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MHOXeCTBO TBUCTOBAHHBIX (4,4 ) MyJIBTUILIETOB BHE MacCOBOU 000JIOUKH
B SU(2)X SU(2) rapMOHHYECKOM CYIEPIPOCTPAHCTBE

JIaHo JIeTAIbHOE ONMCAHUE YEThIPEX PA3INYHbIX THIIOB TBUCTOBaHHBIX N = (4, 4 ) cyniepMyJibTUILIe-
T0B B.SU(2) X SU(2) rapMOHHYECKOM CYIIEPIIPOCTPAHCTBE B ABYX H3MepeHHusix. B oGbranom N = (4,4),2D
CYIMepIPOCTPAHCTBE ITH MyIBTHILICTHI OIUCHIBAIOTCS CymeprosaMu § ' ¢, ¢, §', §**, KoTopble HOTUMHS-
FOTCSI COOTBETCTBYIOIIMM T (HepeHIIaTbHBIM CBSI3IM (1yOneTHbIe HHACKCHI (i, i, d, d ) OTHOCSITCS K YEThI-
pem rpymnam SU(2), obpasyrommym noiyto rpymiy SO(4), X SO(4), R-cummerpun N = (4,4) cynep-
cuMMeTpun ). JJist MyJIBTHILIETa KQKI0TO THIIA B aHATUTHYECKOM nofnpoctpanctse SU(2) X SU(2) rapmo-
HUYECKOr0 CYNEepIPOCTPAHCTBA HOCTPOCHBI CHI'Ma-MOJCIbHBIC ACHCTBUS BHE MacCOBOH 00O0JOYKH,
BKJIFOYAIOIIME YICHBI KPYUCHHMS, a TaKXKe COOTBETCTBYIOIME HHBAPHAHTHbBIC BBIPAKCHHS I MaCCOBBIX
unenoB. OOliee paccMOTPEHHE IPOUIUTIOCTPUPOBano Ha tpumepe N = (4,4) cynepkoHdopmHOro aeii-
cteus SU(2) X U(1)B3HB curma-Mofienu 1 ero MaccHBHO# edopmartiy a7ist MyasTarieTa § ' ¢. Tlokasamo,
4T0 00IIIEEe CHIMa-MOZCIBHOE ACHCTBUE IJIs1 JIF00OM Taphl Pa3IMYHbIX My/IBTHILICTOB, HHBAPHAHTHOE OTHO-
curensro N = (4,4) cynepcuMMETpUH, PACTaIaeTcsl B CyMMY CUTMa-MOJIEBHBIX JIEHCTBHIL TS KaXKI0TO
MYJIBTUILIETa. AHAJIOTHYHOE SIBIICHHE UMEET MECTO H ITPU OHOBPEMEHHOM BKJIFOUCHUH B 00IIee IeiicTBre
©0JIBIIIEro YKciIa HEIKBUBAICHTHBIX MYJIBTHILIECTOB. [10Ka3aHo, YTO pa3inyHble MYJIBTHILICTBI MOTYT B3aH-
MOJIEHCTBOBATh TOJBKO YEPE3 CMEIIAHHBIE MACCOBBIE WICHBI, KOTOPbIE BO3MOMKHAI JIMILb JUIS MyJIbTHILIE-
TOB, IPUHALIEKAIMX caMoLyanbHbiM mapam (¢, §*) u (-, §'~). MyIbTHILIETI U3 Pa3TUUIHbIX Hap
HE B3aHMOJCHCTBYIOT BOBCE. Jisi IByX TBHCTOBAHHBIX MYJIBTUILICTOB, MPHHAIC/KAIIMX CAMOLYaIbHOMI
nape, IpuBeeHa Hanboee oomas hopMa CKaJSIPHOTO IIOTEHINAIA HA MACCOBOI ITOBEPXHOCTH.

Pa6ota Beinonnena B Jlaboparopun teoperndeckoit pusuku uM. H. H. boromo6osa OMSIN.
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Ivanov E. A., Sutulin A. O. E2-2004-28
Diversity of Off-Shell Twisted (4, 4 ) Multiplets
in SU(2) X SU(2) Harmonic Superspace

We elaborate on four different types of twisted A= (4,4 ) supermultiplets in the SU(2) X SU(2), 2D
harmonic superspace. In the conventional N'= (4, 4), 2D superspace they are described by the superfields
G, 4", ¢', g**, subjected to proper differential constraints, (i, i, a, a ) being the doublet indices of four
groups SU(2) which form the full R-symmetry group SO(4), X SO(4), of N'= (4,4) supersymmetry. We
construct the torsionful off-shell sigma-model actions for each type of these multiplets, as well as the corre-
sponding invariant mass terms, in an analytic subspace of the SU(2) X SU(2)harmonic superspace. As an in-
structive example, N = (4, 4) superconformal extension of the SU(2)xU(1) WZNW sigma-model action
and its massive deformation are presented for the multiplet §'¢. We prove that V"= (4, 4 ) supersymmetry re-
quires the general sigma-model action of pair of different multiplets to split into a sum of sigma-model ac-
tions of each multiplet. This phenomenon also persists if a larger number of non-equivalent multiplets are si-
multaneously included. We show that different multiplets may interact with each other only through mixed
mass terms which can be set up for multiplets belonging to «self-dual» pairs (g G-

ia

,q")and (37, 37).
The multiplets from different pairs cannot interact at all. For a «self-dual» pair of the twisted multiplets we
give the most general form of the on-shell scalar potential.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR.
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1. INTRODUCTION

The interest in N = (4,4) supersymmetric two-dimensional sigma models
with torsion has a long history and is mainly motivated by the important role the
corresponding target spaces play in string theory and AdS/CFT correspondence
(see, e. g., [1-5] and refs. therein). The first example of such a model, N' = (4, 4)
supersymmetric (and superconformal) extension of SU(2) x U (1) WZNW model,
was discovered in Ref. [6] as a special case of N' = (4,4) super-Liouville system
(see also [7]). A more general class of these sigma models was presented in [8,9].
In [10], A = (4, 4) superextensions of other group-manifold WZNW models were
constructed, and the exhaustive list of group-manifolds for which such extensions
exist was given (they are those admitting a quaternionic structure). Superfield
formulations of N' = (4,4) models were given in N' = (2,2) superspace [8],
in ordinary A" = (4,4) superspace [11,12], in the projective superspace [13,14]
and in the N/ = (4,4), SU(2) x SU(2) bi-harmonic superspace [15-18]. The
N = (4,4) superfield formulations are most appropriate, as they make manifest
and off-shell the full amount of the underlying supersymmetry. As argued in [15],
the bi-harmonic formulations are especially advantageous because they manifest
not only supersymmtery but also internal R-symmetry SU(2);, x SU(4)r of
N = (4,4), 2D Poincaré supersymmetry, and allow one to control how this
symmetry is broken in various sigma-model actions.

The bosonic target geometry of general N = (4,4) supersymmetric sigma
models of the considered type was studied, e.g., in [8,19,20]. One of its
versions is characterized by two sets of mutually commuting covariantly constant
quaternionic structures. Any sigma model of this sort can be described off-shell by
the «twisted» N = (4,4), 2D supermultiplets with the off-shell content (4, 8, 4).
As for N = (4,4) sigma models with non-commuting left and right complex
structures, which involve, e. g., most of the group manifold N' = (4,4) WZNW
sigma models (with exception of SU(2) x U(1) and some other product manifolds
including SU(2) and U(1) as the factors [10, 19]), not too much is known about
their superfield description. What is certainly known is that it is impossible to
formulate them in terms of N = (4,4) twisted multiplets alone [21]. In terms of
some other multiplets, models of this kind were discussed in the framework of
N = (2,2) superspace [13,21,22] and in the bi-harmonic N = (4,4) superspace



[17] (in the latter case, superfields with infinitely many auxiliary fields have to
be involved, and the Poisson structures on the target space naturally appear).

Yet in the case of ' = (4, 4) sigma models based on twisted multiplets there
is a subtlety related to the existence of few types of these multiplets which differ
in the transformation properties of their component fields with respect to the full
R-symmetry group SO(4), x SO(4)g of N' = (4,4), 2D Poincaré superalgebra.
This degeneracy of twisted multiplets was first noticed in [11,23,24] *. It is
clearly seen just in the N' = (4,4) superfield language where the various twisted
multiplets are represented by the properly constrained superfields [24]

.ot gt gt (1.1)

Here, the external doublet indices 7,72 and a,a refer to two left and two right
SU(2) constituents of the R-symmetry groups SO(4)r and SO(4) g, respectively.
While looking at these superfields from the perspective of the diagonal subgroup
SU(2)diag in the product SU(2)r x SU(2)g, with the SU(2) factors being
realized on the indices ¢ and a, these four types of twisted multiplets amount,
respectively, to a sum of the SU(2)qiag singlet and triplet superfields, two complex
doublet superfields and a sum of four SU(2)aiag singlet superfields. These sets
provide an off-shell extension of what was called scalar multiplets SM-II, SM-III,
SM-IV and SM-I in [23,25]. Two of these superfields, G%®and §te, comprise just
what was termed TM-II and TM-I twisted multiplets in [12,23]. In [11,12,23] the
superfield kinetic actions were written for such multiplets, as well as the invariant
mass (potential) terms, and it was observed (see also [7]) that the mixed mass
terms can be composed only of the two multiplets «dual» to each other. In our
notation, such «self-dual» pairs are formed by the first and fourth, or second and
third superfields from the above set. The natural question is as to what is the
most general self-interaction of these four different species of twisted multiplets,
both in regard the sigma-model type of it (generalizing free kinetic terms) and
superpotential type (generalizing the mass terms). In both AV = (2,2) [8] and
N = (4,4) [15] superspace approaches only the general Lagrangians of one
kind of twisted multiplet were considered and the appropriate restrictions on the
relevant bosonic target metric and torsion were deduced.

One of the purposes of the present paper is to answer the question just
mentioned, using the bi-harmonic SU(2) x SU(2) approach of Refs. [15,16,18].
As a prerequisite, we give how these four different twisted multiplets are described
within this setting. Only one of them (just the one comprised by the superfield
G'® from the above set) is presented by an analytic bi-harmonic superfield, and
it is just the multiplet the general N' = (4,4) actions for which were given

qA’L'(l

*As observed in [23], even further proliferation of non-equivalent twisted multiplets can be
achieved by grading their components in different ways under 2D space-time parity.



in [15]. The remaining three multiplets have a more complicated description.
We firstly construct the general invariant superfield sigma-model-type actions for
these multiplets, including an example of the superconformal action which is the
appropriate N = (4,4) superextension of SU(2) x U(1) WZNW model. Then
we study the mixed case when multiplets of different kind could interact with
each other. We find that A/ = (4,4) supersymmetry requires the corresponding
actions to split into a sum of actions for separate multiplets, and this phenomenon
is one of the basic findings of our paper. Another one concerns the structure of
admissible superpotential terms. We find that such terms can be constructed for
each separate multiplet and/or for a pair of multiplets «dual» to each other. These
additional terms are defined in a unique way, and the form of the corresponding
component potential is uniquely fixed by the bosonic target metric, like in the
cases considered in [11,15]. Once again, N' = (4,4) supersymmetry forbids
possible superpotential terms composed of the multiplets belonging to different
«self-dual» pairs. Thus these pairs cannot «talk» to each other at all.

