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Simulation of Two-Phase Matter by Discrete Vortex Method

Vortex-rise process in the boiling liquid near the heated surface is considered.

The discrete vortex method is proposed for the simulation of the steam blobs

movement.

The investigation has been performed at the Bogoliubov Laboratory of Theoreti-

cal Physics, JINR.
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„¨´ ³¨±  ³´µ£µË §´ÒÌ ¸·¥¤ µÉ²¨Î ¥É¸Ö µÉ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¨ ¦¨¤-
±µ¸É¨ ¨²¨ £ §  ¶·¨¸ÊÉ¸É¢¨¥³ ¢ ¶µÉµ±¥ ¸¶²µÏ´µ° ¸·¥¤Ò µÉ¤¥²Ó´ÒÌ Î ¸É¨Í
¤·Ê£µ° ¸·¥¤Ò Å É¢¥·¤µ°, ¦¨¤±µ° ¨²¨ £ §µµ¡· §´µ°, Å ±µÉµ·Ò¥ µ¡³¥´¨¢ -
ÕÉ¸Ö ¸µ ¸¶²µÏ´µ° ¸·¥¤µ° ±¨´¥É¨Î¥¸±µ° ¨ É¥¶²µ¢µ° Ô´¥·£¨¥°, ³µ£ÊÉ ¢§ ¨-
³µ¤¥°¸É¢µ¢ ÉÓ ¤·Ê£ ¸ ¤·Ê£µ³ ¨ ¶¥·¥Ìµ¤¨ÉÓ ¨§ µ¤´µ£µ  £·¥£ É´µ£µ ¸µ¸ÉµÖ´¨Ö
¢ ¤·Ê£µ¥. �Î¥¢¨¤´µ, ÎÉµ ·¥Ï¥´¨¥ µ¡Ð¥° § ¤ Î¨ µ ¤¢¨¦¥´¨¨ ³´µ£µË §´ÒÌ
¸·¥¤ Ö¢²Ö¥É¸Ö ¢¥¸Ó³  ¸²µ¦´µ° ¶·µ¡²¥³µ°, ±µÉµ·ÊÕ µ¡ÒÎ´µ · ¸¸³ É·¨¢ ÕÉ ¢
§ ¢¨¸¨³µ¸É¨ µÉ É¨¶  ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¸·¥¤ ¢ · §²¨Î´ÒÌ ¨Ì ¸µÎ¥É ´¨ÖÌ:
¦¨¤±µ¸ÉÓÄ£ §, ¦¨¤±µ¸ÉÓ Ä É¢¥·¤Ò¥ Î ¸É¨ÍÒ ¨ É. ¤. �¤´  ¨§ Ëµ·³ ¸ÊÐ¥¸É¢µ¢ -
´¨Ö ¤¢ÊÌË §´ÒÌ ¸·¥¤ Å ±¨¶¥´¨¥ ¦¨¤±µ¸É¥°, ¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸µ¡µ° ¤¢¨¦¥´¨¥
¸·¥¤Ò ¦¨¤±µ¸ÉÓÄ£ §.

1. �‘��…���‘’ˆ Šˆ�…�ˆŸ

Š¨¶¥´¨¥ ¦¨¤±µ¸É¥° Å µ¤¨´ ¨§ ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´ÒÌ É¥Ì´µ²µ-
£¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢, Î¥³ ¨ µ¡ÑÖ¸´Ö¥É¸Ö £²Ê¡µ±¨° ¨´É¥·¥¸ ¨¸¸²¥¤µ¢ É¥²¥° ±
´¥³Ê. �Éµ µÎ¥´Ó ¨´É¥·¥¸´Ò° ¨ Î·¥§¢ÒÎ °´µ ¸²µ¦´Ò° ±µ³¶²¥±¸ É·Ê¤´ÒÌ
¸ ÉµÎ±¨ §·¥´¨Ö ³ É¥³ É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ³µ²¥±Ê²Ö·´µ-±¨´¥É¨Î¥¸±¨Ì, £¨¤-
·µ¤¨´ ³¨Î¥¸±¨Ì, É¥¶²µ¢ÒÌ ¨  ±Ê¸É¨Î¥¸±¨Ì Ö¢²¥´¨°, ±µÉµ·Ò¥ ¸µ¶·µ¢µ¦¤ ÕÉ
¢µ§´¨±´µ¢¥´¨¥ ¨ ·µ¸É ¶ ·µ¢µ£µ ¶Ê§Ò·Ó± , ³¥´ÖÕÐ¥£µ ¸¢µÕ Ëµ·³Ê ¶µ ³¥·¥
·µ¸É , µÉ·Ò¢, ¢¸¶²ÒÉ¨¥ ¨ ¤·µ¡²¥´¨¥ ¶ ·µ¢µ£µ ¶Ê§Ò·Ó±  ¶¥·¥³¥´´µ£µ · §³¥· 
¨ ¶¥·¥³¥´´µ° Ëµ·³Ò, ÉÊ·¡Ê²¥´É´µ¥ ¤¢¨¦¥´¨¥ ¤¢ÊÌË §´µ° ¸·¥¤Ò ¦¨¤±µ¸ÉÓÄ
£ §. �µÔÉµ³Ê ¸µ¢·¥³¥´´ Ö É¥µ·¨Ö ±¨¶¥´¨Ö, ´¥¸³µÉ·Ö ´  µ£·µ³´µ¥ ±µ²¨Î¥¸É¢µ
± ± Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ, É ± ¨ É¥µ·¥É¨Î¥¸±¨Ì · ¡µÉ ¢ ÔÉµ° µ¡² ¸É¨ [1Ä10],
¨§µ¡¨²Ê¥É Ô³¶¨·¨Î¥¸±¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ¤²Ö µ¸´µ¢´ÒÌ Ì · ±É¥·¨¸É¨± ±¨-
¶¥´¨Ö ¨ µ¸É ¢²Ö¥É ¢ ¸Éµ·µ´¥ ·Ö¤ ¢ ¦´ÒÌ ³µ³¥´Éµ¢, ÊÎ¥É ±µÉµ·ÒÌ ¢´¥¸ ¡Ò
¸ÊÐ¥¸É¢¥´´Ò¥ ¶µ¶· ¢±¨ ¢ ¨³¥ÕÐÊÕ¸Ö ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö · ¸Î¥É´ÊÕ ³µ¤¥²Ó.
� ¸¸³µÉ·¨³ µ¡ÐÊÕ ± ·É¨´Ê ¶·µÍ¥¸¸  ±¨¶¥´¨Ö, ¸²µ¦¨¢ÏÊÕ¸Ö ¢ ·¥§Ê²ÓÉ É¥
³´µ£µµ¡· §´ÒÌ ¨¸¸²¥¤µ¢ ´¨°. Š¨¶¥´¨¥ ³µ¦´µ · §¤¥²¨ÉÓ ´  É·¨ µ¸´µ¢´Ò¥
¸É ¤¨¨ [1]:

1) ¸É ¤¨Ö ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö, ¸µ¸ÉµÖÐ Ö ¨§ ¸²¥¤ÊÕÐ¨Ì ÔÉ ¶µ¢:  ) µ¡-
² ¸ÉÓ ¨§µ²¨·µ¢ ´´ÒÌ ¶Ê§Ò·Ó±µ¢; ¡) ¶¥·¢ Ö ¶¥·¥Ìµ¤´ Ö µ¡² ¸ÉÓ; ¢) µ¡-
² ¸ÉÓ ¶ ·µ¢ÒÌ £·¨¡µ¢; £) ¢Éµ· Ö ¶¥·¥Ìµ¤´ Ö µ¡² ¸ÉÓ;
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2) ¸É ¤¨Ö ¶¥·¥Ìµ¤´µ£µ ±¨¶¥´¨Ö (±·¨§¨¸ ±¨¶¥´¨Ö);

3) ¸É ¤¨Ö ¶²¥´µÎ´µ£µ ±¨¶¥´¨Ö.

�É¨ ¸É ¤¨¨ µÉ· ¦¥´Ò ´  £· Ë¨±¥ § ¢¨¸¨³µ¸É¨ ¢¥²¨Î¨´Ò É¥¶²µ¢µ£µ ¶µ-
Éµ±  ± ¦¨¤±µ¸É¨ q (±µ²¨Î¥¸É¢  É¥¶²µÉÒ, ¶¥·¥¤ ¢ ¥³µ£µ ´ £·¥¢ É¥²¥³ ¸ ¥¤¨-
´¨ÍÒ ¶²µÐ ¤¨ ¢ ¥¤¨´¨ÍÊ ¢·¥³¥´¨) µÉ É¥³¶¥· ÉÊ·´µ£µ ´ ¶µ·  ∆T (· §´µ¸É¨
É¥³¶¥· ÉÊ· ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  ¨ ¸µ¶·¨± ¸ ÕÐ¥°¸Ö ¸ ´¥° ±¨¶ÖÐ¥° ¦¨¤±µ-
¸É¨) (¸³. ·¨¸. 1).
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�¨¸. 1. ƒ· Ë¨± § ¢¨¸¨³µ¸É¨ ¢¥²¨Î¨´Ò É¥¶²µ¢µ£µ ¶µÉµ±  ± ¦¨¤±µ¸É¨ q µÉ É¥³¶¥· ÉÊ·-
´µ£µ ´ ¶µ·  ∆T ¢ ¶·µÍ¥¸¸¥ ±¨¶¥´¨Ö: �‚ Å ¸É ¤¨Ö ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö; ‚‘ Å
¸É ¤¨Ö ¶¥·¥Ìµ¤´µ£µ ±¨¶¥´¨Ö; ‘D… Å ¸É ¤¨Ö ¶²¥´µÎ´µ£µ ±¨¶¥´¨Ö

‘É ¤¨Ö ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö. „²Ö ¤ ´´µ° ¸É ¤¨¨ Ì · ±É¥·´µ ¸²¥¤ÊÕ-
Ð¥¥: ¶Ê§Ò·Ó±¨ µ¡· §ÊÕÉ¸Ö ¢ µ¤´¨Ì ¨ É¥Ì ¦¥ ÉµÎ± Ì ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  Å
 ±É¨¢´ÒÌ Í¥´É· Ì. �·¨ Ê¢¥²¨Î¥´¨¨ ∆T Ê¢¥²¨Î¨¢ ¥É¸Ö ±µ²¨Î¥¸É¢µ  ±É¨¢-
´ÒÌ Í¥´É·µ¢, · ¸É¥É É¥¶²µ¢µ° ¶µÉµ± q ¨ ¸±µ·µ¸ÉÓ ±¨¶¥´¨Ö (¸³. ÊÎ ¸Éµ± AB
´  ·¨¸. 1). Šµ£¤  ¢¸Ö ¶µ¢¥·Ì´µ¸ÉÓ ´ £·¥¢  µ± §Ò¢ ¥É¸Ö ¶µ²´µ¸ÉÓÕ ¶µ±·ÒÉµ°
¶Ê§Ò·Ó± ³¨, q ¤µ¸É¨£ ¥É ¸¢µ¥£µ ³ ±¸¨³ ²Ó´µ£µ §´ Î¥´¨Ö ´  ÔÉµ³ ÊÎ ¸É±¥ ¨
¶·µÍ¥¸¸ ±¨¶¥´¨Ö ¶¥·¥Ìµ¤¨É ¢ ¸²¥¤ÊÕÐÊÕ ¸É ¤¨Õ.

