ ±¨³ ±·¨É¥·¨¥³ ¢Ò¡µ·  ³µ¦¥É ¸²Ê¦¨ÉÓ µÉ´µÏ¥´¨¥
ds/R0, R0, ¢ ´ Ï¥³ ¸²ÊÎ ¥, · ¤¨Ê¸ ¸É¥·¦´Ö ¨ ds = 2πR0/n. �·¨³¥³ § 
´ ¨³¥´ÓÏ¥¥ Î¨¸²µ n = 20, ±µÉµ·µ¥, ± ± ¶µ± § ´µ, Ê¦¥ µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¸µ-
±ÊÕ ÉµÎ´µ¸ÉÓ ·¥Ï¥´¨Ö. ’µ£¤  ¤²Ö · ¸¸³µÉ·¥´´µ° £¥µ³¥É·¨¨ ds = 1, 57 ³³.
’ ±¨³ µ¡· §µ³, ±·¨É¥·¨¥³ Ö¢²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥ ds/R0 � 0, 314. „²Ö µ¡-
Ð¥£µ ¸²ÊÎ Ö ¢ ± Î¥¸É¢¥ R0 ¢ ¤ ´´µ° ÉµÎ±¥ ¡Ê¤¥É ¸²Ê¦¨ÉÓ ´ ¨³¥´ÓÏ¨° · ¤¨Ê¸
±·¨¢¨§´Ò ¶µ¢¥·Ì´µ¸É¨.

14



8. SUMMA SUMMARUM∗

�µÉ·¥¡´µ¸É¨ ¶· ±É¨±¨ ¶·¨¢¥²¨ ± · §· ¡µÉ±¥ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ±· ¥¢ÒÌ
§ ¤ Î ¸ ¶·µ¢µ¤´¨± ³¨ ¤²Ö Í¥²¥° Ô²¥±É·µ´´µ° µ¶É¨±¨. ‚ ·¥Ï¥´¨¨ § ¤ Î Ô²¥±-
É·µ´´µ° µ¶É¨±¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö ³¥Éµ¤ ±µ´¥Î´ÒÌ · §´µ¸É¥°, ³¥Éµ¤ ±µ´¥Î´ÒÌ
Ô²¥³¥´Éµ¢ ¨ ³¥Éµ¤ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° [11]. Œ¥Éµ¤ ±µ´¥Î´ÒÌ Ô²¥³¥´-
Éµ¢ Ö¢²Ö¥É¸Ö µ¸´µ¢µ° ¸¨¸É¥³ ¶·µ£· ³³ Maxwell-3D [12]. �É  ²¨Í¥´§¨µ´´ Ö
¶·µ£· ³³  ¸µ¢³¥¸É´µ ¸ ¶·µ£· ³³µ° Garˇeld [13] Ï¨·µ±µ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö
µ¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¨ ³µ¤¥²¨·µ¢ ´¨Ö ³´µ£¨Ì ¶·µÍ¥¸-
¸µ¢ ¢ ±µµ·¤¨´ É´ÒÌ ¤¥É¥±Éµ· Ì, ¶·¨³¥´Ö¥³ÒÌ ¤²Ö ¨¸¸²¥¤µ¢ ´¨° ¶µ Ë¨§¨±¥
¢Ò¸µ±¨Ì Ô´¥·£¨° ¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ´  ±·Ê¶´¥°Ï¨Ì Ê¸±µ·¨É¥²ÖÌ …¢·µ¶Ò
¨ �³¥·¨±¨.

Œ¥Éµ¤, µ¶¨¸ ´´Ò° ¢ ¤ ´´µ° ¸É ÉÓ¥, Å ·¥§Ê²ÓÉ É · §¢¨É¨Ö ³¥Éµ¤µ¢  ²£¥-
¡· ¨Î¥¸±¨Ì ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢¸¶µ³µ£ É¥²Ó´ÒÌ § ·Ö¤µ¢
[3Ä7]. …£µ ¶·¥¨³ÊÐ¥¸É¢µ³ ¶µ ¸· ¢´¥´¨Õ ¸ ¶·¥¤²µ¦¥´´Ò³ · ´¥¥ ³¥Éµ¤µ³
Ö¢²Ö¥É¸Ö ¡µ²ÓÏ Ö ÉµÎ´µ¸ÉÓ ¶·¨ ¡Ò¸É·µ³ ·¥Ï¥´¨¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨°.

9. AB IMO PECTORE∗∗

�¢Éµ·Ò ¡² £µ¤ ·´Ò ˜ Ë· ´µ¢µ° Œ. ƒ. §  ¶µ³µÐÓ ¢ ´ ÊÎ´µ³ ·¥¤ ±É¨-
·µ¢ ´¨¨ É¥±¸É  ¸É ÉÓ¨, ’µ¶Ê·¨Ö ’. �. §  ¶·¥¤µ¸É ¢²¥´´Ò¥ ³ É¥·¨ ²Ò ¨ § 
¶µ³µÐÓ ¢ ´ ¶¨¸ ´¨¨ ¶·µ£· ³³.
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