The paper is organized as follows. We start in Sec. 2 with recollecting
the basic facts about the SU(2) x SU(2) HSS and off-shell description of the
twisted analytic ¢''! multiplet in its framework (corresponding to the superfield
G*® from the set (1.1)). We also recall the realization of AN/ = 4, 2D super-
conformal groups in the analytic subspace of this HHS. In Sec. 3 we give the
description of the remaining three twisted multiplets in SU(2) x SU(2) HSS and
show that in the analytic subspace they are presented by some analytic super-
functions having nontrivial transformation properties under the supersymmetry.
Due to the latter circumstance, the supersymmetric actions of these multiplets
in the analytic subspace are written through the Lagrangians subjected to some
differential constraints required by supersymmetry, and these actions are invariant
up to a shift of the Lagrangians by a total derivative. The relevant component
actions are shown to be completely specified by the metric on the physical bosons
manifold. They reveal the same target geometry as in the ¢! case [15]. In
Sec. 4, on the example of the multiplet §°2, we show that the requirement of
invariance under one of the four «small» SU(2) superconformal groups which
can be defined in the analytic subspace uniquely specifies the relevant action to be
that of A" = (4, 4) extension of the group manifold SU(2) x U(1) WZNW sigma
model. In Sec. 5 we construct massive extensions of the superfield sigma-model
actions for two separate multiplets and show that these extra terms are uniquely
fixed by supersymmetry, like in the ¢''! case [15]. Section 6 is devoted to pos-
sible mixed interactions of different multiplets. A careful analysis shows that
the general sigma-model actions always split into a sum of actions for separate
multiplets, while the crossing-interaction through the mass terms is possible only
for twisted multiplets belonging to the same «self-dual» pair. We present the
most general form of the component potential term for such a pair arising as a
result of elimination of the auxiliary fields in the full action. This potential gets



contributions from the three sources: mass terms for each separate multiplet and
the mixed mass term.

2. SU(2) x SU(2) HARMONIC SUPERSPACE

We begin by recalling basics of A' = (4, 4), 2D supersymmetry. The standard
real ' = (4,4), 2D superspace is parametrized by the following set of the light-
cone coordinates

R(L144) (Z)=(zt,27" ’9+zk797ab).

Here +,— are the light-cone indices and i, k, a, b are the doublet indices of
four commuting SU(2) groups which constitute the full automorphism group
SO(4)r x SO(4)g of N' = (4,4), 2D Poincaré superalgebra. The corresponding
covariant spinor derivatives obey the following algebra

{DiE,Dﬁ}ZQZ’&U&ELa_i__;_, {Dab,Dcd}ZQi&lcEQda__ 2.1
where
0 , 0 ,
le = m =+ 291‘& 8++ N DaQ = m + Zgag 0__ 2.2)

(hereafter, we omit the light-cone indices of the Grassmann coordinates, keeping
in mind the rule that the doublet indices ¢, k refer to the left sector, while a,b
to the right one). Here we use the quartet notation for spinor derivatives and
Grassmann coordinates. Its relation to the complex notation of Ref. [15] is as
follows

0% =(0',0"), Di=(D;i,D;), 0°=(0"0"), Dy =(D,,D,). (2.3)
The complex conjugation rules are
(05 =cjiepn 0™, (D)l =—"'ek2 Dy, (2.4)

(and the same for the objects from the right sector).

The N' = (4,4) SU(2) x SU(2) harmonic superspace (HSS) introduced
in [15] is an extension of the real 2D superspace defined above by two independent
sets of harmonic variables ujﬂ and v! associated with one of the SU(2) factors
of the SO(4)r, and SO(4)r automorphism groups of the left and right sectors
of NV = (4,4) supersymmetry, respectively (we denote them by SU(2); and
SU(2)r, this choice of SU(2) subgroups is optional). The SU(2) x SU(2) HSS



formalism enables one to keep both these SU(2) symmetries manifest at each
step and to control their breakdown. We define the central basis of this HSS as

HR (214244 (7 4 ) = ROGIAD @ (] pE ) gliy=! = 1, ylag 1l = 1.
(2.5)
The analytic basis in the same N = (4,4) SU(2) x SU(2) HSS amounts to

the following choice of coordinates

HROP210200 = (X, u,0) = (a7 2 65100 00512 1 0E) (2.6)

(2

where
eil,Og _ Gkg ukil , eo,il a _ Gbg ,Ubil )

The precise relation between z** and z** can be found in [15]. The main
feature of the analytic basis is that it visualizes the existence of the analytic
subspace in the SU(2) x SU(2) HSS:

142,142(2,2 _ ;
AR(H214212.2) _ (Cu,v) = (2712 ,91’01,90’19,uf1,vfl), 2.7)
which is closed under the NV = (4,4) supersymmetry transformations. The
existence of the analytic subspace matches with the form of covariant spinor
derivatives in the analytic basis

) 0 0
pDLoi _ _89471’0 . D%la— _W’ (2.8)
i a

where

DFL0E = phigEl - poElae = phag bl (2.9)

The «shortness» of D10% DY%12 means that the Grassmann-analytic bi-harmonic
superfields %P,
1)1,0;'(I>q,;u:l)(),12(1>117L13:()7 (2.10)

do not depend on #~10% §%—1a jp the analytic basis, i.e. are defined on the
analytic superspace (2.7)

PUP =UP(C u,v). @2.11)

The pair of superscripts ‘q,p” on ®%? in (2.10), as well as analogous su-
perscripts on other quantities, stands for the values of two independent harmonic
U(1) charges which, as in the case of SU(2) HSS [26,27], are assumed to
be strictly preserved. As a consequence of this requirement, all superfields (or
superfunctions), defined on (2.7), i.e. the SU(2) x SU(2) analytic N' = (4,4)
superfields (or superfunctions), are assumed to admit expansions in the double har-
monic series on the product of two 2-spheres SU(2)./U(1)r x SU(2)r/U(1)R .



The extra doublet indices 2, a of Grassmann coordinates in (2.7) refer to two ad-
ditional SU (2) automorphism groups of N' = (4,4), 2D Poincaré supersymmetry
which, together with SU(2)r and SU(2)gr, constitute the full automorphism
group SO(4)1, x SO(4) g of the latter. We prefer not to «harmonize» these addi-
tional SU(2) groups in order to avoid unwanted complications in the notation.*

In the bi-harmonic superspace one can define two sets of mutually commuting
harmonic derivatives, the left and right ones, each forming an SU(2) algebra [15].
Here we will need to know the explicit expressions only for the derivatives with
positive U(1) charges which commute with D'0% D014 and so preserve the
harmonic analyticity. In the analytic basis, these derivatives read

2,0 _ 12,0 1,04 0,2 _ 10,2 0,1a
\V4 =D +6 90-1.07 ° \V4 =D +6 m, (2.12)
where
D20 — 2.0 4 2-91,019;708++ , DY%2 =902 2-9071992,13__ (2.13)
and 5 5
2,0 1 02 _ .1
o0“Y =u z—cp)‘u*“ , = a—av*m .

When acting on the analytic superfields, \72° and %2 are reduced to D*° and
D%2,

The main advantage of using the SU(2) x SU(2) HSS (as compared, e.g.,
with the standard SU(2), 2D HSS obtained as a dimensional reduction of A/ = 2,
4D HSS [26,27]) consists in the fact that it provides a natural superfield description
for the important class of N' = (4,4) supersymmetric sigma models, those with
torsion on the bosonic manifold, such that the whole amount of the underlying
N = (4,4) supersymmetry is manifest and off-shell.

Here we recall the HSS off-shell formulation of the first type of N' = (4,4)
twisted multiplets from the set (1.1), postponing the HSS treatment of the remain-
ing three types to the next Section. This multiplet was used in [15] to construct
the A/ = (4, 4) superspace version of the general N' = (2, 2) superspace action of
one sort of ' = (4,4) twisted multiplet [8]. In HSS this multiplet is described
by a real analytic N' = (4, 4) superfield ¢! (¢, u,v) subjected to the harmonic
constraints

D*0%t =0, D%l =0. (2.14)
These constraints leave (8 + 8) independent components in ¢! [15], which is
just the irreducible off-shell component content of N' = (4,4) twisted multiplet.
In the central basis the constraints (2.14) and the analyticity conditions imply

D(kkqw')a _ D(bbdka) =0, (2.15)

*N = (4,4), 2D HSS with three sets of SU(2) harmonics was considered in [28].



and we end up with the first type of twisted multiplet from the set (1.1) (the form
of constraints as in (2.15) was exhibited for the first time in [6]). The analytic
basis solution of the harmonic constraints (2.14) is given by

gt = gioulol
+ 640 icva; +6%1 Qn;uzl — i(91’0)28++qi“uflvé - i(90’1)25‘,,qi“u%v;1
oLoigolep i91,01(90,1)28__<pzva—1 —i(p10)2g01 ga++n;u;1
— (0M)2(8°1)20, 1O _giu; Tt (2.16)

where (91,0)2 _ 91,0&9;0 , (90,1)2 — go.1 geg,l .
The general off-shell action of n such superfields ¢*'™ (M = 1,2,...n) can
be written as the following integral over the analytic superspace (2.7)

geen _ /M_Q’_Q £272(q1,11\1,u7v)7 (2.17)

where
,LL72772 _ d2$ d291,0 d200’1 du dv (218)

is the analytic superspace integration measure (see Appendix for its precise defin-
ition). In general, the dimensionless analytic superfield Lagrangian £>2 bears an
arbitrary dependence on its arguments, the only restriction being a compatibility
with its external U(1) charges (2,2). The free action is given by

Sfree ~ //-//72’72 ql,l qul,lM, (219)

so for consistency we are led to assume

82£2’2

The passing to the component form of the action (2.17) is straightforward [15].
The relevant bosonic sigma-model action consists of two parts related to each
other by N' = (4,4) supersymmetry: the metric part and the part which includes
the torsion potential. These terms obey the same constraints as in the N' = (2, 2)
superspace description of general torsionful sigma models associated with twisted
N = (4,4) multiplets of one type [8]. So (2.17) provides a manifestly N' = (4, 4)
supersymmetric form of the general action of such multiplets.

As the last topic of this Section we remind some details of the N' = 4, 2D
superconformal groups. As discussed in [15], in the SU(2) x SU(2) analytic
HSS one can realize two different infinite-parameter «small» N = 4, SU(2)
superconformal groups (in each light-cone sector), having as their closure the

£0.

q1,1:0




«large» N' = 4, SO(4) xU (1) superconformal group. One of these N' = 4, SU(2)
superconformal groups acts on all coordinates of the analytic HSS, including the
harmonic coordinates [15,29]

dut =Ny, oul = A*0u; ", du;t =0, 50"0% = A5 6D>0 = —A>0DYY,
(2.20)
—— A — — a 0,1a
0z "= A)r, svl =A%t sust =0, 0091 e = A( )“, §D%% = —A%2D00,
(2.21)
Here D% and D9 are the left and right U (1) charge-counting operators and

- 1 1
Ay =ar — 3 972°D*%y, A =D*°Apr, Ainr = —3 Opyar

1,00 ZEZ 0
Ay =-¢ 4 9010k

D*%y . (D*%)?%ar =0, (2.22)

. 1. 1
Anr=ar—3 8" 2D%ar, A"? =D"*Anr, Mg = —50--ar,

0la_ __qpt O 0,2 0,22, _
A(I) = —& - Z W D ar, (D ) ar = 0. (223)
The superparameter functions ay, and ar depend only on the left and right light-
cone coordinates, respectively, i.e., ar, = ar(Cr,u) and ag = ar(Cr,v), where
o= (att,0%08) (g = (27— ,0%12). The explicit form of these functions
can be found in [15]. In what follows we shall need the identities

Ayt = DPOAG 0N Ay, A = DUEAG A0 Ay, (2:24)

where
Oa R

ALOL ikt Oar
© 9601 "

- 4 HOL0E (I
They can be proved using (2.22).
Another ' = 4, SU(2) superconformal group (also consisting of two mutu-
ally commuting left and right components) does not affect harmonic variables

01 ALOZ +1 _
5$++:A(II)L; (5910 7A(II)7 (5ui1—0,

6z~ = Aunr, 060'°¢= A(()lrir)g’ buz" =0, (2:26)

(s
YIS

A07—1 a __

— o

(2.25)

and is fully specified by requiring D?°, D%2 to be invariant
6D*% =0, oD%? =0. (2.27)
The latter equations imply
D> A5 =0, D*°Aqpy =20, A,

DA =0, DY Agnp = 2000 Al (2.28)

o]



The general solution to Egs. (2.28) is provided by

1,08 _ yki, 1 0k (&
Ay = Mg + 050 E (N

Ay = An +2i 0] O\t

1 )
)E — 5 (Si_ a++>\L) —1 (91’0)25‘++)\k1u;1 s

(n (b
Aungr = A+ 200" A%, (2.29)

1
iy = A eo) + 0% L (NE) — 2 63 0-_Ar) — i (1) 0__X"%0; ",

We also quote the identities to be used in what follows:

. , oA OAY
204A—1,05 _ 1,02 1,0 k (1I) 0,240,—1a _ ,0,1a 0,1b (1)
DA " =Aany =07  gror . PG T =Aan — 0 S o

(2.30)
where
1,02 _ yki, —1 0,—la _ yba, -1
A(II) =\ U, A(II) = I/ (231)

They can be proved using the explicit expressions (2.29).