‘É ¤¨Ö ¶¥·¥Ìµ¤´µ£µ ±¨¶¥´¨Ö. �¸µ¡¥´´µ¸ÉÓÕ ÔÉµ° ¸É ¤¨¨, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¥° ÊÎ ¸É±Ê ‚‘ ´  £· Ë¨±¥ ·¨¸. 1, Ö¢²Ö¥É¸Ö ´¥Ê¸Éµ°Î¨¢µ¸ÉÓ ¨ µÉ¸ÊÉ¸É¢¨¥
¶µ¸ÉµÖ´´ÒÌ  ±É¨¢´ÒÌ Í¥´É·µ¢: ¶Ê§Ò·Ó±¨ É¥¶¥·Ó ¢µ§´¨± ÕÉ ¢ ¸ ³ÒÌ · §´ÒÌ
ÉµÎ± Ì ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  ¨ Î ¸Éµ ±µ £Ê²¨·ÊÕÉ, ¸²¨¢ Ö¸Ó ¢ ¶ ·µ¢Ò¥ ¶²¥´±¨.
�µÔÉµ³Ê, ´¥¸³µÉ·Ö ´  ·µ¸É É¥³¶¥· ÉÊ·Ò ´ £·¥¢ É¥²Ö, É¥¶²µµÉ¤ Î  ± ¦¨¤±µ-
¸É¨ ·¥§±µ ¶ ¤ ¥É, ¨ ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ±·¨¢µ° ‘, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ³µ³¥´ÉÊ,
±µ£¤  ¢¸Ö ¶µ¢¥·Ì´µ¸ÉÓ ´ £·¥¢  ¶µ±·Ò¢ ¥É¸Ö ¸¶²µÏ´µ° ¶ ·µ¢µ° ¶²¥´±µ°, É¥-
¶²µ¢µ° ¶µÉµ± ¤µ¸É¨£ ¥É ¸¢µ¥£µ ³¨´¨³ ²Ó´µ£µ §´ Î¥´¨Ö, ±¨¶¥´¨¥ ¸É ´µ¢¨É¸Ö
¶²¥´µÎ´Ò³.
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‘É ¤¨Ö ¶²¥´µÎ´µ£µ ±¨¶¥´¨Ö. • · ±É¥·¨§Ê¥É¸Ö Ê¢¥²¨Î¥´¨¥³ Éµ²Ð¨´Ò
¶ ·µ¢µ° ¶²¥´±¨ ´  ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  ¸ ·µ¸Éµ³ É¥³¶¥· ÉÊ·´µ£µ ´ ¶µ· .
‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ±µ´¢¥±Í¨Ö ¶¥·¥¸É ¥É ¨£· ÉÓ § ³¥É´ÊÕ ·µ²Ó ¢ ¶·µÍ¥¸¸¥ É¥-
¶²µ¶¥·¥¤ Î¨, ¨ É¥¶²µ¢µ° ¶µÉµ± ± ±¨¶ÖÐ¥° ¦¨¤±µ¸É¨ ´¥¸±µ²Ó±µ Ê¢¥²¨Î¨¢ ¥É¸Ö
§  ¸Î¥É É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¨ ¨§²ÊÎ¥´¨Ö, ´µ §´ Î¨É¥²Ó´µ ¶µ¢ÒÏ ¥É¸Ö É¥³¶¥· -
ÉÊ·  ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢ . �Éµ°, É·¥ÉÓ¥° ¸É ¤¨¨ ±¨¶¥´¨Ö ¸µµÉ¢¥É¸É¢Ê¥É ´ 
· ¸¸³ É·¨¢ ¥³µ³ £· Ë¨±¥ ·¨¸. 1 ÊÎ ¸Éµ± ‘D….

� ¨¡µ²¥¥ ¨§ÊÎ¥´´µ° ¨§ É·¥Ì µ¶¨¸ ´´ÒÌ ¸É ¤¨° ±¨¶¥´¨Ö Ö¢²Ö¥É¸Ö ¸É ¤¨Ö
¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö, ±µÉµ· Ö, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ¤· §¤¥²Ö¥É¸Ö ´  Î¥ÉÒ·¥
ÔÉ ¶  [1], µÉ· ¦¥´´Ò¥ ´  ·¨¸. 2, 3.
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�¨¸. 2. ƒ· Ë¨± § ¢¨¸¨³µ¸É¨ ¢¥²¨Î¨´Ò É¥¶²µ¢µ£µ ¶µÉµ±  ± ¦¨¤±µ¸É¨ µÉ É¥³¶¥· ÉÊ·´µ£µ
´ ¶µ·  ´  ¸É ¤¨¨ ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö

�¡² ¸ÉÓ ¨§µ²¨·µ¢ ´´ÒÌ ¶Ê§Ò·Ó±µ¢. � ¸¸ÉµÖ´¨¥ ³¥¦¤Ê  ±É¨¢´Ò³¨ Í¥´-
É· ³¨ £µ· §¤µ ¡µ²ÓÏ¥ ¤¨ ³¥É·  ¶µ¢¥·Ì´µ¸É´ÒÌ ¶Ê§Ò·Ó±µ¢; ¶µ¢¥·Ì´µ¸É´Ò¥ ¨
µÉµ·¢ ¢Ï¨¥¸Ö ¶Ê§Ò·Ó±¨ ´¥ ¢§ ¨³µ¤¥°¸É¢ÊÕÉ ³¥¦¤Ê ¸µ¡µ° £¨¤·µ¤¨´ ³¨Î¥¸±¨:
¢µ±·Ê£ ± ¦¤µ£µ  ±É¨¢´µ£µ Í¥´É·  ¨ ± ¦¤µ£µ ¢¸¶²Ò¢ ÕÐ¥£µ ¶Ê§Ò·Ó±  ¸ÊÐ¥-
¸É¢Ê¥É §µ´  ¢²¨Ö´¨Ö, · ¤¨Ê¸ ±µÉµ·µ° · ¢¥´ µÉ·Ò¢´µ³Ê ¤¨ ³¥É·Ê ¶Ê§Ò·Ó±  D0

(¸³. ·¨¸. 3,  ). ‘ Ê¢¥²¨Î¥´¨¥³ ¶¥·¥£·¥¢  ±µ²¨Î¥¸É¢µ  ±É¨¢´ÒÌ Í¥´É·µ¢ ¡Ò-
¸É·µ · ¸É¥É,   · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ´¨³¨ Ê³¥´ÓÏ ¥É¸Ö; Ê¢¥²¨Î¨¢ ¥É¸Ö Î¨¸²µ ¶µ-
¢¥·Ì´µ¸É´ÒÌ ¨ µ¡Ñ¥³´ÒÌ ¶Ê§Ò·Ó±µ¢, · ¸É¥É Î ¸ÉµÉ  ¨Ì µÉ·Ò¢ , ´ ¡²Õ¤ ¥É¸Ö
¸²¨Ö´¨¥ ¶Ê§Ò·Ó±µ¢, ¢¸¶²Ò¢ ÕÐ¨Ì ¡²¨§±µ ¤·Ê£ ± ¤·Ê£Ê. Š ·É¨´  ¤¢¨¦¥´¨Ö
¶Ê§Ò·Ó±µ¢ ¢Ò£²Ö¤¨É ¡µ²¥¥ Ì µÉ¨Î´µ.

�¥·¢ Ö ¶¥·¥Ìµ¤´ Ö µ¡² ¸ÉÓ. �ÉµÉ ÔÉ ¶ ´ ¸ÉÊ¶ ¥É, ±µ£¤  ¸·¥¤´¥¥ · ¸¸ÉµÖ-
´¨¥ ³¥¦¤Ê  ±É¨¢´Ò³¨ Í¥´É· ³¨ ¸É ´µ¢¨É¸Ö ³¥´ÓÏ¥ 2D0. ’¥¶¥·Ó ¢ ´¥±µÉµ·ÒÌ
 ±É¨¢´ÒÌ Í¥´É· Ì ¢³¥¸Éµ µÉ¤¥²Ó´ÒÌ ¶Ê§Ò·Ó±µ¢ ¢µ§´¨± ÕÉ ´¥¶·¥·Ò¢´Ò¥ Í¥-
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�¨¸. 3. —¥ÉÒ·¥ ÔÉ ¶  ¸É ¤¨¨ ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö:  ) µ¡² ¸ÉÓ ¨§µ²¨·µ¢ ´´ÒÌ ¶Ê§Ò·Ó-
±µ¢; ¡) ¶¥·¢ Ö ¶¥·¥Ìµ¤´ Ö µ¡² ¸ÉÓ; ¢) µ¡² ¸ÉÓ ¶ ·µ¢ÒÌ £·¨¡µ¢; £) ¢Éµ· Ö ¶¥·¥Ìµ¤´ Ö
µ¡² ¸ÉÓ

¶µÎ±¨ ¶Ê§Ò·Ó±µ¢ Å ¸Éµ²¡¨±¨ ¶ ·  (·¨¸. 3, ¡). ‘ Ê¢¥²¨Î¥´¨¥³ ¶¥·¥£·¥¢  Î¨¸²µ
¶ ·µ¢ÒÌ ¸Éµ²¡¨±µ¢ ´  ¶µ¢¥·Ì´µ¸É¨ Ê¢¥²¨Î¨¢ ¥É¸Ö, ¶·¨ ÔÉµ³ ´ Î¨´ ¥É¸Ö ¸²¨Ö-
´¨¥ ´¥ Éµ²Ó±µ ¶Ê§Ò·Ó±µ¢ ¢ µ¤´µ³ ¸Éµ²¡¨±¥ (¢§ ¨³µ¤¥°¸É¢¨¥ ¶µ ¢¥·É¨± ²¨), ´µ
¨ ¶Ê§Ò·Ó±µ¢, µ¡· §µ¢ ¢Ï¨Ì¸Ö ¢ ¸µ¸¥¤´¨Ì  ±É¨¢´ÒÌ Í¥´É· Ì (¢§ ¨³µ¤¥°¸É¢¨¥
¶µ £µ·¨§µ´É ²¨). ‚ ·¥§Ê²ÓÉ É¥ ¢µ§´¨± ¥É ¸¢µ¥µ¡· §´ Ö ¶ ·µ¢ Ö ¸É·Ê±ÉÊ· , ´ -
§¢ ´´ Ö ƒ¥·É´¥·µ³ [2] ¶ ·µ¢Ò³ £·¨¡µ³.

�¡² ¸ÉÓ ¶ ·µ¢ÒÌ £·¨¡µ¢. �  ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  ´ ¡²Õ¤ ÕÉ¸Ö ¡µ²ÓÏ¨¥
¢§¤Ò³ ÕÐ¨¥¸Ö µ¡² ±  ¶ · . �´¨ µ¡ÒÎ´µ ¸µ¥¤¨´¥´Ò ¸ ¶µ¢¥·Ì´µ¸ÉÓÕ ³´µ£µÎ¨-
¸²¥´´Ò³¨ ¶ ·µ¢Ò³¨ ®´µ¦± ³¨¯, Î¥·¥§ µ¸´µ¢ ´¨Ö ±µÉµ·ÒÌ ¨ ¶¨É ÕÉ¸Ö ¶ ·µ³
§  ¸Î¥É ¨¸¶ ·¥´¨Ö ¶¥·¥£·¥Éµ£µ ¸²µÖ (·¨¸. 3 ¢). � ·µ¢Ò¥ £·¨¡Ò ¢Ò· ¸É ÕÉ ¤µ
¤µ¸É ÉµÎ´µ ±·Ê¶´µ£µ · §³¥· , § É¥³ µÉ·Ò¢ ÕÉ¸Ö ¨ ¢¸¶²Ò¢ ÕÉ. �¥±µÉµ·Ò¥ ¨§
¢¸¶²Ò¢ ÕÐ¨Ì £·¨¡µ¢ ¸²¨¢ ÕÉ¸Ö, µ¡· §ÊÖ ±·Ê¶´Ò¥ ¶ ·µ¢Ò¥ ¶µ²µ¸É¨ ¤¨ ³¥-
É·µ³ ¤µ 5 ¸³. �Î¥´Ó ¡Ò¸É·µ ¶µ¸²¥ µÉ·Ò¢  £·¨¡  ´  Éµ³ ¦¥ ³¥¸É¥ ¢µ§´¨± ¥É
´µ¢Ò° ¨, · §· ¸É Ö¸Ó, ¶µ£²µÐ ¥É ¶µ¶ ¤ ÕÐ¨¥ ¢ ¥£µ ¸Ë¥·Ê ¶ ·µ¢Ò¥ ¸Éµ²¡¨±¨,
¶·¥¢· Ð Ö ¨Ì ¢ ´µ¢Ò¥ ¶ ·µ¢Ò¥ ®´µ¦±¨¯, ¶¨É ÕÐ¨¥ £·¨¡.

‚Éµ· Ö ¶¥·¥Ìµ¤´ Ö µ¡² ¸ÉÓ. „ ´´Ò° ÔÉ ¶ Ö¢²Ö¥É¸Ö ´ ¨³¥´¥¥ ¨§ÊÎ¥´-
´Ò³. ƒ¥·É´¥· ¶·¥¤¶µ²µ¦¨², ÎÉµ ´  µÉ¤¥²Ó´ÒÌ ÊÎ ¸É± Ì £µ·ÖÎ¥° ¶µ¢¥·Ì´µ¸É¨
¸ ¢Ò¸µ±µ° ´ ¸ÒÐ¥´´µ¸ÉÓÕ  ±É¨¢´Ò³¨ Í¥´É· ³¨ ®´µ¦±¨¯ £·¨¡µ¢ ¸É ´µ¢ÖÉ¸Ö
£¨¤·µ¤¨´ ³¨Î¥¸±¨ ´¥Ê¸Éµ°Î¨¢Ò³¨ ¨ ¸²¨¢ ÕÉ¸Ö ¤·Ê£ ¸ ¤·Ê£µ³, É ± ÎÉµ ¢µ§-
´¨± ÕÐ¨¥ ¶ ·µ¢Ò¥ µ¡² ±  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸µ¶·¨± ¸ ÕÉ¸Ö ¸ ¶µ¢¥·Ì´µ¸ÉÓÕ
´ £·¥¢ , ¸µ§¤ ¢ Ö ÊÎ ¸É±¨ ²µ± ²Ó´µ£µ ¶²¥´µÎ´µ£µ ±¨¶¥´¨Ö, ±µ²¨Î¥¸É¢µ ±µ-
Éµ·ÒÌ · ¸É¥É ¶µ ³¥·¥ Ê¢¥²¨Î¥´¨Ö É¥³¶¥· ÉÊ·´µ£µ ´ ¶µ·  (·¨¸. 3, £). �¤´ ±µ
É¥¶²µµÉ¤ Î  ± £·¨¡ ³ ¨³¥¥É ¥Ð¥ ¶·¥µ¡² ¤ ÕÐ¥¥ §´ Î¥´¨¥, ¨ ¸ ·µ¸Éµ³ ∆T ¤µ-
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¸É¨£ ¥É¸Ö ³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥ É¥¶²µ¢µ£µ ¶µÉµ±  ± ¦¨¤±µ¸É¨ qmax. �Éµ Å
±·¨§¨¸ ±¨¶¥´¨Ö ¨ ±µ´¥Í ¢Éµ·µ° ¶¥·¥Ìµ¤´µ° µ¡² ¸É¨.

‚ ¤µ¶µ²´¥´¨¥ ± µ¶¨¸ ´´µ° ± ·É¨´¥ ¸²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ Ëµ·³  ¨ · §-
³¥· ¢¸¶²Ò¢ ÕÐ¥£µ ¶Ê§Ò·Ö ³µ£ÊÉ ³¥´ÖÉÓ¸Ö ¶µ ³¥·¥ ¢¸¶²ÒÉ¨Ö,   µÉ ´¨Ì, ¢
¸¢µÕ µÎ¥·¥¤Ó, § ¢¨¸¨É Ì · ±É¥· ¢¸¶²ÒÉ¨Ö. ’ ±, ³ ²¥´Ó±¨¥ ¶Ê§Ò·Ó±¨ (· ¤¨Ê-
¸µ³ ¤µ 1 ³³) ¢¸¶²Ò¢ ÕÉ ¶·Ö³µ²¨´¥°´µ, ´¥ ¨¸¶ÒÉÒ¢ Ö ¢µ§³ÊÐ¥´¨°, ¸·¥¤´¨¥
(· ¤¨Ê¸µ³ 1Ä5 ³³) ¤¢¨¦ÊÉ¸Ö ¶µ ¸¶¨· ²¥µ¡· §´Ò³ ²¨´¨Ö³,   ±·Ê¶´Ò¥ (· ¤¨Ê-
¸µ³ ¡µ²¥¥ 5 ³³) ¶·¨ ¶µ¤Ñ¥³¥ ¤¥² ÕÉ ´¥¶·¥·Ò¢´Ò¥ ¸± Î±¨ ¢ £µ·¨§µ´É ²Ó´µ°
¶²µ¸±µ¸É¨. �¸µ¡¥´´µ ±·Ê¶´Ò¥ ¶Ê§Ò·¨ (· ¤¨Ê¸µ³ ¡µ²¥¥ 1 ¸³) ¤·µ¡ÖÉ¸Ö ¶µ ¶ÊÉ¨
´  ³¥²±¨¥. �¥·¥¤ ¤·µ¡²¥´¨¥³ ¶Ê§Ò·Ó ¸¶²ÕÐ¨¢ ¥É¸Ö, ´ Î¨´ ¥É ¶Ê²Ó¸¨·µ¢ ÉÓ,
¢ Í¥´É·¥ ¥£µ µ¡· §Ê¥É¸Ö Éµ´± Ö ¶²¥´± , ±µÉµ· Ö · §·Ò¢ ¥É¸Ö, ¢ ·¥§Ê²ÓÉ É¥
µ¡· §Ê¥É¸Ö £·Ê¶¶  ³¥²±¨Ì ¶Ê§Ò·Ó±µ¢.

2. �–…�Š� –ˆ�Š“‹Ÿ–ˆˆ ‚ ��ˆ‘’…���Œ ’…�‹�‚�Œ ‘‹�…

‘µ£² ¸´µ É¥µ·¥³¥ �Ó¥·±´¥¸  [11] ¶¥·¥¸¥Î¥´¨¥ ¨§µ¡ ·¨Î¥¸±¨Ì ¨ ¨§µ¸É¥-
·¨Î¥¸±¨Ì ¶µ¢¥·Ì´µ¸É¥° Ö¢²Ö¥É¸Ö ¶·¨Î¨´µ° µ¡· §µ¢ ´¨Ö ¢¨Ì·¥°. �·¨ ÔÉµ³
¶·µ¨§¢µ¤´ Ö µÉ Í¨·±Ê²ÖÍ¨¨ ¸±µ·µ¸É¨ ¶µ ± ±µ³Ê-²¨¡µ ¦¨¤±µ³Ê ±µ´ÉÊ·Ê L
· ¢´  · §´µ¸É¨ Î¨¸²  ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¨§µ¡ ·µ¨§µ¸É¥·¨Î¥-
¸±¨Ì É·Ê¡µ±, µÌ¢ ÉÒ¢ ¥³ÒÌ ¤ ´´Ò³ ±µ´ÉÊ·µ³. �É  É¥µ·¥³  ¸¶· ¢¥¤²¨¢  ¤²Ö
¨¤¥ ²Ó´µ° ´¥¡ ·µÉ·µ¶´µ° ¦¨¤±µ¸É¨, ´  ±µÉµ·ÊÕ ¤¥°¸É¢ÊÕÉ ³ ¸¸µ¢Ò¥ ¸¨²Ò,
¨³¥ÕÐ¨¥ ¶µÉ¥´Í¨ ². ‚ ÔÉµ³ ¸²ÊÎ ¥

dΓ
dt

= −
∮

L

vdp = N ′ − N ′′, (1)

£¤¥ Γ Å Í¨·±Ê²ÖÍ¨Ö ¸±µ·µ¸É¨, v Å Ê¤¥²Ó´Ò° µ¡Ñ¥³ ¦¨¤±µ¸É¨, p Å ¤ ¢²¥-
´¨¥, N ′ ¨ N ′′ Å ±µ²¨Î¥¸É¢µ ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¥¤¨´¨Î´ÒÌ
¨§µ¡ ·µ¨§µ¸É¥·¨Î¥¸±¨Ì É·Ê¡µ±, µÌ¢ Î¥´´ÒÌ ±µ´ÉÊ·µ³ L, ¸µµÉ¢¥É¸É¢¥´´µ.