The analytic superfield ¢''! defined by Eqs. (2.14) behaves as a scalar of
conformal weight zero under the action of the N' = 4, SU(2) superconformal
group II, but possesses nontrivial transformation properties under the N = 4,
SU(2) superconformal group I [15]:

5irq"t =0, 6r¢"" =Agyrg™! (2.32)

(the transformation rules with respect to the right branches of these superconfor-
mal groups are the same up to the change L — R).

In the realization on ¢!, the basic difference between the superconformal
groups I and I manifests itself in the action of their SU(2) subgroups. The left
and right SU(2)’s belonging to the superconformal group I act on the indices 4
and a and so possess a nontrivial action on both the physical bosons ¢*¢ = §¢|
and the fermions; at the same time, SU(2) subgroups from the superconformal
group II act on the indices i,a and so affect only fermions and auxiliary fields
in ¢'''. Note that the above pairing of two left and two right N' = 4, SU(2)
superconformal groups into the A' = (4,4) superconformal groups I and IT is
optional: one could alternatively assemble one of such A/ = (4,4) supergroups
as a direct product of the left branch of the superconformal group I and the right
branch of the superconformal group 11, and the second A = (4,4) superconfor-
mal group as the product of the right branch of I and the left branch of I1. These
different possibilities of composing N = (4,4) superconformal groups out of the
mutually commuting left and right pairs of " = 4, SU(2) superconformal groups
are directly related to the existence of four different sorts of twisted multiplets,
as given in (1.1) and explained in more details in next Sections. For every of



these multiplets one can single out the proper A = (4, 4) superconformal groups
which act on them precisely in the same way as the superconformal groups I and
I defined above act on the multiplet G°¢ ~ ¢'!.

Finally, we wish to mention that the analytic superspace integration measure
(2.18) is invariant with respect to both superconformal groups [15].

3. NEW TYPES OF TWISTED MULTIPLETS IN SU(2) x SU(2) HSS

3.1. Constraints in the General and Analytic Superspaces. As mentioned
in Introduction, in the standard real N' = (4,4), 2D superspace we can define
four types of twisted multiplets in accord with the four possibilities to pair the
doublet indices of various SU(2) factors of the left and right R-symmetry groups
SO(4)r, and SO(4)r . The first type is ¢°* studied in [15]. Its HSS description
was reminded in the previous Section. The remaining three ones are

(@) ¢'*, (b) ¢**, (c) ¢**, 3.1)

@' =eiveand®™, (@) =eineard®®, (') =cireasd

The real quartet superfields in (3.1) are subjected to the irreducibility conditions
which are quite similar to those defining §°® in the central basis (see Eq. (2.15))

(a) D(kﬁdi)z — Db(bdiﬁ) =0, (b) Dk’(Edi)a — D(bé(jia) =0,

(c) Dk(k(jz’)g — Db(qu) —0. (3.2)
Clearly, these constraints like (2.15) imply that all superfields (3.1) carry out the
same off-shell content (8 + 8), though with a different assignment of the compo-

nent fields with respect to four SU(2) groups which form SO(4);, x SO(4)R.

Converting the SU(2) indices of the superfields §*%, ¢¢%, G2 and spinor deriv-

atives in (3.2) with the harmonics u}, v}, we can rewrite these constriants in the

analytic basis (2.6) of the SU(2) x SU(2) HSS as

(a) DLOEQLOQ _ D071(Qd1702) =0, (b) DLO(EQOJZ) _ D07lbd07li =0,
(c) DI,O(Equ — DO,I(b(jm) =0, (3.3)

Lagl, (3.4)

Using the analytic basis form of D%0%¢ D%la Eq. (2.8), and expanding
the superfields in the non-analytic odd coordinates 6~ 101 #%~12 one can solve
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(3.3) in the analytic basis as

(a) ¢ (X, u,0) = g0 + 6071 2 gl

(b) ™' (X u,v) = g™+ 07O, (3.5)
(C) (jig(X, U,U) _ (jjg 4 971,01' fl,Og 4 90,71 ghO,lj + 971,0190,71 gtl,l,
(3.6)

where all the coefficients depend only on the analytic coordinates (¢, u,v) .
Thus the harmonic superfields ¢ 02, %1 ¢, G212 bear the explicit dependence
on the non-analytic Grassmann coordinates with the negative U(1) charge and
so are not harmonic-analytic, as opposed to the superfield ¢"''. On the other
hand, all the components in their expansions over the non-analytic coordinates are
defined on the analytic subspace of the SU(2) x SU(2) HSS. The basic difference
between them and the analytic superfield ¢! consists in their supersymmetry
transformation properties. Keeping in mind that ¢3¢, %12, G2 are the general
harmonic superfields (here ¢ is the variation under supersymmetry)

6§10 =5¢""" = 64" =0, 3.7)

and the supertranslations of #’s are 0§~ 10% = =102 = §90,—1a — 0,=La j jg

easy to find how these analytic components are transformed

(a) 5q1’09 _ _60,—1gg1,175g1,1 =0, (b) 5q0,11 _ _5—1,01f1,1, 5f1’1 — 0,

(3.8)
(C) 6@29 _ —571’01 fL()g _ 80,71 ghO,l 1'7 6‘]('1,09 — _60,*1 gtl,l,
ShOTE — _g=10iyL1 gyll g (3.9)

Looking at (3.8), (3.9), one observes that the highest components of ¢ 10a 60,1 i

G2 are the genuine analytic superfields, while ¢''0 2, ¢%1 & and Gi2, despite being
functions of ({,u,v), are not analytic superfields in the rigorous sense since they
possess non-standard transformation properties under supersymmetry. Note that
¢"°% and ¢®'? are still superfields of the left and right light-cone Poincaré
supersymmteries, respectively, while §2% possesses non-standard transformation

properties under both supersymmetries.
Let us now re-express the central-basis property that the superfields §° 2,
G911t and §i2 have the constrained dependence on the harmonics (§°2 and
are linear in harmonics, while G2 does not depend on them at all) as the

50,14
Goli
following equivalent harmonic constraints in the analytic basis

2,0-1,0a

_ 2,040,174 0,2-0,14
A\VAR'] =V

02g10e — 0G0t = 0201t = 20t = 02gte = 0.

11



Here 729 and 2 are the full analytic-basis harmonic derivatives defined in

. (2.12), (2.13). Substituting the expansions (3.5), (3.6) for ¢*02, %%,
q—f into (3.10), we can rewrite the latter in a more detailed form as

DQ,Oql,OQ — 0, DO,qu,O a 00 1 (Lgl 1 0 D2 0,.1,1 DO 2 1,1 0, (311)
DQ,OqO,li_’_ el,Oifl,l — 0, DO,QqO,ll — , D2,Of1,1 _ D0’2f171 — 0, (312)

D27Oqiﬁ+917oifl702 =0, D07261Q+9071Qh0711 =0,
D2,0f1,0g =0 DO,Qfl,Og + 90,1 gtl,l =0

D2’0h0’1 i gl,Og'tl,l _ 0, DO,QhO,lj _ 0,

D>0tht = D2ttt = 0. (3.13)

These constraints are solved by

q10 qzaul_’_gl,O; 9010,5“1 1 71 HI,OQHO,IQF’;;U;I

—i(6"0)? 8++qmu; —i(6%0)? 90’1 29,4 B % ot (3.14)

q0 ;_qgavl_’_gl,O;' iaufl 1+90,1g,yé+91,0190,1gngui—1
_1(90,1) 8__qza -1 _ 91,01‘(90,1)28__pia,u};l,ua—l7 (315)

qg’g:qjg_gl,Oiwiguifl 9010,510, 71_’_9101901an11 ;1 (:1’ (316)
where all the coefficients are 2D fields, ¢'¢ = ¢%(x), etc. The expressions
for the remaining analytic components are given in Appendix. It is important
to realize that all off-shell fields are collected already in ¢'02 ¢%!'Z and gGie,
while the remaining analytic superfunctions contain no new fields. The component
expansions (3.14) — (3.16) are to be compared with that of ¢''! obtained by solving
the harmonic constraints (2.14) in the analytic basis (Eq. (2 16)).

We observe a sort of duality inside the pairs (¢*!, ¢¢2) and (G202, g%1%):
the SU(2) assignments of the physical and auxiliary bosonic fields in the first
and second superfields within each pair are reversed with respect to each other,
while the assignments of fermions are the same. As we shall see later, only these
mutually «dual» twisted multiplets can interact (through the proper superpotential
terms).

3.2. General Actions of the Superfields G2 and §22. As given in Sec. 2,
the most general action (2.17) of n twisted multiplets carried out by the analytic
superfields ¢*** (M = 1,...n) is written as an analytic superspace integral of
the Lagrangian which is a generic charge (2,2) function of ¢*** and harmonic
variables uil vl Being an analytic superfield, such a Lagrangian is mani-
festly invariant under the supersymmetry transformations. On the other hand,

12



the analytic superfunctions representing other three twisted multiplets are not the
standard superfields, therefore their functionals are not superfields as well. As a
result, constructing the general supersymmetric actions of these multiplets in the
analytic superspace is not so straightforward as in the case of ¢'!.

The only primary principles (besides reality) of such a construction are:
i) The preservation of two harmonic U(1) charges whence it follows that the
relevant Lagrangian density should have the U(1) charges (2,2) for the action to
be chargeless; ii) 2D Lorentz covariance which implies the Lagrangian density
£2%? to be Lorentz singlet; iii) Dimensionality reasoning which imply £%*? to
have the «engineering dimension» zero (i.e., the same as the superfields ¢ in
(3.1) have).

After constructing a general £22 obeying these criteria, one should examine
which additional constraints are to be imposed on it for the action to be invariant
under the transformations (3.8) and (3.9) (possibly, up to a shift of the Lagrangian
by a total derivative).

Before turning to the general case of the actions which simultaneously contain
a few different twisted A" = (4, 4) multiplets, we consider the actions with only
one type of the non-standard twisted multiplets (3.1) as proper analogs of the g%
action (2.17). Without loss of generality, it suffices to examine such actions only
for ¢°2 and G%¢ since the action for §*® can be recovered from that for G*¢ via
simple substitutions including the replacement v! « ufﬂ .

We firstly consider the actions of single multiplets.