� ¸¸³ É·¨¢ Ö ¶·µÍ¥¸¸ ´ £·¥¢  ¶µ±µÖÐ¥°¸Ö ¦¨¤±µ¸É¨ ¶ÊÉ¥³ É¥¶²µ¶¥·¥-
¤ Î¨ µÉ £µ·ÖÎ¥° ¶µ¢¥·Ì´µ¸É¨ ¸ · ¢´µ³¥·´µ · ¸¶·¥¤¥²¥´´Ò³¨ ´  ´¥° ÉµÎ¥Î-
´Ò³¨ ¨¸ÉµÎ´¨± ³¨ É¥¶² , ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐÊÕ ± Î¥¸É¢¥´´ÊÕ ± ·É¨´Ê
´  µ¸´µ¢ ´¨¨ ¢ÒÏ¥Ê¶µ³Ö´ÊÉµ° É¥µ·¥³Ò. �Î¥¢¨¤´µ, ÎÉµ ¨§µ¡ ·¨Î¥¸±¨¥ ¶µ-
¢¥·Ì´µ¸É¨ ¢ ¸²ÊÎ ¥ £µ·¨§µ´É ²Ó´µ° ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  ¸ µ¤´¨³ ¨¸ÉµÎ´¨±µ³
¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤ £µ·¨§µ´É ²Ó´ÒÌ ¶²µ¸±µ¸É¥° ¸µ£² ¸´µ ¢Ò· ¦¥´¨Õ ¤²Ö £¨¤·µ-
¸É É¨Î¥¸±µ£µ ¤ ¢²¥´¨Ö

p =
gh

v
, (2)

£¤¥ h Å ¢Ò¸µÉ  ¸Éµ²¡  ¦¨¤±µ¸É¨ ´  · ¸¸³ É·¨¢ ¥³µ³ Ê·µ¢´¥. ˆ§µ¸É¥·¨Î¥-
¸±¨¥ ²¨´¨¨ ¢ µ¤´µ·µ¤´µ° ¨ ¨§µÉ·µ¶´µ° ¦¨¤±µ¸É¨ ¡Ê¤ÊÉ ¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ°
±µ´Í¥´É·¨Î¥¸±¨¥ ¸Ë¥·Ò ¸ Í¥´É·µ³ ¢ ÉµÎ±¥ ´ £·¥¢  O (¸³. ·¨¸. 4). ’ ±¨³

6



µ¡· §µ³, µ¡· §ÊÕÐ¨¥¸Ö ¶·¨ ¶¥·¥¸¥Î¥´¨¨ ¨§µ¡ ·¨Î¥¸±¨Ì ¨ ¨§µ¸É¥·¨Î¥¸±¨Ì
¶µ¢¥·Ì´µ¸É¥° ¢¨Ì·¥¢Ò¥ É·Ê¡±¨ ¸ Í¨·±Ê²ÖÍ¨¥°, µ¶·¥¤¥²Ö¥³µ° ´ ¶· ¢²¥´¨¥³
µÉ grad p ± grad v [11], Ö¢²ÖÕÉ¸Ö ±µ²ÓÍ ³¨ ¸ µ¸ÓÕ OO1 Å ¢¥·É¨± ²Ó´µ°
¶·Ö³µ°, ¶·µÌµ¤ÖÐ¥° Î¥·¥§ ÉµÎ¥Î´Ò° ¨¸ÉµÎ´¨± O.

P0–2O1

P0

P0–1

V0

V0+1

V0+2

O

z

x

y

grad p grad pgrad v grad v

�¨¸. 4. ˆ§µ¡ ·µ¨§µ¸É¥·¨Î¥¸±¨¥ ¶µ¢¥·Ì´µ¸É¨ ¢µ±·Ê£ ¨§µ²¨·µ¢ ´´µ£µ Í¥´É·  ¶ ·µµ¡· -
§µ¢ ´¨Ö

‚ ¸²ÊÎ ¥ ¶²µ¸±µ£µ ¶µ£· ´¨Î´µ£µ ¸²µÖ ¢¡²¨§¨ £µ·¨§µ´É ²Ó´µ° ¶µ¢¥·Ì´µ-
¸É¨, ´  ±µÉµ·µ° · ¸¶·¥¤¥²¥´µ ´¥¸±µ²Ó±µ ÉµÎ¥Î´ÒÌ ¨¸ÉµÎ´¨±µ¢ É¥¶² , ± ·-
É¨´  ¨§µ¡ ·¨Î¥¸±¨Ì ¨ ¨§µ¸É¥·¨Î¥¸±¨Ì ²¨´¨° ¡Ê¤¥É ¶µ¤µ¡´  ¨§µ¡· ¦¥´´µ° ´ 
·¨¸. 5.

„ ´´ Ö ± ·É¨´  ¸µ£² ¸Ê¥É¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ‹¥µ´ÉÓ¥¢  ¨ Š¨·¤ÖÏ±¨´  [12],
ÊÉ¢¥·¦¤ ÕÐ¨Ì, ÎÉµ ¶¥·¥¤ Î  É¥¶²  µÉ £µ·ÖÎ¥° ¶µ¢¥·Ì´µ¸É¨ É¥¶²µµ¡³¥´  ±
¦¨¤±µ¸É¨ ¶·¨ ¸¢µ¡µ¤´µ° ±µ´¢¥±Í¨¨ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢ µ¸´µ¢´µ³ ¸¨¸É¥³µ°
¶ ·´ÒÌ ¢¨Ì·¥°, µ¡· §ÊÕÐ¨Ì¸Ö ¢¡²¨§¨ ¶µ¢¥·Ì´µ¸É¨. ‚ ¤¨ ¶ §µ´¥ Î¨¸¥² �¥-
²¥Ö Ra = 1700−105 É¥Î¥´¨¥ ¢ £µ·ÖÎ¥³ ¸²µ¥ ¨³¥¥É ÖÎ¥¨¸ÉÊÕ ¸É·Ê±ÉÊ·Ê. �·¨
Ra � 105 ÖÎ¥¨¸É Ö ¸É·Ê±ÉÊ·  ¸µÌ· ´Ö¥É¸Ö ¨ ¢ ¡µ²ÓÏµ³ µ¡Ñ¥³¥ ¢¡²¨§¨ ¶µ-
¢¥·Ì´µ¸É¨ ´ £·¥¢ . ’ ±¨³ µ¡· §µ³, ¤¢Ê³¥·´µ¥ É¥Î¥´¨¥ ¦¨¤±µ¸É¨ ¶·¨ ¡µ²ÓÏ¨Ì
Î¨¸² Ì �¥²¥Ö ÔÉ¨  ¢Éµ·Ò · ¸¸³ É·¨¢ ÕÉ ± ± É¥Î¥´¨¥ ¸ ¶µ¸ÉµÖ´´µ° § ¢¨Ì·¥´-
´µ¸ÉÓÕ ¢ Ö¤·¥ ¢ ²¨± , £¤¥ ¸¨²Ò ¢Ö§±µ¸É¨ ¶·¥´¥¡·¥¦¨³µ ³ ²Ò, ¨ µ¶¨¸Ò¢ ÕÉ
¥£µ Ê· ¢´¥´¨¥³ �Ê ¸¸µ´ 

∂2ψ

∂x2
+

∂2ψ

∂y2
= ω (3)

¸ Ê¸²µ¢¨¥³ ´  £· ´¨Í¥ ψ = 0, £¤¥ ψ Å ËÊ´±Í¨Ö Éµ± , ω Å § ¢¨Ì·¥´´µ¸ÉÓ
Ö¤·  ¢ ²¨± .
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y

�

A O O x2 1

B

P g H V= const = ( – )/�

V = const

�¨¸. 5. ˆ§µ¡ ·µ¨§µ¸É¥·¨Î¥¸±¨¥ ²¨´¨¨ ¢¡²¨§¨ ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  ¢ ¶²µ¸±µ³ ¸²ÊÎ ¥

�Í¥´¨³ ¨§³¥´¥´¨¥ Í¨·±Ê²ÖÍ¨¨ ¢ É¥¶²µ¢µ³ ¶µ£· ´¨Î´µ³ ¸²µ¥ ¦¨¤±µ¸É¨.
„²Ö ÔÉµ£µ · ¸¸³µÉ·¨³ ¨´É¥£· ² −

∮
L

vdp ¶µ ±µ´ÉÊ·Ê ABO2A (¸³. ·¨¸. 5):

−
∮

ABO2A

vdp = −
∫

AB

vdp −
∫

BO2

vdp −
∫

O2A

vdp. (4)

�  ²¨´¨¨ AB ¸µÌ· ´Ö¥É¸Ö ¶µ¸ÉµÖ´´µ¥ §´ Î¥´¨¥ Ê¤¥²Ó´µ£µ µ¡Ñ¥³  v(T0),
· ¢´µ¥ §´ Î¥´¨Õ Ê¤¥²Ó´µ£µ µ¡Ñ¥³  ¦¨¤±µ¸É¨ ¢ ¡µ²ÓÏµ³ µ¡Ñ¥³¥ ¸ É¥³¶¥· ÉÊ-

·µ° T0, p = g(H − y)
v(T0)

, dp = − gdy
v(T0)

, ¶µÔÉµ³Ê

−
∫

AB

vdp =
gv(T0)
v(T0)

∫ δ

0

dy = gδ. (5)

�  ²¨´¨¨ O2A p = const = pA, dp = 0, É ± ÎÉµ

−
∫

O2A

vdp = 0. (6)

�  ²¨´¨¨ BO2 ¨§³¥´¥´¨¥ Ê¤¥²Ó´µ£µ µ¡Ñ¥³  µ¶¨¸Ò¢ ¥É¸Ö ¢Ò· ¦¥´¨¥³

v(T ) = v(T0)(1 + α(T − T0)), (7)

£¤¥ α Å ±µÔËË¨Í¨¥´É µ¡Ñ¥³´µ£µ · ¸Ï¨·¥´¨Ö ¦¨¤±µ¸É¨. � ¸¶·¥¤¥²¥´¨¥ ¡¥§-
· §³¥·´µ° É¥³¶¥· ÉÊ·Ò ¶µ ¸¥Î¥´¨Õ ¶µ£· ´¨Î´µ£µ ¸²µÖ  ¶¶·µ±¸¨³¨·Ê¥É¸Ö ¢Ò-
· ¦¥´¨¥³ [12]

θ = 1 − 2η + 2η3 − η4, (8)
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£¤¥ θ = T − T0
T¸É − T0

η = y
δ

, T¸É Å É¥³¶¥· ÉÊ·  ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢ , T0 Å

É¥³¶¥· ÉÊ·  ¦¨¤±µ¸É¨ ¢ ¡µ²ÓÏµ³ µ¡Ñ¥³¥.
’µ£¤ , Ê¸²µ¢¨¢Ï¨¸Ó ¸Î¨É ÉÓ v(T0) = v0, ¨³¥¥³

lv(T ) = v0(1 + α(T¸É − T0)(1 − 2
y

δ
+ 2

y3

δ3 − y4

δ4 ), (9)

dp = −
gv + g(H − y)v0α(T¸É − T0)(−

2
δ

+ 6
y2

δ3 − 4
y3

δ4 )

v2 dy, (10)

−
∫

BO2

vdp = g

∫ δ

0

(1 + (H − y)v0α(T¸É − T0)
−2

δ
+ 6

y2

δ3
− 4

y3

δ4

v
)dy =

= gδ − gH ln (1 + α(T¸É − T0)) − (11)

−gα(T¸É − T0)
∫ δ

0

(−2
y

δ
+ 6

y3

δ3
− 4

y4

δ4
)dy

1 + α(T¸É − T0)(1 − 2
y

δ
+ 2

y3

δ3
− y4

δ4
)
. (12)

�Ê¸ÉÓ

I =
∫ δ

0

(−2
y

δ
+ 6

y3

δ3
− 4

y4

δ4
)dy

1 + α(T¸É − T0)(1 − 2
y

δ
+ 2

y3

δ3
− y4

δ4
)
. (13)

�Í¥´¨³ §´ Î¥´¨¥ I . ‚¢¥¤¥³ § ³¥´Ê y
vδ

= t, dy = δt. ’µ£¤ 

I = δ

∫ 1

0

(−2t + 6t3 − 4t4)dt

1 + α(T¸É − T0)(1 − 2t + 2t3 − t4)
. (14)

�µ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö ´  ±µ´Í Ì ¶·µ³¥¦ÊÉ±  ¨´É¥£·¨·µ¢ ´¨Ö
¶·¨´¨³ ¥É · ¢´Ò¥ §´ Î¥´¨Ö ¨ ¨³¥¥É ³ ±¸¨³Ê³ ¢´ÊÉ·¨ ¶·µ³¥¦ÊÉ± 
fmax ≈ f(0, 4) = 1, 014. �µ É¥µ·¥³¥ µ¡ µÍ¥´±¥ §´ Î¥´¨Ö µ¶·¥¤¥²¥´´µ£µ
¨´É¥£· ²  0 � I � δfmax · 1. ’µ ¥¸ÉÓ 0 � I � 1, 014δ. ‘Î¨É Ö I ≈ δ, ¶µ²ÊÎ¨³

−
∫

BO2

vdp = gδ − gH ln (1 + α(T¸É − T0)) − gα(T¸É − T0)δ. (15)

‘²¥¤µ¢ É¥²Ó´µ,

dΓ
dt

= −
∫

ABO2A

vdp ≈ 2gδ(1 − α(T¸É − T0)) − gH ln (1 + α(T¸É − T0)) (16)

¶·¨ α =
1

273
, T¸É − T0 = 10◦, δ = 0, 01 ³, H = 0, 1 ³,

dΓ
dt

≈ 0, 154
³2

¸2
.
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’ ±¨³ µ¡· §µ³, ¸É ´µ¢¨É¸Ö µÎ¥¢¨¤´Ò³, ÎÉµ Í¨·±Ê²ÖÍ¨Ö ¸±µ·µ¸É¨ ¶µ ¸¥-
Î¥´¨Õ ¢¨Ì·¥¢µ° É·Ê¡±¨ Ë ±É¨Î¥¸±¨ ²¨´¥°´µ · ¸É¥É ¸ Ê¢¥²¨Î¥´¨¥³ Éµ²Ð¨´Ò
¶µ£· ´¨Î´µ£µ ¸²µÖ, ÎÉµ ¶·¨¢µ¤¨É ± · ¸¶·µ¸É· ´¥´¨Õ ¢¨Ì·¥¢µ° µ¡² ¸É¨ ¢
¡µ²ÓÏµ° µ¡Ñ¥³. � ¡²Õ¤¥´¨Ö ¶µ± §Ò¢ ÕÉ, ÎÉµ ¶·µÍ¥¸¸ ·µ¸É  ¨ µÉ·Ò¢  ¶ -
·µ¢µ£µ ¶Ê§Ò·Ó±  ¢¨§Ê ²Ó´µ  ´ ²µ£¨Î¥´ µ¡· §µ¢ ´¨Õ É¥·³¨± . ˆ³¥ÕÐ¨°¸Ö
£· ¤¨¥´É £¨¤·µ¸É É¨Î¥¸±µ£µ ¤ ¢²¥´¨Ö ∆p = (g/v)2R, £¤¥ R Å · ¤¨Ê¸ § -
·µ¤ÒÏ  ¶Ê§Ò·Ó± , ¶·¨¢µ¤¨É ± µ¡· §µ¢ ´¨Õ Éµ·  ¸ ¥¸É¥¸É¢¥´´µ µ¡· §ÊÕÐ¥°¸Ö
Í¨·±Ê²ÖÍ¨¥°, ±µÉµ·Ò° § É¥³ ¶·¨µ¡·¥É ¥É Ëµ·³Ê Ô²²¨¶¸µ¨¤  ¨²¨ Ï · .

3. Œ�„…‹ˆ��‚��ˆ… Šˆ�…�ˆŸ Œ…’�„�Œ
„ˆ‘Š�…’�›• ‚ˆ•�…‰

ˆÉ ±, ¢ ¶·µÍ¥¸¸¥ ±¨¶¥´¨Ö ³Ò ¨³¥¥³ ¤¥²µ ¸ ¤¢¨¦¥´¨¥³ ¦¨¤±µ¸É¨, Ì · ±-
É¥·¨§ÊÕÐ¨³¸Ö ´ ²¨Î¨¥³ § ¢¨Ì·¥´´µ¸É¨, Éµ ¥¸ÉÓ Ë ±É¨Î¥¸±¨ ¸ ÉÊ·¡Ê²¥´É´Ò³
¤¢¨¦¥´¨¥³. �µ´¨³ ´¨¥ ³¥Ì ´¨§³µ¢ ÉÊ·¡Ê²¥´É´µ¸É¨ ¶· ±É¨Î¥¸±¨ ´¨Î¥£µ ´¥
¤ ¥É ¤²Ö µ¶¨¸ ´¨Ö ±µ´±·¥É´ÒÌ ÉÊ·¡Ê²¥´É´ÒÌ É¥Î¥´¨°. ’·Ê¤´µ¸ÉÓ § ¤ Î¨ µ¶¨-
¸ ´¨Ö ¶·µÍ¥¸¸  ±¨¶¥´¨Ö, ± ± ¨ ¤·Ê£¨Ì ¶µ¤µ¡´ÒÌ § ¤ Î, ¸¢Ö§ ´  ¸ É¥³, ÎÉµ
·¥ ²Ó´Ò¥ ÉÊ·¡Ê²¥´É´Ò¥ É¥Î¥´¨Ö ´¥µ¤´µ·µ¤´Ò ¢ ¶·µ¸É· ´¸É¢¥ ¨ µ¡ÒÎ´µ ´ -
¸Éµ²Ó±µ ´¥¶µÌµ¦¨ ´  µ¤´µ·µ¤´ÊÕ ¨§µÉ·µ¶´ÊÕ ÉÊ·¡Ê²¥´É´µ¸ÉÓ, ¤²Ö ±µÉµ·µ°
¨³¥¥É¸Ö ¶µ²´µ¥ µ¶¨¸ ´¨¥, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö ´¥ Ê¤ ¥É¸Ö ¨¸¶µ²Ó-
§µ¢ ÉÓ ¤²Ö ¶· ±É¨Î¥¸±¨Ì Í¥²¥°, ¤µ¢µ²Ó¸É¢ÊÖ¸Ó ¸±µ·¥¥ Ô³¶¨·¨Î¥¸±¨³¨ § ¢¨¸¨-
³µ¸ÉÖ³¨. �µÔÉµ³Ê Î ¸Éµ §  µ¸´µ¢Ê ¶µ¸É·µ¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ É¥µ·¨° ¡¥·ÊÉ
·¥Ï¥´¨¥, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥ ÉÊ·¡Ê²¥´É´µ³Ê,   ¶·¥¤Ï¥¸É¢ÊÕÐ¥³Ê ¥³Ê ·¥£Ê-
²Ö·´µ³Ê ·¥¦¨³Ê [14]. ’ ±µ° ¶µ¤Ìµ¤ µ± §Ò¢ ¥É¸Ö ¶·µ¤Ê±É¨¢´Ò³ ¥Ð¥ ¨ ¶µÉµ³Ê,
ÎÉµ ³´µ£¨¥ É¥Î¥´¨Ö, ± ± ¨ ¢ ¸²ÊÎ ¥ ±¨¶¥´¨Ö ¦¨¤±µ¸É¨, µ± §Ò¢ ÕÉ¸Ö ´¥ ¶µ²-
´µ¸ÉÓÕ Ì µÉ¨§¨·µ¢ ´´Ò³¨,   ¸µ¤¥·¦ É Ì · ±É¥·´Ò¥ ¨ ¤²Ö ¶·¥¤ÉÊ·¡Ê²¥´É´µ£µ
·¥¦¨³  µÉ¤¥²Ó´Ò¥ ¢¨Ì·¥¢Ò¥ ¸É·Ê±ÉÊ·Ò.

‚ ÔÉµ° ¸¨ÉÊ Í¨¨ ± ¦¥É¸Ö · §Ê³´Ò³ ¶·¨¡¥£´ÊÉÓ ± É ± ´ §Ò¢ ¥³Ò³ ¢¨Ì·¥-
¢Ò³ ³¥Éµ¤ ³ ¤²Ö ³µ¤¥²¨·µ¢ ´¨Ö ¶·µÍ¥¸¸  ±¨¶¥´¨Ö. Š ± ¨§¢¥¸É´µ, ¢¨Ì·¥¢Ò¥
³¥Éµ¤Ò ¶·¨³¥´ÖÕÉ¸Ö ¤²Ö ³µ¤¥²¨·µ¢ ´¨Ö É¥Î¥´¨° ¸¶²µÏ´µ° ¸·¥¤Ò, ¸µ¤¥·¦ -
Ð¨Ì µ¡² ¸É¨ § ¢¨Ì·¥´´µ¸É¨ [13, 15]. ‘ÊÉÓ ³¥Éµ¤µ¢ ¸µ¸Éµ¨É ¢ ¤¨¸±·¥É¨§ -
Í¨¨ É ±¨Ì µ¡² ¸É¥° ¨ µÉ¸²¥¦¨¢ ´¨¨ ¢¢µ¤¨³ÒÌ ¤¨¸±·¥É´ÒÌ ¢¨Ì·¥¢ÒÌ µ¡· §µ-
¢ ´¨° ¢ · ³± Ì ² £· ´¦¥¢µ£µ ¶·¥¤¸É ¢²¥´¨Ö ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°. �¥µ¡-
Ìµ¤¨³Ò¥ ²µ± ²Ó´Ò¥ ¸±µ·µ¸É¨ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö
�Ê ¸¸µ´ 

∇2u = −∇× ω, (17)

£¤¥ u(x, t) Å ¸±µ·µ¸ÉÓ ¦¨¤±µ¸É¨ ¢ ÉµÎ±¥ x = (x, y, z), ω = rotu Å § ¢¨-
Ì·¥´´µ¸ÉÓ, ¨ ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥ ¨´É¥£· ²  �¨µÄ‘ ¢ · :
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u(x, t) = − 1
4π

∫
(x − x′) × ω(x′, t)

|x − x′|3 dx′. (18)