In accordance with the primary principles above, the most general candidate

actions of the superfields ¢1'°2, G2 can be chosen as the following integrals
over the analytic superspace

S(gae)n _ /M—Q,—Q £?a2) (ql,O g,gl,l7 90,1 g, U,U), (3.17)

Szgce)n — /M*Q,*Q ‘C?é? ((jiﬂv fl,O 27 hO,l 1‘,151,17 01,01" 90,1 gju’ ’U), (3.18)

where =272 is the analytic superspace integration measure defined in (2.18).

Note that the left Grassmann coordinates #1:° ¢ cannot explicitly appear in E?{’j
since ¢"'°2 and g'! are superfields with respect to the left A" = 4 supersymme-
try. On the other hand, under the right supersymmtery ¢*°2 has non-standard
transformation properties (see (3.8a)), and this is the reason why %! ¢ is included

as a possible explicit argument in E?QQ) Both types of Grassmann coordinates
are admissible as explicit arguments in ﬁ?ﬁ since G2, f102 and A% % pos-
sess non-standard transformation properties with respect to both left and right
supersymmetries.

In order to further specify the Lagrangians in (3.17), (3.18), we can resort
to the following reasoning. First, we must require that all possible terms in them

13



are Lorentz invariant. Second, we can rule out the dependence on all involved
superfields and superfunctions in (3.17), except for ¢ ¢ and harmonics, and in
(3.18), except for G'% and harmonics. Indeed, Lorentz invariance requires that,
e.g., g&! could enter (3.17) only as %! 2 gl (also taking into account that the
fermionic superfield g''! is nilpotent and, hence, its any degree is vanishing).
Then the harmonic constraints (3.11) imply that such a term can be written as
D0’2q1’0 a.

Taking into account this reasoning (and a similar one for the ¢¢¢ multiplet),
we can cast the Lagrangians in (3.17), (3.18) in the following more detailed form

S(g;)n _ //J/_Q’_Q {£(2),2(q1,0 g7 u, U) + ‘c;,O (ql,O g, u, ’U) DO,qu,Og

+(0h)2LLO (ql’og,u7v)8_—q1’09}7 (3.19)

Ségce)n - / /-1’72772 {£(2)72(qu5 u, U) + ‘ci; (qiga Uu, U) DO’qug

i 522 (G2, u, v) D*GE% + £; 4 1o (G212, u, v) D20Gie D0,2qﬁb} .
(3.20)

The reason why possible terms with z-derivatives are not included in (3.20) will
become clear soon.

Now we turn to discussing the properties of the Lagrangians £?{;2) and E?j
under supersymmetry.

We start with (3.19). As we know, ¢"°2 is not a superfield. It has a
nontrivial transformation law (3.8) under the supersymmetry. So we need to find
which constraints should be imposed on the functions in the r. h. s. of (3.19) for
ensuring the latter to be invariant. The requirement of invariance amounts to the
condition that the variation of (3.19) under the supersymmetry transformations is
a sum of total derivatives of arbitrary functions,

SLy =DM (T e PP 40 (9T eGP+ M H2Y), (32D)
which depend on the same arguments as the Lagrangian in (3.19). A possible
extra term which could be added to the r. h. s. of (3.21),

Do,2(€0,1g Ai’*l), (3.22)

is reduced to the one already included, after representing €12 = D%:2c0:—1a apd
integrating by parts.

Using the transformation rules (3.8) of ¢ and those of ’s, it is easy to
compute the explicit form of the supersymmetry variation in the 1. h. s. of

1,0a
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(3.21) and to find that only one constraint is actually required for the action to be
invariant:

2,2
gqﬁloo(l =0"L)", (3.23)

where the partial harmonic derivative acts only on the explicit harmonics v in
ﬁé’o. A corollary of this constraint is the following condition on £19@:

oLtoe
0,2 _
0 (aq170a> =0. (3.24)

Another consequence of the invariance condition (3.21) is that the last term
in (3.19) is a total x-derivative and so makes no contribution. Indeed, the most
general form of the Grassmann functions G2 and H2?' in (3.21), compatible
with the Lorentz covariance and the fact that these functions have the dimension
—1/2,is

G = (0%1)2 9" G (@0 % u0) HP = 00T L H T (0104 u,0) . (3.25)

Substituting (3.25) into the r. h. s. of (3.21) and computing the explicit form of
0 Ei’j , we find the relations

2,0
GLO= L0 [L0=ced iad (3.26)

a a dgl0a”

The second relation implies that the last term in (3.19) can be expressed as -
derivative of the function H a2’bO . The same phenomenon occurs for the Lagrangian
(3.20), and it was the reason why we have omitted possible terms of this kind in
(3.20) from the very beginning.

Keeping in mind this remark, let us deduce the analogous constraints on ﬁ?ﬁ .
For the action (3.18) (or (3.20)) to be invariant, the variation of this Lagrangian
should be as follows

6£?§ = D20 (e~ 101 Aim +Eo,71ngo,3) 4+ D02 (=108 C;,o 1 0-la D;,l).

(3.27)
Writing the variation in the 1. h. s. of (3.27) in the explicit form, it is straight-
forward to find that the component functions in (3.20) should obey the following
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system of constraints:

oLy’ 2,0 70,2 | 90,2 2,0
ogia O LG+ Ly Linae =0, (3.28)
acr? aLy? oLy oL)?
}Q - }2 = 8270‘61 cians }Q }g = 8072£i alc> (329)
ogle 0gie Ls2s Ogle ogie =22s
Liaky OLicky  OLGnad  OLiaks  OLiate _ OLuk(en
aqlg Ogtia a(jkb ’ aqlg aq&b aqig ’
(3.30)
where we introduced the notation
Liate=Lin @t LinadtLin@e+Litlad (3.31)
(the symbols ( ) and | | mean symmetrization and antisymmetrization with the

factor 1/2).

Below we shall identify the #-independent piece of the last term in (3.31)
with the bosonic target metric of sigma model, while the antisymmetric part of
L; a1 c|o=0 will be identified with the torsion potential.

It is straightforward to substitute the component expansion of ¢'°¢,
Eq. (3.14), into (3.19) and that of %2, Eq. (3.16), into (3.20), to integrate
over #’s and harmonics with the help of the constraints (3.23) and (3.28), (3.29),
and to eventually obtai the component form of the actions in z-space. We give
here only those parts which involve the physical bosonic and auxiliary fields.

For the action (3.19) these pieces are as follows

1 ) . . .
Sty =3 /de { Giajb(a) 0144" 40— +2B; o jb(q) O44+4'¢0-—¢’* }
(3.32)
1 .
Sg;l)xb =3 / d*xz G(q) F{ F, (3.33)
where

Giajb(q) =G(q) €ijcan, G(q)=/dug(q1’°,u), (3.34)

Biajb(9) =/du 9(g"",u) uguy)’ epas (3.35)
8[:1,0(1 )
9(q"%,u) = RErI N q"0%o—0 = ¢"%(x) u] . (3.36)

The vF!-independence of the function g(g"°,u) in (3.36) and, hence, of the
torsion potential, follows from the constraint (3.24).
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Analogous terms for the action (3.20) read

Sty = /d% {Giajo+Biajo}orsai®o glt, (337
S = i / d>x G F* F!, (3.38)
where the involved objects are the appropriate § = 0 projections
ieii eGigjp, (339
Bmzé:(ﬁ[zzuggﬂrﬁ(zg)mm)|e=o- (3.40)

Giajb=Lliji[abllo=0=cijear G, G=

With the help of constraints (3.28), (3.29) one can show that the scalar
metric and torsion potential in this case are independent of both sets of harmonic
variables modulo a gauge transformation of B; , j ;. Indeed, the second constraint
in (3.28) and constraints (3.29) together imply

0Ly 1 1abilo=0=0"Liij11ab)le=0=0,

whence 829G = §%2G = 0. Further, we can rewrite the # = 0 projection of
(3.29) as

2,0 2,0 0,2 0,2
aﬁig aﬁlg —920pB aﬁiz aﬁlg —9%2p 341
aqlg a aqig - leias aqlg - aqig - ialc: ( : )

Also, one should take into account that B; 4 . is defined up to the gauge trans-
formation ax ax
ia le

6Biﬁ£§: aqlg - aqig) (342)
where X , is an arbitrary function of ¢*¢(x) and harmonics (such addition to B
in (3.37) produces a total z-derivative). Exploiting this gauge freedom together
with the constraints (3.41) and the § = 0 projection of the first constraint in (3.28),
one can show that it is possible to choose a gauge in which B; 4. satisfies the
homogeneous harmonic constraints

0*°Biai1c=0, 0°?Bia1.=0, (3.43)

and so indeed does not depend on harmonics.

The objects Giq b, Biajb (Giajb.Biajp) are, respectively, symmetric
and antisymmetric under the simultaneous permutation of the indices i <+ j, a «
b (@ < j, a < b), and so they can be identified with the metric and torsion
potential on the target space. Sometimes it is advantageous to express the second
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terms in (3.32) and (3.37) through the torsion field strengths which are defined
by
OBiajb , OBrcia [  OBjbke

Hiajore=—5 k¢ D Dqia (3.44)
and 0B ) 0B
iajb  OBkcia jbke
Hiajore= e+ 50 * gga (3.45)

They are totally antisymmetric with respect to permutations of the quartet pairs
ta, jb, kcin (344)and i @, j b, k cin (3.45). For B;,;p given
by Eq. (3.35) and B;, ; given by Eq. (3.40), the corresponding torsion field

oG G -
Hz‘gj@ng%gfz‘(jmﬂLEggﬁk(imﬂL%gﬁj(km =3Higjbke
(3.46)
where
- oG oG
Hiﬁjbkgzgijgﬁgm_gikgﬁbﬁ (347)
and
d d oG
Hiajbke=¢balk( 8ql)c +€ac€;(k Dt +Ech€i(j Dgha (3.48)

When deducing (3.48), we essentially used the constraints (3.30).

We would like to point out that in both considered cases the geometric target
space objects (metric and torsion) are expressed through single scalar functions
G(q'2) or G(¢t%) defined, respectively, by Egs. (3.34) and (3.39). The only
constraint they satisfy is the four-dimensional Laplace equation

092G 092G

(a) m = 0, (b) =0. (349)

8q12 8‘119 o
Eq. (3.49a) follows from the definition of G in (3.34) and the property

02 0? 02
009 dqi4  0q1020q, 10 9g~10a9q,1 0"

which is a consequence of the completeness relation uluy' — u; 'ui = &,

whereas Eq. (3.49b) is implied by the constraints (3.30) and the second constraint
in (3.28). The same bosonic target geometry was found in the case of the analytic
twisted multiplet ¢*' in [15] and, in the A/ = (2,2) superspace formulation,
in [8]. Thus we conclude that the most general off-shell N' = (4, 4) sigma models
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associated with each twisted multiplet from the four-entry set ¢?¢, §*¢, §i®, gie
defined in Eq. (1.1) show up equivalent target geometries. In the next Subsection,
on the example of the multiplet %2, we shall see that the same is true for the
cases when a few multiplets of the same sort are present.