‘±µ·µ¸ÉÓ ± ¦¤µ£µ ¤¨¸±·¥É´µ£µ ¢¨Ì·Ö § ¤ ¥É¸Ö §´ Î¥´¨¥³ ¶µ²Ö ¸±µ·µ¸É¨
¦¨¤±µ¸É¨ ¢ ÉµÎ±¥ ¥£µ · ¸¶µ²µ¦¥´¨Ö, É. ¥.

dxi

dt
= u(xi, t), (19)

xi = (xi, yi, zi) Å ±µµ·¤¨´ ÉÒ ¢¨Ì·Ö, · ¸¶µ²µ¦¥´´µ£µ ¢ ÉµÎ±¥ xi. “Î¨ÉÒ¢ Ö,
ÎÉµ ¢ ¤¢Ê³¥·´µ³ ¸²ÊÎ ¥ ¤²Ö ¸¨¸É¥³Ò ÉµÎ¥Î´ÒÌ ¢¨Ì·¥°

ω(x, t) =
N∑

i=1

Γiδ[x − xi(t)], (20)

£¤¥ δ Å δ-ËÊ´±Í¨Ö „¨· ± , Γi Å Í¨·±Ê²ÖÍ¨Ö i-£µ ¢¨Ì·Ö, · ¸¶µ²µ¦¥´´µ£µ ¢
ÉµÎ±¥ xi, ¨ ÎÉµ ¢ µ¡² ¸É¨ R ΓR =

∫
R ωdx, ¨³¥¥³

dxi

dt
= − 1

2π

N∑
j=1,j �=i

(xj − xi) × ezΓj

|xj − xi|2
. (21)

’ ±¨³ µ¡· §µ³, É¥Î¥´¨¥ ¢ ¤¢Ê³¥·´µ° µ¡² ¸É¨, ¸µ¤¥·¦ Ð¥° § ¢¨Ì·¥´-
´µ¸ÉÓ, µ¶¨¸Ò¢ ¥É¸Ö ¸¨¸É¥³µ° 2N ´¥²¨´¥°´ÒÌ µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚ É·¥Ì³¥·´µ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ ¶µ¤µ¡´µ° § ¤ Î¨ É ±¦¥
¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¤²Ö ±µµ·¤¨´ É N ¢¨Ì·¥¢ÒÌ ´¨É¥°. ˆ³¥´´µ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ,   É ±¦¥
´ £²Ö¤´µ¸ÉÓ ¶µ²ÊÎ ¥³ÒÌ ·¥Ï¥´¨° Ö¢²ÖÕÉ¸Ö ¤µ¸Éµ¨´¸É¢ ³¨ ¢¨Ì·¥¢ÒÌ ³¥Éµ¤µ¢.
�¤´ ±µ ¸ÊÐ¥¸É¢ÊÕÉ ¨ ´¥¤µ¸É É±¨. ‚µ-¶¥·¢ÒÌ, ¶·¨ ¢¢¥¤¥´¨¨ ÉµÎ¥Î´ÒÌ ¤¨¸-
±·¥É´ÒÌ ¢¨Ì·¥¢ÒÌ µ¡· §µ¢ ´¨° ¢µ§´¨± ¥É ¶·µ¡²¥³  ¸¨´£Ê²Ö·´µ¸É¨ ¸±µ·µ¸É¨.
—Éµ¡Ò ¨§¡¥¦ ÉÓ ¥¥, ¶·¨³¥´ÖÕÉ É ± ´ §Ò¢ ¥³Ò¥ ¢¨Ì·¥¢Ò¥ ± ¶²¨ ¸ ±µ´¥Î´Ò³
· §³¥·µ³ Ö¤· , ¢´ÊÉ·¨ ±µÉµ·ÒÌ ¢¢µ¤ÖÉ · ¸¶·¥¤¥²¥´´ÊÕ § ¢¨Ì·¥´´µ¸ÉÓ [13].
�µ ¶·¨ ÔÉµ³ ¶·¨Ìµ¤¨É¸Ö ¸É ²±¨¢ ÉÓ¸Ö ¸ ¤·Ê£µ° ¶·µ¡²¥³µ° Å ¶·µ¡²¥³µ° ¢Ò-
¡µ·  ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö § ¢¨Ì·¥´´µ¸É¨ ¨ ¸¢Ö§ ´´µ£µ ¸ ´¥Õ · §³¥·µ³
Ö¤·  ¢¨Ì·Ö. �ÉµÉ ¢Ò¡µ· ¤µ¸É ÉµÎ´µ ¶·µ¨§¢µ²¥´ ¨ ¢ ¡µ²ÓÏµ° ¸É¥¶¥´¨ ¢²¨Ö¥É
´  ÉµÎ´µ¸ÉÓ ³¥Éµ¤ . ‚µ-¢Éµ·ÒÌ, ÉµÎ´µ¸ÉÓ ¶µ²ÊÎ ¥³µ° ³µ¤¥²¨ § ¢¨¸¨É µÉ ±µ²¨-
Î¥¸É¢  ¢¢µ¤¨³ÒÌ ¤¨¸±·¥É´ÒÌ µ¡· §µ¢ ´¨°. Š·µ³¥ ÔÉµ£µ, ¶µ£·¥Ï´µ¸ÉÓ ¶µÖ¢²Ö-
¥É¸Ö ¨§-§  Éµ£µ, ÎÉµ · ¸Î¥É´Ò¥ Ô²¥³¥´ÉÒ ¶·¥¤¶µ² £ ÕÉ¸Ö ¸µÌ· ´ÖÕÐ¨³¨ ¸¢µÕ
¶¥·¢µ´ Î ²Ó´ÊÕ Ëµ·³Ê ´  ¶·µÉÖ¦¥´¨¨ ¢¸¥£µ · ¸Î¥É´µ£µ ¶·µ³¥¦ÊÉ±  ¢·¥³¥´¨,
Éµ£¤  ± ± ·¥ ²Ó´Ò° ¦¨¤±¨° Ô²¥³¥´É, ´¥¸ÊÐ¨° ¤ ´´ÊÕ § ¢¨Ì·¥´´µ¸ÉÓ, ³µ¦¥É
¶·¥É¥·¶¥ÉÓ §´ Î¨É¥²Ó´ÊÕ ¤¥Ëµ·³ Í¨Õ.

Š ± ¶·¥¤¸É ¢²Ö¥É¸Ö  ¢Éµ·Ê, ¶·¨³¥´¥´¨¥ ³¥Éµ¤  ¤¨¸±·¥É´ÒÌ ¢¨Ì·¥° ± µ¶¨-
¸ ´¨Õ ¤¨´ ³¨±¨ ¶·µÍ¥¸¸  ±¨¶¥´¨Ö ¦¨¤±µ¸É¨ · §Ê³´µ ´¥ Éµ²Ó±µ ¢ ¸¨²Ê Ê± -
§ ´´ÒÌ ¢ÒÏ¥ ¶·¨Î¨´, ´µ ¨ ¶µÉµ³Ê, ÎÉµ ¶·¨ ÔÉµ³ ³µ¦´µ ¨§¡¥¦ ÉÓ ´¥±µÉµ·ÒÌ
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¨§ Ê¶µ³Ö´ÊÉÒÌ É·Ê¤´µ¸É¥° ³¥Éµ¤ , ¢¢µ¤Ö ¢ ´¥£µ ´¥±µÉµ·Ò¥ ¨§³¥´¥´¨Ö. �·¨´-
Í¨¶¨ ²Ó´µ¥ ¶·¥¤²µ¦¥´¨¥ § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ¡Ò ¸µ¢³¥¸É¨ÉÓ ¤¨¸±·¥É´Ò¥
¢¨Ì·¥¢Ò¥ µ¡· §µ¢ ´¨Ö ¸ ¶Ê§Ò·Ö³¨ £ § , É. ¥. · §³¥¸É¨ÉÓ ÉµÎ¥Î´Ò¥ ¢¨Ì·¨ ¢´ÊÉ-
·¨ ¶Ê§Ò·¥°. �·¨ ÔÉµ³ ¨¸Î¥§ ¥É ¸¨´£Ê²Ö·´µ¸ÉÓ, É ± ± ± ¥¥ µ¡² ¸ÉÓ ´ Ìµ¤¨É¸Ö
¢´ÊÉ·¨ ¶Ê§Ò·Ö ¨ Ö¢²Ö¥É¸Ö Ë¨±É¨¢´µ°,   ¢³¥¸É¥ ¸ ´¥Õ ¨ µÉ¶ ¤ ¥É ´¥µ¡Ìµ¤¨-
³µ¸ÉÓ ¢Ò¡µ·  ¶·µ¨§¢µ²Ó´ÒÌ ¶ · ³¥É·µ¢ · ¸¶·¥¤¥²¥´¨Ö ¢ Ö¤·¥ ¢¨Ì·Ö. Š Éµ³Ê
¦¥ ±µ²¨Î¥¸É¢µ ¢¢µ¤¨³ÒÌ ¤¨¸±·¥É´ÒÌ ¢¨Ì·¥° ¢ É ±µ³ ¸²ÊÎ ¥ ¶· ±É¨Î¥¸±¨ ¡Ê-
¤¥É ¸µ¢¶ ¤ ÉÓ ¸ ·¥ ²Ó´Ò³ Î¨¸²µ³ µ¡· §ÊÕÐ¨Ì¸Ö ¢¨Ì·¥°.

ˆ§-§  µÉ¸ÊÉ¸É¢¨Ö ¨´¥·Í¨¨ ¶Ê§Ò·Ö µÉ´µ¸¨É¥²Ó´µ ¦¨¤±µ¸É¨ (É ´£¥´Í¨ ²Ó-
´ Ö ¸µ¸É ¢²ÖÕÐ Ö ¸±µ·µ¸É¨ ´  £· ´¨Í¥ ¦¨¤±µ¸ÉÓÄ£ § µÉ²¨Î´  µÉ ´Ê²Ö) ¤¢¨-
¦¥´¨¥ ¥£µ  ´ ²µ£¨Î´µ ¸±µ²Ó¦¥´¨Õ ¢¨Ì·Ö, ¶µÔÉµ³Ê ¸Ì¥³  · ¸Î¥É  É ±µ£µ
¤¢Ê³¥·´µ£µ É¥Î¥´¨Ö § ³¥É´µ Ê¶·µÐ ¥É¸Ö ¨ ¡Ê¤¥É ¢Ò£²Ö¤¥ÉÓ ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

ṙk
i =

εkl

2π

N∑
j=1

rl
j − rl

i

|rj − ri|2
Γj , (22)

£¤¥ rk
i (k = 1, 2) Å ±µµ·¤¨´ ÉÒ ¶Ê§Ò·Ö-¢¨Ì·Ö ¸ Í¨·±Ê²ÖÍ¨¥° Γi, ε

kl Å ¤¢Ê-
³¥·´Ò° É¥´§µ· ‹¥¢¨Ä—¨¢¨É . ’ ±¨³ µ¡· §µ³, µ¶¨¸ ´¨¥ ¤¨¸¶¥·¸´µ° £ §µ¦¨¤-
±µ¸É´µ° ¸·¥¤Ò µ± §Ò¢ ¥É¸Ö ³ É¥³ É¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´Ò³ µ¶¨¸ ´¨Õ ´ ¡µ· 
¤¨¸±·¥É´ÒÌ ¢¨Ì·¥° ¢ µ¤´µË §´µ° ¸·¥¤¥.

‚ É·¥Ì³¥·´µ³ ¸²ÊÎ ¥ Ê¤µ¡´µ ¢¢¥¸É¨ ´ ¡µ· ¤¨¸±·¥É´ÒÌ ±µ²ÓÍ¥¢ÒÌ ¢¨Ì·¥°,
±µÉµ·Ò°, ¸µ£² ¸´µ ¶µ¸É·µ¥´´µ° ¢ÒÏ¥ ± Î¥¸É¢¥´´µ° ± ·É¨´¥, ¡Ê¤¥É ²ÊÎÏ¥ ¸µ-
µÉ¢¥É¸É¢µ¢ ÉÓ ·¥ ²Ó´µ³Ê ¶·µÍ¥¸¸Ê ¢¨Ì·¥µ¡· §µ¢ ´¨Ö ¶·¨ ±¨¶¥´¨¨ ¦¨¤±µ¸É¨.
‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²¥ É¥Î¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ËÊ´±Í¨¥° Éµ±  [11]

ψ(x, r) = − Γ
2π

(σ1 + σ2)(K(α) − E(α)), (23)

£¤¥

σ1 = ((x − x′)2 + (r − r′)2)
1
2 , (24)

σ2 = ((x − x′)2 + (r + r′)2)
1
2 , (25)

α =
σ2 − σ1

σ2 + σ1
, (26)

K(α) =
∫ 1

0

((1 − t2)(1 − α2t2))−
1
2 dt, (27)

E(α) =
∫ 1

0

(1 − t2)−
1
2 (1 − α2t2)

1
2 dt, (28)

x, r Å É¥±ÊÐ¨¥  ±¸¨ ²Ó´ Ö ¨ · ¤¨ ²Ó´ Ö ±µµ·¤¨´ ÉÒ ¦¨¤±µ¸É¨; x′, r′ Å
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ±µµ·¤¨´ ÉÒ Í¥´É·  Éµ·µ¨¤ ²Ó´µ£µ ¢¨Ì·Ö ¸ Í¨·±Ê²ÖÍ¨¥° Γ.
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’µ£¤  ¤¢¨¦¥´¨¥ ´ ¡µ·  Éµ·µ¨¤ ²Ó´ÒÌ ¢¨Ì·¥° ¡Ê¤¥É § ¤ ´µ ¸¨¸É¥³µ° Ê· ¢-
´¥´¨° [15]:

dxi

dt
= ui = uci + usi , (29)

dri

dt
= vi = vci , (30)

£¤¥ uci , vci Å  ±¸¨ ²Ó´ Ö ¨ · ¤¨ ²Ó´ Ö ±µ³¶µ´¥´ÉÒ ¸±µ·µ¸É¨, ¨´¤ÊÍ¨·µ¢ ´-
´Ò¥ (N − 1) ¢¨Ì·Ö³¨, ¨¸±²ÕÎ Ö i-°, usi Å ¸ ³µ¨´¤ÊÍ¨·µ¢ ´´ Ö ¸±µ·µ¸ÉÓ
Éµ·µ¨¤ ²Ó´µ£µ ¢¨Ì·Ö:

uci =
N∑

k=1,k �=i

Γk

2πri

{[
ri − rk

σ1,ik
+

ri + rk

σ2,ik

]
(K(αik) − E(αik))+

+
(

∂K(α)
∂α

− ∂E(α)
∂α

)∣∣∣∣
ik

[
ri + rk

σ2,ik
− ri − rk

σ1,ik
−

−σ2,ik − σ1,ik

σ1,ik + σ2,ik

(
ri − rk

σ1,ik
+

ri + rk

σ2,ik

)]}
, (31)

vci = −
N∑

k=1,k �=i

Γk

2πri

{[
(xij − xkj)

(
1

σ1,ik
+

1
σ2,ik

)
×

× (K(αik) − E(αik)) +
(

∂K(α)
∂α

− ∂E(α)
∂α

)∣∣∣∣
ik

×

×
[
(xij − xkj)

(
1

σ2,ik
− 1

σ1,ik

)
−

− σ2,ik − σ1,ik

σ2,ik + σ1,ik

(
1

σ1,ik
+

1
σ2,ik

)
(xi − xk)

]}
, (32)

usi =
Γi

4πr′i

[
ln

(
8r′

3
2
i

B

)
− 1

4
+ o

(
B

r′
3
2

)]
, (33)

£¤¥ xi, ri Å ±µµ·¤¨´ ÉÒ i-£µ ¢¨Ì·Ö,

σ1,ik = ((xi − xk)2 + (ri − rk)2)
1
2 , (34)

σ2,ik = ((xi − xk)2 + (ri + rk)2)
1
2 , (35)

αik =
σ2,ik − σ1,ik

σ2,ik + σ1,ik
, (36)

B = 0, 001 [15], (37)

r′i Å · ¤¨ ²Ó´ Ö ±µµ·¤¨´ É  i-£µ ¢¨Ì·¥¢µ£µ ±µ²ÓÍ . ‚ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ
±µµ·¤¨´ É ¢¨Ì·¥° ¡Ê¤ÊÉ ¢Ò¸ÉÊ¶ ÉÓ ±µµ·¤¨´ ÉÒ Í¥´É·µ¢ ¶ ·µµ¡· §µ¢ ´¨Ö ¨
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· ¤¨Ê¸Ò Éµ·µ¢-¶Ê§Ò·¥° ¢ ³µ³¥´É µÉ·Ò¢ . ‚¥²¨Î¨´Ê Í¨·±Ê²ÖÍ¨¨ ± ¦¤µ£µ ¢¨-
Ì·Ö ³µ¦´µ µÍ¥´¨ÉÓ ¢Ò· ¦¥´¨¥³

Γ � g
1
2 rd

3
2 , (38)

§¤¥¸Ó rd Å · ¤¨Ê¸ ¶Ê§Ò·Ö ¢ ³µ³¥´É µÉ·Ò¢ .
’ ±¨³ µ¡· §µ³, ¢ ·¥§Ê²ÓÉ É¥ ´ Ï¨Ì ¶µ¸É·µ¥´¨° ³Ò ¶µ²ÊÎ¨²¨ ³µ¤¥²Ó · ¸-

Î¥É  £¨¤·µ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ¶·µÍ¥¸¸  ±¨¶¥´¨Ö ¨¤¥ ²Ó´µ° ´¥¸¦¨³ ¥-
³µ° ¨²¨ ¡ ·µÉ·µ¶´µ° ¦¨¤±µ¸É¨. �É´µ¸¨É¥²Ó´ Ö ¶·µ¸ÉµÉ  ¨ ²µ£¨±  ¶µ²ÊÎ¥´-
´µ° ³µ¤¥²¨ Ö¢²ÖÕÉ¸Ö µ¸´µ¢´Ò³ ¥¥ ¶·¥¨³ÊÐ¥¸É¢µ³. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ µ¶¨-
¸ ´´µ° ³µ¤¥²ÓÕ ¡Ò²¨ ¶·µ¢¥¤¥´Ò · ¸Î¥ÉÒ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥° ¶Ê§Ò·Ó±µ¢
¶ · , µÉ·Ò¢ ÕÐ¨Ì¸Ö µÉ ¶²µ¸±µ° £µ·¨§µ´É ²Ó´µ° ¶µ¢¥·Ì´µ¸É¨ ¢ µ¤´µ³ ¨ Éµ³
¦¥ ¨§µ²¨·µ¢ ´´µ³ Í¥´É·¥ ¶ ·µµ¡· §µ¢ ´¨Ö ¨ ¢¸¶²Ò¢ ÕÐ¨Ì ¢ ±¨¶ÖÐ¥° ¢µ¤¥.
�ÉµÉ ¢ ·¨ ´É · ¸Î¥É  ¸µµÉ¢¥É¸É¢Ê¥É ¢ ·¥ ²Ó´µ¸É¨ µ¡² ¸É¨ ¨§µ²¨·µ¢ ´´ÒÌ ¶Ê-
§Ò·Ó±µ¢ ¸É ¤¨¨ ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö. � ¸Î¥ÉÒ ¶·µ¤¥² ´Ò ¤²Ö ¶Ê§Ò·Ó±µ¢
¸ µÉ·Ò¢´Ò³ · ¤¨Ê¸µ³ rd = 0, 01; 0, 5; 1 ³³, ¢¸¶²Ò¢ ÕÐ¨Ì ¢ ³µ³¥´É µÉ-
·Ò¢  ¸µ ¸±µ·µ¸ÉÓÕ, · ¢´µ°: 1) ud = 0, 001; 0, 005; 0, 01; 0, 02; 0, 03 ³/¸;
2) ud =

√
grd ³/¸, ¸ Ï £µ³ ¶µ ¢·¥³¥´¨ dt = 10−5; 10−4; 10−3 c ¨ ¸

Î ¸ÉµÉµ° µÉ·Ò¢  f = 105; 104; 103 c−1 ¸µµÉ¢¥É¸É¢¥´´µ. �¥§Ê²ÓÉ ÉÒ · ¸Î¥-
Éµ¢ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 6Ä15. �´ ²¨§¨·ÊÖ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ³µ¦´µ
µÉ³¥É¨ÉÓ ¸²¥¤ÊÕÐ¥¥. �Ê§Ò·Ó±¨ ¢¸¥Ì ¨¸¸²¥¤µ¢ ´´ÒÌ · §³¥·µ¢ ¢µ ¢·¥³Ö ¸¢µ-
¥£µ ¤¢¨¦¥´¨Ö ¨¸¶ÒÉÒ¢ ÕÉ ±µ²¥¡ ´¨Ö Ëµ·³Ò ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ-
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�¨¸. 6. ’· ¥±Éµ·¨Ö ¢¨Ì·Ö-¶Ê§Ò·Ö N1
¶·¨ rd = 0, 001, ud = 0, 003, dt = 10−5,
n = 300
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�¨¸. 7. ’· ¥±Éµ·¨Ö ¢¨Ì·Ö-¶Ê§Ò·Ö N1 ¶·¨
rd = 0, 0005, ud =

√
grd, dt = 10−5,

n = 300
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�¨¸. 8. ’· ¥±Éµ·¨¨ ¢¨Ì·¥°-¶Ê§Ò·¥° N3
(¢¥·Ì´ÖÖ) ¨ N4 (´¨¦´ÖÖ) ¶·¨ rd =
0, 0005, dt = 10−3
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— 20 âèõðåé-ïóçûðåé
— 10 âèõðåé-ïóçûðåé