Finally, as a particular case of the above general actions, we quote the

supersymmetric free actions of ¢ and §i¢
Stay ~ / po T D0, (3.50)
S(&5° ~ /N_Q"Q D*%G;, D™gte. (3.51)

3.3. Generalization to the Case of Several §':* 2. Generalizing the action of
a single ¢''! superfield to the case of n self-interacting superfields ¢ (M =
1,...,n) is straightforward, see Eq. (2.17). Now we are going to generalize
the supersymmetric action of single ¢1'°2 to the general case of several self-
interacting ¢%°2M  The supersymmeric transformation properties of g% 2™

are

5q1,OgM _ 0,—1la

gttt M s gt M — (3.52)

The defining harmonic constraints for each value of the index M have the form
(3.11). Solving them, we find the bosonic component content of g0 2M ag

—&

ql,O aM _ qigl\lu’} + 91,0 1'90,1 QF;Mva_l _ Z'(gl,O)QaJrJrqigl\lu;l . (353)

Following the same line of arguments as in the construction of (3.17), (3.19), we
can again take the candidate general action as an analytic superspace integral of
some function ll?f) :

S(ng — /M—Q,—Q £(2a2) (ql,OgM7 gl,ll\l, 00,1 a ., 1}), (3.54)
and then specify it according to the harmonic constraints as
2,2 2,2
ﬁ(a) _ ‘60/ (ql,OgJW,u7,U) —l—ﬁ;’OM(ql’O QM7U},,U) DO,qu,OgM
4 £27b—2MN (ql’o QJ\17U,U)DO,2q1,O QJ\IDO,qu,OQN. (3.55)

Like in the case of single ¢ ¥ ¢, we omit a possible term with explicit z-derivative

(and explicit €’s) in (3.55) because it can be shown to be a total z-derivative
as a consequence of requiring (3.54) to be supersymmetric. Demanding that
the variation of the Lagrangian (3.55) under the supersymmetry transformations
is a total harmonic derivative of an arbitrary function depending on the same
arguments as the Lagrangian itself,

e e G S F (3.56)
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one finds the set of constraints for the considered case:

oLy?

agoar = 9L (3.57)

oL, grrom
aquo oM 3q1TOQN]

_ 80’252’;2 [MN] (3.58)

(one automatically gains antisymmetrization in indices M, N in (3.58) since the
latter actually emerges multiplied by g™ ™ g1 V). The constraint (3.57) has the
same form as in the case of single §1'°2. The constraint (3.58) is new. Let
us discuss what it means. First, from the structure of the last term in (3.55)
one can derive that the function ﬁg’;QMN is antisymmetric with respect to the
permutation of each pair of its indices

£gb_2 MN _ —52’9_2 NM _ _E(Q),Q—Q MN _ £(Q),g—2 NM . (3.59)
Second, one can rewrite the 1. h. s. of (3.58) as

8[:11),0]\7] 8[:;’0[1\/1 1 5‘£1’0N]

2 _ (b
Oql0alM — §ql0bN] 9 D0 M (3.60)

Thus we see that (3.58) actually amounts to the two independent constraints

oriom

p) 1%)1\/1 =0, 2Ly PN =0 = )PP =0 (3.61)
q ) z _—= =22

Now we are prepared to write the component form of the bosonic sector
of the general action (3.55). After integrating over #’s with the help of (3.57),
(3.61), one finds

1 ‘ ‘
hb ia
Sty = §/d2x {sz.‘gg(q) B,y q?tN O__qieM

+2BMY () 041’V 0 g'*M |, (3.62)
1 .
S?(;,I)Xb —_ g /de GJ\IN(q) FL'GM FagN, (363)

where
Gl pla) = /du 9 "N (g u)eijean =€ijear GMN(q),

HANOE /du 9" (g, u)uf uy ) €an s
aﬁl,Og(M

.(3.64)
0
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The objects G, (q) , B ,(q) are, respectively, symmetric and antisymmetric
under the simultaneous permutation of the indices ¢ <> j, @ <> b, M < N, and
so they can be identified with the target space metric and torsion potential. The
torsion field strength is given by

aGNT aGMN o TM

MNT
H b ke =CbcCi(y B0 aM"‘£gb£k(iW+£gQ£j(kW~

(3.65)

An analog of the basic functions G(q), G(q) of the one-multiplet case is the
symmetric n X n matrix function GM¥ (q) through which both the metric and
torsion are expressed. From its definition (3.64) and the first constraint in (3.61)
it is easy to find analogs of the constraint (3.49) for the considered case

82 GJ\IN 8G1\1N 8GTN
@) 55777 =0, () iaT  Hoiall
9q"2T 0q; 4 dq'e dq'e

=0. (3.66)

This is the manifestly SU(2) x SU(2) covariant form of the similar constraints
obtained in [8] for the case of a few twisted multiplets in the N' = (2, 2) superfield
approach. They also coincide with the constraints for a similar n X n metric for the
case of n superfields ¢** ™ [15]. This metric is defined as the § = 0 projection

of
~ O2L22(g1 T u,v)
MN
G /dudv 9 IM 9giiN

It is straightforward to check that it satisfies the same constraints (3.66), up to
the replacement ¢°27 — ¢**T | Thus in both cases we are facing the same sort
of the bosonic target HKT geometry.

One can construct an analogous off-shell superfield action also for several
twisted multiplet 22, though such a construction is somewhat more involved.
The corresponding component action and bosonic target geometry are the same
as in the case of ¢"''™ or ¢1:°2M (up to the proper rearrangement of SU(2)
indices of the component fields).

4. SU(2) x U(1) WZNW SIGMA MODEL OF ¢ MULTIPLET

In this Section we present one more explicit example of off-shell action for
G192 (besides the free action (3.50)). We shall show that the requirement of
invariance under one of two N = (4,4) SU(2) superconformal groups defined
in Sec. 2 uniquely fixes the ¢1:°¢ sigma-model action to be that of N = (4,4)
SU(2) x U(1) WZNW sigma model.

As a first step, we must find the transformation properties of ¢ % under
both SU(2) superconformal groups defined in Sec. 2. These transformation

1,0a
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laws are uniquely fixed by the requirement of preserving the harmonic constraints
(3.11). Since these constraints do not respect a symmetry under the permutation
of the left and right light-cone sectors (as opposed to the ¢'>! defining constraints
(2.14)), the left and right components of superconformal groups have a different
action on the set (¢102, gbl).

The left light-cone branches of two N = (4,4) SU(2) superconformal groups
act on ¢'° 2 and g'! in the very simple manner

S’ =Anrd"*, Snrg"t=Anrg"t,
Sanrad’ =0, drnrg ' =0, 4.1
where the parameter A(7y;, was defined in (2.22). The requirement of preserving

the harmonic constraints (3.11) under the action of right light-cone branches of
these superconformal groups results in the following transformation laws

Snrq“e = —A(()};l “9bt, Srg"t =Anrg", 4.2)
0,la 0,1b
s 1,0a _ _AO0—1la 11 4+ gl00 aA(U) _ 10a aA(U)
(II)Rq - ([[) g 890’1b q 390!19 )
6(II)R gl’l = gl’l 8__/\(][)3 + Ziql’OQ 8__A?}1I)g . (43)

All the involved parameters A were defined in Sec. 2.

Let us now specialize to a single ¢ ¢ and construct for it an action invariant
under the superconformal groups defined by Egs. (2.20) — (2.30), (4.1) — (4.3).
The free action (3.50) does not respect the full superconformal invariance, it
is invariant only under the N' = 4 superconformal group II of the left sector
and the N/ = 4 superconformal group I of the right sector (the corresponding
R-symmetry SU(2) groups act only on fermions and auxiliary fields in ¢1:*2).
So, if we wish to have invariance also under those N' = 4 superconformal groups
whose SU (2) subgroups affect physical bosonic fields, the corresponding invariant
action should necessarily include self-interaction. To find its precise form, we
apply the procedure which has been employed earlier in [30] for constructing an
action of improved N = 2, 4D tensor multiplet in the harmonic analytic N = 2,
4D superspace and in [15] for constructing a superconformal action of ¢'*! in the
SU(2) x SU(2) HSS. Let us introduce

i a

=q’ - —Cc T, ] c

ql,Og 1,0 a 1,0 a cil,Og:nguil X:~1’OQC;1’O, 2 Cia-

1
5 ¢

These newly defined quantities have the following inhomogeneous transformation
law under the action of the first superconformal group

5(I)L Cl,Og _ A2,chl,0g7 5(I)L ql,Og _ A(I)L (ql,Og + CI,O g) o A2,0071,Og .
“4.4)
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Now we represent the sought superconformal action as a series in X

1 o0
SSC _ 2_%2 /1172,72 ql,OgDO,Q q*gl,o Z aan . (45)
n=0
Using the relation
0, =00 =eqp?, (4.6)

one can rewrite the prefactor in (4.5) also in terms of X :
1
ql,O a D0’2 qal,O == (DQ,OXDO,QX _ XDQ’ODO’QX) ) 4.7
“ c

Now, keeping in mind that the newly introduced analytic superfunction X trans-
forms inhomogeneously under the superconformal transformation, one concludes
that there is a possibility to achieve the invariance of (4.5) by requiring that
the variations of the terms of different order in X cancel each other up to total
harmonic derivatives. Namely, we take into account the invariance of the inte-
gration measure and then demand the homogeneous part of the variation of the
second-order term to be cancelled by the inhomogeneous part of the variation
of the third-order term, etc. Proceeding in this way, one finally proves that the
action (4.5) is invariant provided the following recurrence relations between the
coefficients a,, hold

1 (n+2)?
pi1 = ——
+1 2 (

T (4.8)

whence one finds

1\"2(n+1)
=" =] —ag. 4.9
Qnp ( ) (CQ> (n + 2) ao ( )
Introducing new variable ¢,
X
t=—, (4.10)
c

it is straightforward to show that the series in (4.5) is summed up into the
expression

1 - - In(1+1¢) 1
SSC — —2,-2 1,0QDO,2 1,0 _ . 4.11
o 1 Ya 12 t(1+1) “4.11)

The Lagrangian in (4.11) is the sought superconformally invariant Lagrangian of
the ¢'° 2 multiplet. Integrating by parts with the help of formulas (4.6), (4.7),
one can rewrite the action (4.11) in the more concise equivalent form

1 1
5 == /,ﬂv—Q (L D>%t D%t (4.12)
K
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Using the transformation law (4.2) of ¢™°2, it is easy to check the invariance

of the action (4.11) also under the right light-cone branch of the considered
superconformal group. This action is also invariant with respect to the second
of two N = (4,4) supeconformal groups defined in Sec. 2. To demonstrate
this, one should take the action in the form (4.12) and use the identity (4.6), the
constraints (3.11) combined with the constraints on A(()ﬁ)g, Egs. (2.29), and the
following commutator

[DO,Q ] = —9; 62718__ . (4.13)

) 90’—12
In order to be convinced that the action (4.11) indeed describes N = (4,4)
superextension of SU(2) x U(1) WZNW model, we give here its component
form.
Let us begin with the bosonic part of the action. It is given by a sum of the
physical and auxiliary bosonic field terms which, after integrating over Grassmann
variables, take the form

1 . . . .
Sy = =—5 | d*x {Ging(Q) 014+4"%0-_¢’2 +2B; 4 5(q) 3++qlgaffqm};

22
Sauxb = # d*x G(q) F} FL, (4.14)
where
Giajb(q) = /du dv g(t) €ijcab (4.15)
Biajblg) = / dudv g(t) uf;uy’ cap (4.16)
G(q) = /du dvg(t), g(t)= i i 0 |,y (4.17)

It turns out that all the target geometry quantities present in the Lagrangian
(including its fermionic part) are eventually expressed through the single object
G(q). So, in order to find an explicit formula for the metric G(q) we need
to calculate the harmonic integral in (4.17). Following Ref. [15] and choosing
¢ = 1, one can fix the freedom with respect to two independent rigid SU(2)
groups realized on the indices 7 and a, as well as with respect to two rigid SU(2)
groups from the left and right branches of the superconformal group / (recall the
transformation rule (4.4)), in such a way that

de=c't, gt=c"p(x), p’=5(¢"%qa)- (4.18)



In this frame, using (4.6), we find that

t=(g"0% =0 M0 = (p—-1). (4.19)

a

Then, the calculation of the harmonic integral yields the simple expression for
the metric G(q) as

G(q) = /du dv g(t) =p~ 2. (4.20)
Parameterizing the 4 x 4 matrix of physical bosons as
q"%(z) = ") §'%(x), (4.21)
where G%%(x) is an unitary SU(2) matrix,

ia

12 &
o

(jlg(j :gki’ q :5997 (4.22)
we find that
G(q) = e 2u(@) (4.23)