0,002

�¨¸. 9. ‘· ¢´¨É¥²Ó´ Ö ± ·É¨´  · ¸¶µ²µ-
¦¥´¨Ö 10 ¢¨Ì·¥°-¶Ê§Ò·¥° ¢ ³µ³¥´É ¶µ-
Ö¢²¥´¨Ö 11-£µ ¨ 20 ¢¨Ì·¥°-¶Ê§Ò·¥° ¢ ³µ-
³¥´É ¶µÖ¢²¥´¨Ö 21-£µ ¶·¨ rd = 0, 001,
ud = 0, 003, dt = 10−5

— 30 âèõðåé-ïóçûðåé
— 52 âèõðÿ-ïóçûðÿ
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�¨¸. 10. ‘· ¢´¨É¥²Ó´ Ö ± ·É¨´  · ¸¶µ²µ-
¦¥´¨Ö 30 ¢¨Ì·¥°-¶Ê§Ò·¥° ¢ ³µ³¥´É ¶µ-
Ö¢²¥´¨Ö 31-£µ ¨ 52 ¢¨Ì·¥°-¶Ê§Ò·¥° ¢ ³µ-
³¥´É ¶µÖ¢²¥´¨Ö 53-£µ ¶·¨ rd = 0, 001,
ud = 0, 003, dt = 10−5
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�¨¸. 11. Š ·É¨´  · ¸¶µ²µ¦¥´¨Ö 300
¢¨Ì·¥°-¶Ê§Ò·¥° ¢ ³µ³¥´É ¶µÖ¢²¥´¨Ö
301-£µ ¶·¨ rd = 0, 0005, ud =

√
grd,

dt = 10−5

¸É¨ Å ¶Ê²Ó¸ Í¨¨, ÎÉµ ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ´ ¡²Õ¤ ¥É¸Ö Ê ¶Ê§Ò·Ó±µ¢ ±·Ê¶´ÒÌ
· §³¥·µ¢ (R > 1 ¸³). �·¨ ¢µ§· ¸É ´¨¨ ±µ²¨Î¥¸É¢  µÉµ·¢ ¢Ï¨Ì¸Ö ¶Ê§Ò·Ó±µ¢
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�¨¸. 12. Š ·É¨´  · ¸¶µ²µ¦¥´¨Ö 300
¢¨Ì·¥°-¶Ê§Ò·¥° ¢ ³µ³¥´É ¶µÖ¢²¥´¨Ö
301-£µ ¶·¨ rd = 0, 0005, ud =

√
grd ¨

rd = 0, 001, ud = 0, 003, dt = 10−5
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�¨¸. 13. Š ·É¨´  · ¸¶µ²µ¦¥´¨Ö 50
¢¨Ì·¥°-¶Ê§Ò·¥° ¶·¨ rd = 0, 0005, dt =
10−3
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�¨¸. 14. Š ·É¨´  · ¸¶µ²µ¦¥´¨Ö 150
¢¨Ì·¥°-¶Ê§Ò·¥° ¶·¨ rd = 0, 0005, dt =
10−3
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�¨¸. 15. Š ·É¨´  · ¸¶µ²µ¦¥´¨Ö 300
¢¨Ì·¥°-¶Ê§Ò·¥° ¶·¨ rd = 0, 0005, dt =
10−3

µ´¨ £·Ê¶¶¨·ÊÕÉ¸Ö ¢  ´¸ ³¡²¨, ¢¸¥ ¡µ²¥¥ · §·µ§´¥´´Ò¥ ¨ µÉ¤ ²¥´´Ò¥ ¤·Ê£ µÉ
¤·Ê£  ¶µ ³¥·¥ Ê¤ ²¥´¨Ö µÉ Í¥´É·  ¶ ·µµ¡· §µ¢ ´¨Ö ¨ ¶·µÉÖ¦¥´´Ò¥ ¢ £µ·¨§µ´-
É ²Ó´µ³ ´ ¶· ¢²¥´¨¨. ’ ±¨¥  ´¸ ³¡²¨ ³µ¦´µ ¸µµÉ´¥¸É¨ ¸ ¶ ·µ¢Ò³¨ £·¨¡ ³¨
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¨ ¶ ·µ¢Ò³¨ ± ¢¥·´ ³¨ ¢ ·¥ ²Ó´µ³ ¶·µÍ¥¸¸¥ ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö,   ¢ Í¥²µ³
± ·É¨´  ´ ¶µ³¨´ ¥É ¶¥·¢ÊÕ ¶¥·¥Ìµ¤´ÊÕ µ¡² ¸ÉÓ ¨ µ¡² ¸ÉÓ ¶ ·µ¢ÒÌ £·¨¡µ¢
¸É ¤¨¨ ¶Ê§Ò·Ó±µ¢µ£µ ±¨¶¥´¨Ö. �Éµ Ê± §Ò¢ ¥É ´  ¶·¨³¥´¨³µ¸ÉÓ ¶·¥¤²µ¦¥´´µ°
³µ¤¥²¨ · ¸Î¥É  ¤²Ö µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸  ±¨¶¥´¨Ö.
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Ìi³iÎ´µı̈ É¥Ì´µ²µ£ïı: � ¢Î. ¶µ¸i¡´. • ·±i¢: �’“ •II, 2002. 151 ¸.

4. Geshev P. I., Safarova N. S. Calculation of rise velocity and mass transfer for ellip-
soidal bubbles // Journal of Engineering Thermophysics. 2002. V. 11. P. 167Ä180.

5. —¥¸´µ±µ¢ �. �. • · ±É¥·¨¸É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¨ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ±¨´¥É¨Î¥¸±µ£µ
Ê· ¢´¥´¨Ö ¶Ê§Ò·Ó±µ¢µ° ¦¨¤±µ¸É¨ // �·¨±² ¤´ Ö ³¥Ì ´¨±  ¨ É¥Ì´¨Î¥¸± Ö Ë¨§¨± .
2003. º 3. C. 41Ä50.

6. � ¢²¥´±µ �. �., ‘É ·µ¤Ê¡Í¥¢  ˆ. �., Œ Í¥Ì �. Œ. ‚²¨Ö´¨¥ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´ 
¤¨´ ³¨±Ê · §¢¨É¨Ö µÎ £µ¢ ¶²¥´µÎ´µ£µ ±¨¶¥´¨Ö // ’¥¶²µË¨§¨±  ¨  Ô·µ³¥Ì ´¨± .
2003. º 4. ‘. 611Ä628.

7. †Ê±µ¢ ‘. �., †Ê±µ¢  ‹. �., �Ë ´ ¸Ó¥¢ ‘. �. Œµ¤¥²¨·µ¢ ´¨¥ ¶·µÍ¥¸¸  ¨´¨Í¨¨·µ-
¢ ´¨Ö ¶²¥´µÎ´µ£µ ·¥¦¨³  ±¨¶¥´¨Ö // ’¥¶²µË¨§¨±  ¨  Ô·µ³¥Ì ´¨± . 2002. º 4.
‘. 561Ä583.

8. ’¥¶²¨Í±¨° �. ‘., Šµ¢¥´¸±¨° ‚. ˆ. � ¸µ¶·µÉ¨¢²¥´¨¨ Í¨·±Ê²¨·ÊÕÐ¥£µ ±¨¶ÖÐ¥£µ
¸²µÖ // ˆ´¦¥´¥·´µ-Ë¨§¨Î¥¸±¨° ¦Ê·´ ². 2001. ’. 74, º 1. ‘. 62Ä67.

9. ’¥¶²¨Í±¨° �. ‘. �·¨¸É¥´´ Ö £¨¤·µ¤¨´ ³¨±  Í¨·±Ê²¨·ÊÕÐ¥£µ ±¨¶ÖÐ¥£µ ¸²µÖ //
ˆ´¦¥´¥·´µ-Ë¨§¨Î¥¸±¨° ¦Ê·´ ². 2001. ’. 74, º 5. ‘. 177Ä182.

10. Bayazit Baris B., Hollingsworth D. Keith, Witte Larry C. Heat Transfer Enhancement
Caused by Sliding Bubbles // Journal of Heat Transfer. 2003. V. 125, º 3. P. 503Ä509

11. ŠµÎ¨´ �. …., Š¨¡¥²Ó ˆ. �., �µ§¥ �. ‚. ’¥µ·¥É¨Î¥¸± Ö £¨¤·µ³¥Ì ´¨± . Œ., 1955. ’. 1.
560 ¸.

12. ‹¥µ´ÉÓ¥¢ �. ˆ., Š¨·¤ÖÏ±¨´ �. ƒ. � ¢µ§´¨±´µ¢¥´¨¨ ¶ ·µ¢µ° Ë §Ò ´  £µ·¨§µ´É ²Ó-
´µ° ¶µ¢¥·Ì´µ¸É¨ ´ £·¥¢  // ˆ”†. 1969. ’. 16, º 6. ‘. 1110Ä1115.

13. Leonard A. Vortex Methods for Flow Simulation // J. Comp. Phys. 1980. V. 37.
P. 289Ä335.

17



14. ƒ ¶µ´µ¢-ƒ·¥Ìµ¢ �. ‚., � ¡¨´µ¢¨Î Œ. ˆ. �¥²¨´¥°´ Ö Ë¨§¨± . ‘ÉµÌ ¸É¨Î´µ¸ÉÓ ¨
¸É·Ê±ÉÊ·Ò // ”¨§¨±  •• ¢¥± : · §¢¨É¨¥ ¨ ¶¥·¸¶¥±É¨¢Ò: ‘¡. ¸É. Œ.: � Ê± , 1984.
‘. 219Ä280.

15. Chung J. N., Troutt T. R. Simulation of particle dispersion in an axisymmetric jet // J.
Fluid Mech. 1988. V. 186. P. 199Ä222.

�µ²ÊÎ¥´µ 2 ³ ·É  2004 £.



�¥¤ ±Éµ· �. ƒ. �´¤·¥¥¢ 
Œ ±¥É …. ‚. ‘ ¡ ¥¢µ°

�µ¤¶¨¸ ´µ ¢ ¶¥Î ÉÓ 11.05.2004.
”µ·³ É 60× 90/16. �Ê³ £  µË¸¥É´ Ö. �¥Î ÉÓ µË¸¥É´ Ö.

“¸². ¶¥Î. ². 1,19. “Î.-¨§¤. ². 1,45. ’¨· ¦ 310 Ô±§. ‡ ± § º 54418.

ˆ§¤ É¥²Ó¸±¨° µÉ¤¥² �¡Ñ¥¤¨´¥´´µ£µ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°
141980, £. „Ê¡´ , Œµ¸±µ¢¸± Ö µ¡²., Ê². †µ²¨µ-ŠÕ·¨, 6.

E-mail: publish@pds.jinr.ru
www.jinr.ru/publish/