So, the metric term in (4.14) is reduced to a sum of the free Lagrangian of the
field u(z) and the Lagrangian of the SU(2) principal chiral field sigma model
G(q) 04 4q" 0 gia =201 100 u+011G""0 _Gia- (4.24)

In the present case, the totally antisymmetric (with respect to the permutations
of pairs of the indices 7a,jb,...) torsion field strength H; , j 5 - defined by the
general formula (3.46) is given by the simple expression

oG oG
Higjoke=Eijac gy ~ €ikCabgoie (4.25)

which, taking into account (4.20), is reduced to
Higjoke=p “(Eik€abic—EijCacrb)- (4.26)

After substituting this expression into the torsion term

1
Bimaﬂqmaﬁqﬂz/ dt HigjpreOrq 0417 20__g"¢  (4.27)
0

and passing to the parametrization (4.21), the r. h. s. of (4.27) takes the form

1
/dt3tf§ig§jg(&#i”aﬁélb—3++dzbaﬁci”)a (4.28)
0

which is the standard SU(2) WZNW term.
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Summing up the above contributions, one may write the final expression for
the bosonic part of the action (4.12) as

1 1 ~ia ~
‘tS)%s - ? &’z {(3++U8__u+58++q *8__qig)
1
+ At OrdiaGjy (044G %0 _G" —0,4G"20__G7%)
0
1 ,
t g Ff} - (4.29)

Let us now turn to the fermionic sector. The fermionic part of the component
action consists of three pieces

Steem = Sat + Sauxt + Skint (4.30)

erm

which correspond, respectively, to the term quartic in fermionic fields, a term
involving auxiliary fields and the kinetic term of fermions. These are as follows

L (e PG e

- ; o 37 o a2 431

St 16K2 /d t angaqkbﬁaﬁ Qp 77, (4.31)
1 5 0G .

auxf = T 5 __ pna g &, 4.32

Sauxt 4&2/d x age B, o (4.32)

1 .
Sunt = 1z [ @2 {G (a0 o+ 5,0,,50)

4ik
aG n 7 i Qa a
~ e (u 9--a b+ 8 By 8++q’“)} . (433)

Using the explicit expressions (4.18), (4.20), (4.23) for GG, one observes:

i) After the field redefinition
Fro = pnoyeghbgrapy (4.34)

the sum of Sy and S,ux¢ is entirely cancelled by the contribution coming from
bos - Thus the off-shell action does not contain 4-fermionic term which is present
in the generic action. The full auxiliary fields part of the action takes the simple

form
SSC

aux

1 -~
=53 / d*x e FLFE. (4.35)
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ii) Being written through redefined fermionic fields

aiﬂ — e U digag B(LQ — e U dib a (436)

a 1

Skint 18 reduced to a sum of the free fermionic terms
i )
Skinf = m /dQl‘ (o/ﬂa__am + BGQ 8++Bab) . (437)

Up to a redefinition of SU(2) indices, the full action coincides with the
component action of A = (4,4) WZNW model based on the multiplet ¢':! [15].

5. POTENTIAL TERMS OF 102 AND ji¢

Usually, the potential (or mass) terms and, in particular, mass term in A" = 2,
4D sigma-models actions are generated as a result of including central charges
into the algebra of supersymmetry [31,32]. It was observed for the first time in [6]
that in the N' = (4,4) sigma models there exists a possibility to construct such
terms without changing the supersymmetry algebra. The explicitly elaborated
example is the ' = 4 SU(2) WZNW - Liouville system of Refs. [6,7,11]
which is a superconformally invariant deformation of N' = (4,4) supersymmetric
SU(2) x U(1) WZNW model. As shown from [15], in the SU(2) x SU(2) HSS
the off-shell mass terms of ¢'»! multiplet are defined in a unique way and result,
at the component level, in the scalar potential fully specified by the bosonic target
metric. Here we construct similar terms for ¢1'°2 and G2 multiplets and, as
an example, present a massive deformation of the superconformal action (4.11).
Mass terms which involve twisted multiplets of different types will be discussed
in Sec. 6.

Keeping in mind that the superfunction ¢ and the integration measure
1~272 are dimensionless, the only way to construct a mass term is to allow
explicit #’s in the action. The simplest term of this kind for the multiplet ¢':* ¢
reads

1,0 a

iab

Se :m/u*l*?elyoieo’l@oovl (u,v) "0, (5.1)

where the harmonic dependence of Ciot;lb (u,v) is unspecified for the moment.
It is easy to show that the requirement of invariance of this term under the
supersymmetry transformation constrains Cio(’llb in the following way

chl =ep 02, DY2CX =0, D*°CX' =o0. (5.2)

iab ™

To this end, one represents the supertranslations of #%1 2 and #*°¢ as
5%t e — abgvg = DO’ergvgl , 50102 = a€’”u,1C = D20kl u,;l , (5.3)

integrates by parts with respect to D%2, D%9 and uses the harmonic constraint
(3.11). The general solution of (5.2) is
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0,1 1
Cp” = Cp g, (5.4)
where C are some constants.

Let us examine how adding of (5.1) to the generic action (3.19) affects the
component structure of the latter. After integrating over Grassmann and harmonic
variables, one finds the off-shell component action

G _% /d% CEeFy,. (5.5)

m

Then, after eliminating the auxiliary fields in the sum S, + S( a) the physical
component action acquires new terms which are expressed through the scalar

metric G(q) defined in Eq. (3.34). We present here only the potential term of
1,0a
g0

grot _ T [ e G~l(q) CLeC 5.6
(@ ~ '8 T q) ka - (5.6)

It is accompanied by proper Yukawa-type couplings with fermionic fields. Note
that (5.6) yields a nontrivial scalar potential for bosonic fields (including a pos-
sible mass term) only for non-constant function G(g); so no mass terms can be
generated in this way starting from the free kinetic action of single twisted mul-
tiplet. Yet, such terms can be generated in the system of two twisted multiplets
of different types, see Sec. 6.

We wish to point out that the off-shell term (5.1), being simplest, is at
the same time unique. Allowing any higher powers of ¢, and/or of analytic
Grassmann coordinates, would require that harmonic functions with negative U(1)
charges must be included, and the harmonic differential constraints imposed on
these functions by supersymmetry can be shown to make them vanish.

The mass term for G2 multiplet can be written in the following form

Sty =m / PRGN R Y (u0) R, (5.7)

with C' being a set of harmonic-dependent constants which are arbitrary for the

moment. As in the case of ¢V, it is easy to show that the supersymmetry

condition
1) S(”Cl) =0 (5.8)

is satisfied provided the harmonic functions C' have the structure

1,1 1,1
CVGM:C "Eik€ab (5.9)
and obey the harmonic constraints

p*°ctt =0, D%?CH =0, (5.10)
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which have the simple unique solution C'1'! = C?@yl vl . After integrating over
Grassmann and harmonic variables the corresponding off-shell component action
reads

S(Z):—% 42z C*a . (5.11)

The potential term of G4%, which arises in the sum of S, + S("CL) after eliminating

the auxiliary fields, is expressed through the metric G (¢q) (3.39)

gror _ T [y ok (5.12)
(© ~ 16 ka- :
We observe that the potential (mass) terms of new types of twisted multiplet
have the same form as that given in [15] for the case of the ¢"! multiplet (up to
the proper replacements of SU(2) indices).
As the last example of this Section, we discuss a massive deformation of the
superconformal action (4.12):

1 1 ‘
Sm=3 //1‘2"2 { Dt D%t +2m o0 L0t 2 C g0

(141)2
(5.13)
In terms of component fields the mass term in (5.13) is
S, = _% /de Fitg,, . (5.14)

After eliminating auxiliary fields, it gives rise to the following physical component
action of deformed SU(2) x U(1) WZNW sigma model

S:; =S¢ (Fl(l = 0) + Skinf + Smm (515)

bos

where Spe. and Syinr are given by Eqgs. (4.35), (4.37) and

L . . a
Sm = 2 d*z {m2 e+ % e Ukt Gia B O@} . (5.16)

After rescaling the fields as

a—2a, (—28, F—2F, (5.17)

one finds that the resulting piece in the full action coincides, up to an overall
normalization, with the analogous one for the superconformal WZNW model of
q"! [15]. The superconformal properties of the modified action are also the same
as in [15], up to the proper reshuffling of superconformal groups in the left and
right sectors.
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6. THE ACTIONS WITH FEW TYPES OF TWISTED MULTIPLETS

This Section is devoted to the proof that the general sigma-model action of
a pair of two different twisted multiplets is split into a sum of two actions, each
involving only one multiplet. From this result (and its extension to the case
of larger number of multiplets) we conclude that it is impossible to construct a
nontrivial supersymmetric sigma-model action which would contain interactions
among different twisted multiplets. Nevertheless, it turns out possible to construct
mass terms including the pairs of multiplets which are «dual» to each other in the
sense defined in Sec. 3. We show that the structure of these terms is uniquely
fixed by supersymmetry, as in the case of mass terms for separate multiplets
discussed in the previous Section.

6.1. Sigma-Model Actions. To proceed, let us again apply to the description
of our four twisted supermultiplets in the original N" = (4,4), 2D superspace. As
given in (1.1), each of these multiplets carries two indices of the full SO(4) x
SO(4) g automorphism group of the theory. One of these indices, the left index
i or 4, corresponds to one of two SU(2) factors of SO(4)r, while another, right
index a or g, corresponds to one of two SU(2) factors of SO(4)g. Since SU(2)
groups in a given light-cone sector are on completely equal footing, and the left
and right sectors are related to each other via the reflection + < —, there exist
only rwo non-equivalent options of singling out a pair in the set (1.1). One of
these possibilities is to pair multiplets having one SU(2) index in common, €. g.
G*® and ¢°2, §°® and g%, etc. Another possibility is to pair those having no
SU(2) indices in common at all. In this case there are only two variants: G°®
and G2, or ¢'¢ and §i°.

Keeping in mind these equivalences between various choices, we, without
loss of generality, can restrict our attention to considering most general actions of
the pairs (G°%, G*%) and (G°%, G'®) as the two essentially different possibilities.
In the SU(2) x SU(2) analytic HSS the most general candidate Lagrangians for
these two options are given by

2,2

(I) L:I (ql,l7 ql,Og’ 91,17 90,197%4[1’”2[1) 7 (6.1)
2,2 i ;

(II) 'C[[ (q0,117 ql,Og, flylv 91,1’ 91,01790,1g,u;t1’vé|:1) . (62)

This choice of two non-equivalent pairs is optional. We prefer it just because it
is technically easier compared to other possible choices.

Before turning to the general case, let us start with instructive simple exam-
ples of actions which are bilinear in the twisted multiplet superfields. There are
two essentially different types of such actions: the actions containing only one
kind of multiplet and those containing two different kinds.

As an example of the first type of actions, we consider the most general
quadratic action of the ¢':°2¢ multiplet. Taking into account the harmonic con-
straints (3.11) and the freedom of integrating by parts with respect to harmonic
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derivatives, it can be written in the analytic HSS as
ganad _ /M*Q’*Q {C&z@(v)qLoquog n 0[372] (v) g gDo,zqmg}. (6.3)

Requirement of N' = (4,4) supersymmetry amounts to the following conditions
on the harmonic-dependent functions C(v)

DY2Coy =0, = CoY ~cas 6.4)

whence the free action (3.50) is unambiguously recovered. The general actions
quadratic in other sorts of multiplets from the set (1.1) are also reduced to the
relevant free actions.

As an example of the second possibility, we consider a bilinear action of the
pair (¢™',¢"0 %)

Gavad _ /M_Q’_Q {C«&O,lql,lql,OQ+B£,—1q1,1DO,2q1,OQ}, (6.5)

where C' and B are arbitrary harmonic constants. Keeping in mind the defining
constraint (2.14) for ¢!, the second term is reduced to the first one modulo a
total harmonic derivative. Then the requirement of ' = (4,4) supersymmetry
leads to

col =0, (6.6)

i.e. the supersymmetry requires (6.5) to vanish.

Inspecting the bilinear actions of other pairs of different multiplets, it is easy
to prove that the requirement of invariance under the N = (4,4) supersymmetry
transformations also implies these actions to vanish.

Action for G'® and §'®. We start with examining the first option in (6.1),
(6.2). As in the case of one multiplet ¥ 2 (Sec. 3), the use of constraints (3.11)
leads us to the following most general form of the action with £§’2 given in (6.1)

S — /M—Q,—Q {ﬁg’Q(ql’l,ql’O e u,v) + L:;,O(ql,l’ql,o 2 y,v) D%2g10 g} (6.7)

The superfield ¢''! enters the superpotentials in (6.7) as an extra argument, and

this dependence cannot affect the process of deriving the constraints imposed
on these potentials by supersymmetry since ¢! is a scalar superfield. Thus,
the requirement that variation of the action (6.7) under the supersymmetry trans-
formations is proportional to a total harmonic derivative gives rise to a single
constraint which coincides with (3.23).

To reveal all consequences of this constraint in the case under consideration,
we should plug into the component structure of the action (6.7). We limit our
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consideration to the bosonic part; the conclusions we shall arrive at are equally
valid for the fermionic part.

After integrating over the Grassmann coordinates, we find that the terms with
z-derivatives contain both diagonal and non-diagonal pieces

bos 2 82£22 ia jb,—1,1,1, —1
S = [ d*zx dudv ~@)e 04+q"* 0——q? " u; "ujv,0,

8[:10
e 10ba++qua “ujuy!
0*Ly? ia b1 1, 0Lg° ib ia 1, —1 1
W&++q 8__(]] ujui Uy, +W8++q] 8__q*uiuj (%3
oLy? .
~ T 04 +0-_q" “uy + L0044 0__ q“’uil}. (6.8)

Integrating by parts in the last two terms in (6.8) and using the constraint (3.23),
one can easily check that the kinetic bosonic part of the action takes a diagonal
form, i.e. reduces to a sum of kinetic terms of the physical bosons from the
multiplets ¢! and G'°2. To obtain the auxiliary field part of the bosonic
component action, we integrate over Grassmann coordinates with the help of the
constraint (3.23) and find that this part is also reduced to a sum of two diagonal
pieces. Each of these pieces coincides with the auxiliary field part of the bosonic
component action of the relevant multiplet. Thus, collecting the results of our
calculations for the kinetic and the auxiliary pieces of the action, we conclude
that the bosonic component action for the pair of multiplets splits into a sum of
two parts

S

1 ,
5/65237 {Giajb3++q’“8——q”

, . 1
+2Bia;0 0040 " 0" + T CLFEFE ], (69)

1 . _
S2=5 /dzfc {Gigjga++q@8——q”
+2Bia;p044 40— ¢"t + ; Go FLFY } (6.10)
where

Gi(lj b = /dUdvgl(qau7v) €ij€ab,
(6.11)

Biosi= [ dudonann) v
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Giﬁjb = /dUd’UQQ(qau7v)€ij€gQa
(6.12)

Bigjb= /dudvgg(q,u,v) Eggubuj_)l ,

L (g, ¢ 2, u,v)

Glz/dUdvglv gl(Qauvv):

g1 dglt ’
6=0
oL10 g(ql,l ql,oﬂ u)
Gy = /dudvgz, 92(q, u,v) = aql,(;g 7
6=0

(see (2.16) for the definition of bosonic components of ¢':!).

Let us make a remark about the structure of the torsion potential. The
expression for B;, ;5 given by Eq. (6.11) differs from the one originally obtained
in [15] (we denote it B;, ;). On the other hand, the torsion potential is defined
up to the gauge transformation

0Xia 0Xjp

/ P— . . _
Biajb*BmJb"‘ dqib dgie’

(6.13)

which leaves invariant the torsion field strength. It is easy to see that the difference
between B;, ;5 defined in (6.11) and B;, ;5 of Ref. [15] is just the above gauge
transformation corresponding to the special choice of gauge parameter

52 2
Xio = /dudv Dt ujv} . (6.14)

=

Keeping in mind this remark, we conclude that the actions .S; and Sy given
by Egs. (6.9) and (6.10) have the same structure as the sigma-model actions
of separate multiplets. But, unlike the previous case, the scalar functions G
and G5, as well as the torsion potentials, can, in principle, bear dependence on
physical bosonic fields of both multiplets. Nevertheless, it is easy to check that
both scalar functions and torsion potentials are independent of ¢ and ¢’%, for
So and S, respectively.

Indeed, using the constraint (3.23) at # = 0 and integrating by parts in
harmonic integral, one finds

8G1 83 22 02 2£10 1
. = dud du dv 0™ =0
dgie /uvaq groe /uv L1 ’
0Biasb 032
aqké = /dudvmabauku(l )
2 1,0
- /dudva“ 7 lf) epaupuiuyt =0. (6.15)
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The same conclusions about splitting into a sum of separate actions can be
made for the terms including fermionic fields. Thus the superfield action (6.7)
actually amounts to a sum of superfield actions for g“!' and g10¢.

Action for ¢*® and G*®. In the general case the initial action of the multiplets
G%2 and §i® can be written in the analytic subspace (2.7) in the form

S — / —2,-2 £22 0, 117q1,0g7f1,17g1,179170 i g1 < ). (6.16)

As discussed in Subsec. 3.2, using the constraints (3.11), (3.12), we can unfold
the Largangian in (6.16) in such a way that it involves only the superfunctions

ql,Og and q0,11'

22 _ p22/,10a 0,13 -1,-1/,.10a ,0,1% 2,0 0,13 n0,2,.1,0a
L *L:O (q —q 7auvv)+£ig (q —q *,’LL,’U)D q *D q -

4 EZO(ql,O g, qO,l 1’7 u, 2)) DO,qu,O a 4 E%l(qw g, qO,l 1’7 u, 2)) D2’0q0’1 1 .
(6.17)

To find the constraints on the superpotentials in (6.17), we once again demand
that the variation of (6.17) under the supersymmetry transformation is a sum of
total harmonic derivatives of arbitrary functions with the proper harmonic U(1)
charges:

5[:2 2 DQO( 71’01A-1’2 _’_60,71@B0,3) +D0’2( —1,02 030 + &0 0,—1a D2 1)
i a
(6.18)
The functions in the r.h.s. of (6.18) depend on the same arguments as the
Lagrangian in (6.16). Comparing the coefficients of 1'% and %12 in both sides
of (6.18), we find that the functions A and D have the following structure

Ai,z _ _f1,1(£2,1+£2_—21,—1D2,0q0,1 i), D&m _ —g1’1(£20+££’_1D0’2q1’0 o),

(6.19)

Then, it is easy to demonstrate that the most general structure of the Grass-

mann functions B and C in (6.18), compatible with the Lorentz covariance and
dimensional considerations, is given by

BOS = gb1 (b2 4 bi_a?”lDQ’OqO’l g, Ci3,0 il (e z2 -1 Cz : =3 0210 ay,
- a o B (6.20)
Oa 0,1¢

where the functions b’s and ¢’s depend on ¢''°%, ¢%!% and harmonics u,v. The
set of constraints which follows from (6.18) contains these functions

85(2)72 — 902010 _ §20p 12 aﬁ(Q)’Q

0,1 2,—1
_ 82,0£i7 _ 80,26i, ,

dqh-0a o1
0,1 —1,2

8[32- P B abg - 2,05 —3,1

aql,()g - ia aqo,lg i a

Lo et ;
a _ 20p-1,-1_ Y% _90,2.1,-3

—8q0711 =0 EM 9qi0a 0 Cio - (6.21)
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The presence of these additional harmonic functions is the difference between
this system of constraints and the unique constraint (3.23) for the case of the
previous pair of multiplets. However, a closer inspection of the harmonic charge
structure of functions b and c leads to the conclusion that these functions can be
eliminated from the constraints (6.21) after a proper redefinition of the superfield
potentials £’s. Thus, without loss of generality, one can set all these functions
equal to zero in (6.21)

({)£(2)’2 _ aO,QL:l,O 8,620 o 827()[:71,71
dqt0a a v Pgoti ia
2,2 9,01
88;01 - = 82,0[:2,1 , aqllo — = 80,2£;gl,—1 ) (6.22)

As in the previous case, we now need to descend to the components. The
parts of the component action involving the physical and auxiliary bosonic fields
are obtained in the standard way. After substituting the component expansion of
¢"°%, Eq. (3.14), and ¢>'%, Eq. (3.15), into (6.17) and integrating over 6’s,
one finds that:

i) The auxiliary boson part of the action consists of the two pieces

1 ia ia a 11 1 ~N( o ta L ta
St =5 [ P G@ G FEL S = ¢ [ Gl ) i E

] (6.23)
where the scalar functions G(q), G(q) are defined by
. . 8£1’09
Gla'*q'*) = [(dudvglaqn), gladn) = Gogg| . (6249)
- Lok
Gl = [dudvglaq ), s@an=Gar - 629
Here we denoted
g~ gy a~d" e, (6.26)

The following remark is to the point here. From a straightforward calculation
making use of the constraints (6.22), one finds that the off-diagonal bilinear terms
of the auxiliary fields coming from the multiplets ¢1:°2 and §%* ¢ are cancelled
among themselves. Thus, the total action for the auxiliary bosons part is reduced
to a sum of two terms

Sanxb = S T Sauxh - (6.27)

The form of each term is the same as in the case of the corresponding single

multiplet. As a difference, the functions G(q, §), G(g, ¢) can now depend on two
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1,0a

different sets of physical bosonic fields, those from ¢ and ¢*'%i. We shall

return to this issue later.

ii) After integrating over 6’s, the physical boson part takes the form

10

. 0
Sphb = /d2£l,' du dv {E{I’O 5‘++5‘,,q19u;1 + —F 8 1 Ob 5‘++q ba,,q —U; ukl

0,1 ia,—1 8,601 b ia, 1, —1
+ Ly 0+40-_q*" v, +80118++q 0__q¢* " vyu,

9°L5” ; kb, —1,—1 1,-1 b -
- Wa++qma——q— vy ﬁ 8++q— 0 _q'® u; .

(6.28)

As in the previous case, a priori it includes mixed terms with z-derivatives.
Nevertheless, the constraints (6.22) can be used to show that the off-diagonal
terms do not contribute. Thus (6.28) is diagonalized

Sptb = Spup + S, (6.29)

where

Sph = /d2 {Giajn(@®¢*) +2Biajp(d'%¢"") } 044q"*0-—¢’®,
(6.30)

2 1 2 ~ ia . ia » ia ia ia jb

Spwp = 5 [ d°@ {Giajb(q “q") +2Bia b (d"* ¢ )} 04 +q* "0 ¢
(6.31)

and

We see that at the component level the sigma-model action of the pair of
multiplets (6.17) is also reduced to a sum of two independent sigma-model actions.
A difference of these actions from the original sigma-model actions for each
multiplet is the presence of mixed dependence on both sets of physical bosons

2 and ¢¢* in each metric function G and G and in the torsion potentials. Let
us now demonstrate that the supersymmetry constraints actually require both the
metric functions and torsion potentials to depend only on their «own» types of
the physical bosons.
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We show this for the function G and the corresponding torsion term B . Let
us consider the derivative

82£1 Oa 1
/du W o a5 017 9q0aggoti Ve (6.34)
Using the constraint
oLLo L
i1 = (635)

we find that, after integrating by parts with respect to the harmonic derivative
029, the r. h. s. of (6.34) vanishes, hence G(q) does not depend on ¢¢®.
Analogously, for the torsion potential B;, j;, one finds

0

ke (6.36)

1, -1 9*Lr0d 1
Bing(QaQ) :/dUdvebﬂu(iuj) 8(]17018(]071&”6

Integrating by parts with respect to the harmonic derivative 9% (v} = 8%%v; 1)
and using the constraint

2,2
oLy” 0.2 £1,0
a

8(]1709

(6.37)

we immediately find that (6.36) is vanishing.

Once again, repeating the same analysis for the fermionic terms, one can be
convinced that the similar splitting into a sum of independent actions takes place
for these terms as well. Hence, this phenomenon persists at the full superfield
level for the multlplets 41 and §°%, like in the previously considered case of
the multiplets G*® and ‘2

Adding more multiplets. As the last topic of this Subsection, let us briefly
discuss the case when the Lagrangian £22 is originally allowed one to depend
on three different types of the twisted multiplet, say, on the following triple of
superfields

(¢t g0, gOti). (6.38)

Firstly we note that the corresponding Lagrangian should have the same
structure as in (6.17), because the inclusion of the analytic superfield ¢"'' as an
additional functional parameter in the superpotentials in (6.17) is harmless for its
form. The requirement that the action for the triple (6.38) is invariant under the
supersymmetry transformations leads to the system of constraints which looks the
same as in the case of pair of the multiplets ¢1'°2 and ¢%1 ¢, i.e. are given by
Egs. (6.22). The straightforward calculation of the component action with making
use of the constraints (6.22) leads to the following conclusions about its structure:
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1) The auxiliary boson part of the action is reduced to a sum of three pieces,
and each of these pieces corresponds to the auxiliary boson part of the relevant
separate multiplet.

ii) As in the previous cases, the physical boson part of the action contains
some off-diagonal terms with x-derivatives.

An inspection of these mixed terms shows that their structure is similar to
that we met in the two previous cases. Although there appear some extra pieces
arising, e. g., from the action of the pair of (¢*!,§%1 %), the physical boson part
can be fully diagonalized as before, by using the constraints (6.22). The result
of this procedure can be schematically written as the splitting of the action into a
sum of the three pieces for the separate multiplets

S(gtt, g0, ™) =S + 8@ + 8" (6.39)

where the metric and torsion terms can still depend on all three sets of physical
bosons. However, using the constraints once again, it is easy to demonstrate that
both scalar functions and torsion potentials in every piece can bear dependence
only on the physical bosons of its «own» multiplet. The proof of separation of
the fermionic terms follows the same routine.

In a similar way one can prove the separation property for any number of
non-equivalent multiplets.

6.2. Potential Terms for § and ¢%'% In Sec. 5 we constructed the
potential terms for separate twisted multiplets. Here we show the existence of
mixed mass terms which involve different types of multiplets. These terms are in
fact of the same form as those given in [11, 12] and can be constructed only for
multiplets belonging to the same «self-dual» pair. A new finding is the general
form of the relevant scalar potential arising after elimination of the auxiliary
fields. This potential and the accompanying Yukawa-type fermionic terms are the
only mixed interaction of twisted multiplets of different types compatible with
N = (4,4) supersymmetry.

The candidate mixed mass-terms can be written in the analytic superspace in
the following form

1,0a

SM _ M/M72,72 Cioiogg 91,0 k 90,1 b ql,quO,l 1'7 (640)
S{\/f —_ ]\41 /M—Q,—Q C;OL0796170E9071 qu,l qlg7 (641)
S MQ/,ﬂf? Cray 00EOO Lghlgh0e, (6.42)

etc. All terms of this kind with higher powers of the involved superfields can be
shown to vanish because of the corresponding harmonic constraints. As for the
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terms (6.40)—(6.42), only those given in (6.40) and (6.41) can respect N' = (4,4)
supersymmetry for nonvanishing harmonic constants C. The term (6.42) and
any other similar term involving superfields from different «self-dual» pairs (e. g.
from ¢1°¢ and §%2) can easily be shown to vanish as a consequence of the
requirement of supersymmetry.

Without loss of generality, let us restrict our consideration to the mass term
(6.40). Computing the supersymmetry variation of the action (6.40), it is easy
to find that (6.40) is invariant provided the harmonic constants C' satisfy the
following conditions

9*0C0 =0, 9"2C20 , =0, C%,=circas. (6.43)

After performing the integration over Grassmann and harmonic variables in (6.40),
one finds the off-shell component form of this term:

M .
sM — - /d% {&" Fov+qd"*F.}. (6.44)

For sake of simplicity, we shall consider only bosonic part of the full com-
ponent on-shell action. After eliminating the auxiliary fields Fj; and Fj, in the
sum SFQO)S + SFZSS +SM where SFaO)S and SFZSS are bosonic parts of the component
sigma-model actions for ¢*°¢ and ¢%!¢ (AS'baO)S is given by Eq. (3.33) and SFZSS
has a similar form), the induced on-shell scalar potential term reads

M2 ~ .
Pt = =~ /d% {G*l " qry+ G q@qz—g} : (6.45)

Here G' = G(¢'%) and G = G(gk?) are the bosonic scalar metrics of the §1°%
and ¢%'% multiplets (they are defined by Eqs. (3.34), (3.36) and by similar
ones for ¢£%). Thus we see that in the general interaction case corresponding to
nontrivial metric functions, the potential (6.45) contain mixed couplings of two
different twisted multiplets. It is easy to restore the fermionic terms as well.
We see that (6.45) yields mass terms for the involved fields even in the case of
constant functions G and é, i.e., if one starts from the free kinetic actions of the
twisted multiplets considered. This is a difference from similar superfield terms
(5.1), (5.7) for single multiplets.

The most general off-shell mass term for the pair of multiplets (G302, g%1¥%)
can be written as a sum of the following three pieces

Siyay =S+ S5+ 55, (6.46)

where
m
Sty = ——42 /de C* Fry, (6.47)
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and two other terms in (6.46) are given by the expressions (6.44) and (5.5). After

eliminating the auxiliary fields F;, and Fj; in the sum SFGO)S + S(bb‘;s + S(]\ﬂ_g) ,

the most general on-shell potential part of the action is obtained in the form

1
Ghet - — 3 /d2$ { Gt (m%a) ckb Cio + 2myq) M CE? kb + MQqu Qkb)
+ G (m?y O Cig + 2my M C1eqiq + Mg qm)} . (648)
CONCLUSIONS

In this paper we extended our previous analysis of the manifestly N =
(4,4) supersymmetric off-shell description of the twisted multiplet ¢''! in the
SU(2) x SU(2) HSS [15] to the case of other three types of such a multiplet,
which differ in assignments of their component fields with respect to the full
R-symmetry group SO(4); x SO(4)g of N' = (4,4) 2D Poincaré superalgebra.
We constructed off-shell superfield actions for each of these new multiplets in
the analytic subspace of the SU(2) x SU(2) HSS and, as an example, discussed
the special case of superconformally invariant NV = (4,4) superextension of
the SU(2) x U(1) group manifold WZNW sigma model associated with one
of these multiplets (represented by the analytic superfunction ¢ 2). Since the
Lagrangians of these alternative twisted multiplets are expressed in terms of the
harmonic analytic superfunctions having nonstandard transformation properties
under N = (4, 4) supersymmetry, the requirement that the corresponding actions
are supersymmetric leads to certain constraints on the structure of the Lagrangians.
Using these constraints, we were able to show that the bosonic target geometries
of sigma models for the new multiplets are of the same sort as in the case of
the ¢! multiplet considered in [15]. We also discussed massive extensions of
general sigma-model actions of the multiplets ¢1'° ¢ and %2 and, as an example,
presented a massive deformation of the conformal WZNW action of the ¢!:°¢
multiplet. Like the sigma-model actions, the mass terms for the new multiplets
reveal the same structure as those for the ¢'>! multiplet.

The basic new findings of our study are related to the analysis of the options
when two or more multiplets of different sort are allowed to interact with each
other via the sigma-model- or/and mass term-type analytic Lagrangians. We
have found that N' = (4,4) supersymmetry requires the general sigma-model
action of any pair of such multipelts to reduce to a sum of sigma-model actions
of separate multiplets, and this phenomenon persists in the cases when a larger
number of different multiplets is involved into the game. The only possibility to
arrange mutual interactions of the twisted multiplets of different types is via the
appropriate mixed mass terms. The latter are bilinear in the multuplets belonging
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to the same «self-dual» pair which is characterized by the property that the
SU(2) assignments of the physical and auxiliary bosonic fields of the involved
multiplets are complementary to each other. The multiplets belonging to different
such pairs, can interact with each other neither via sigma-model type actions
nor via mass terms. For a «self-dual» pair of twisted multiplet we have given
the most general form of the scalar bosonic potential which arises as a result of
eliminating auxiliary fields in the sum of general sigma-model actions of these
multiplets and three possible mass terms, including the mixed one.

One of the possible directions of extending the study undertaken in this
paper is to couple the considered models to conformal N' = (4,4) supergravity
in the SU(2) x SU(2) HSS formulation of Ref. [18]. On this way one can
hope to discover new off-shell versions of Poincaré A/ = (4,4) supergravity,
with the new types of twisted multiplet as superconformal compensators. One
more interesting task is to study a possible effect of incorporating the additional
twisted multiplets into more general HSS sigma models with noncommuting left
and right quaternionic structures on the target space [17]. More technical work,
which is now under way [33], is to repeat the analysis of the present paper in
terms of A/ = (2, 2) superfields. The N' = (2,2) superspace language is used in
many studies of ' = (2,2) and N = (4,4) supersymmetric sigma models with
torsion, and it is capable to make some proofs and observations of the present
paper more tractable and clear.
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APPENDIX

Analytic superspace integration measure

1 0 0 0 0
201,0 1200,1 __ kn .cd
/d OO =165 9p10x ppron gpoie pgoiar A
/d291’0 d290’1 (91,0)2(90,1)2 =1. (A2)
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Complete solution to the constraints (3.11) — (3.13)

gt = —ﬁi“u%v; + 60 1'Fi“v; + 27991 98__q3u}
—2i910 1901 Y0__oyg + i(91’0)28++ﬂ”u;1vi + i(00’1)28,,6”u%v;1
. iﬂl’oi(Oo’l)Qa,,FL‘lv;l + 2(91,0)290,1 25‘++5‘,,q;u;1
+ (91,0)2(90,1)28++8__ﬁiau;1U;1 : (A.3)

fl’1 = —pi“u%vi + 2i6™0 18++q5vi — 0! gFéuzl
+ 20002001 20, i +0(010)2 0 p" g g +i(01)20-_p! Cujug
+ 291701(90’1)28++8__q2v;1 +i(619)29%1 98++Féu;1
+(010)2(6°1)20,  0__piau; Tt (A4)

ROl = glagl o gtoipiay—tyl 4 9ig0tag gl —j(g*1)29__glay, !
+ 29101001 a9yt — g0 i(g01 )29 Fiy L (A5)

a

fl,Og _ wigu’} + 2i91’0 iaJrJqu‘g o 90,1 gFiau,}’U(Zl _ i(91’0)28++1/1i9u;1
— 200V 04901 29, | out +i(0M0)20% 4o, Flu oyt (A.6)
tht = Frulv) — 200" 20, &l oy + 2001 0__lu]
— (08020, FP oy tol —i(0%1)20_ _Fioulu, P4 4010 40%1 99, L0 g,
— 2000 4(0%1)20, 10— €fu, 4+ 2(000)20%1 20, 10 _Pput
— (0% (0" 1204 10— _F u; oyt (A7)
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