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In the famous papers [1] the Calogero model was deˇned. In the three-body
case the Hamiltonian is given as

H = −1
2

3∑
j=1

∂2

∂x2
j

+
ω2

2

3∑
j=1

x2
j + g

∑
1≤j<k≤3

1
(xj − xk)2

, (1)

where g = ν(ν − 1), i.e. ν =
1 +

√
1 + 4g

2
, which is the coupling constant

associated with a long-range interaction. One can exactly solve this Calogero
model and ˇnd out the complete set of energy eigenvalues as

En1,n2,n3 =
(

3
2

+ 3ν + n1 + n2 + n3

)
ω , (2)

where njs are nonnegative integer valued quantum numbers with nj ≤ nj+1.
The ground state eigenfunction is given by

ea(x) = exp
(
−ω

2
X2

) ∣∣(x1 − x2)(x1 − x3)(x2 − x3)
∣∣ν ,

X2 = x2
1 + x2

2 + x2
3. It was shown by Calogero that the eigenfunctions for this

model can be expressed as

Ψ(x) = ea(x)Ψ̂(x) ,

where Ψ̂(x) is a polynomial symmetric under permutations of any two xi's.
The operator having these polynomials as eigenfunctions can be obtained by
performing on (1) the gauge rotation

Ĥ = e−a(x)Hea(x) .

The aim of our paper is to study the 2 × 2 matrix model which seems
very similar to the Calogero model (1). The model is given by means of the
Hamiltonian

H2×2 = −1
2

3∑
j=1

∂2

∂x2
j

+
ω2

2

3∑
j=1

x2
j + γ2

∑
1≤j<k≤3

1
(xj − xk)2

− γV , (3)

where x3 < x2 < x1 and V =
(

V11 V12

V12 −V11

)
,

V11 =
1
2

(
1

(x1 − x2)2
− 2

(x1 − x3)2
+

1
(x2 − x3)2

)
,

V12 =
√

3
2

(
1

(x1 − x2)2
− 1

(x2 − x3)2

)
.
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This Hamiltonian is not explicitly symmetric. To obtain a self-adjoint Hamiltonian
we have to deˇne the Hilbert space of the square integrable vector functions
f(x1, x2, x3) on M , where M =

{(
x1, x2, x2

)
; x3 < x2 < x1

}
. In this paper

we only solve the equation H2×2ψ = λψ by algebraic means and we do not deal
with the problem of the operator (3) domain. This problem is brie�y mentioned
at the end of the paper.

If we introduce the center-of-mass coordinate

X = x1 + x2 + x3 , x1 = y1 +
1
3

X ,

y1 = x1 −
1
3

X =
2x1 − x2 − x3

3
, x2 =

1
3

X − y1 − y2 ,

y2 = x3 −
1
3

X =
−x1 − x2 + 2x3

3
, x3 = y2 +

1
3

X ,

where X ∈ R, 2y1 + y2 > 0 and y1 + 2y2 < 0, the Hamiltonian (3) in new
variables is separable, consisting of two parts

H = H0 + Hrel

where

H0 = −3
2
∂XX +

ω2

6
X2,

Hrel = −1
3

(
∂11 − ∂12 + ∂22

)
+ ω2

(
y2
1 + y1y2 + y2

2

)
+ V

and

V = γ2

(
1

(y1 − y2)2
+

1
(y1 + 2y2)2

+
1

(2y1 + y2)2

)
− γ

(
V11 V12

V12 −V11

)
with

V11 =
1
2

(
1

(y1 + 2y2)2
+

1
(2y1 + y2)2

− 2
(y1 − y2)2

)
,

V12 =
√

3
2

(
1

(2y1 + y2)2
− 1

(y1 + 2y2)2

)
.

For the eigenvalue problem Hψ
(
X, y1, y2

)
= λψ

(
X, y1, y2

)
we can use the

ansatz ψ = ψ0(X)ψrel

(
y1, y2

)
, λ = λ0 + λrel, where

H0ψ0(X) = λ0ψ0(X), (4)

Hrelψrel

(
y1, y2

)
= λrelψrel

(
y1, y2

)
. (5)

The equation (4) is the harmonic oscillator problem for which the ground
state is e−ωX2/6 and excitation states are given by Hermit's polynomials. The

spectrum of this operator is

(
m +

1
2

)
ω, where m = 0, 1, 2, . . .

2



To solve the equation (5) is more complicated. First we introduce 2 × 2
matrices

ea = e−ω
(
y2
1+y1y2+y2

2

)∣∣∣(y2 − y1)(2y1 + y2)(y1 + 2y2)
∣∣∣γ (

X11 X12

X21 X22

)
,

where
X11 = y2 − y1 , X12 =

√
3
(
y2
1 − y2

2

)
,

X21 =
√

3
(
y1 + y2

)
, X22 = y2

1 + 4y1y2 + y2
2 .

By direct calculation it is possible to check that

Hrelea = eaK ,

where

K =
(

(3γ + 2)ω 0
0 (3γ + 3)ω

)
.

We use this ea for gauge transformation ψrel = eaψ̂ and we obtain

Ĥrelψ̂
(
y1, y2

)
= λrelψ̂

(
y1, y2

)
,

where

Ĥrel = e−aHea = −1
3
(
∂11 − ∂12 + ∂22)+

+
B1(

y1 − y2

)(
2y1 + y2

) ∂1 +
B2(

y1 − y2

)(
y1 + 2y2

) ∂2 + K,

B1 =




y1

(
(y1 − y2)(2y1 + y2)ω − 3γ − 1

) 2√
3

(
y2
1 + y1y2 + y2

2

)
1√
3

y1

(
(y1 − y2)(2y1 + y2)ω − 3γ − 2

)

,

B2 =




y2

(
(y1 − y2)(y1 + 2y2)ω + 3γ + 1

)
− 2√

3

(
y2
1 + y1y2 + y2

2

)
− 1√

3
y2

(
(y1 − y2)(y1 + 2y2)ω + 3γ + 2

)

.

After the transformation [2]

z1 = −y2
1 − y1y2 − y2

2 ,

z2 = −y1y2

(
y1 + y2

)
,

3



we ˇnally obtain

Ĥrel = z1∂11 + 3z2∂12 −
1
3

z2
1∂22 +

(
2ωz1 + 3γ + 2

)
∂1 + 3ωz2∂2+

+




(3γ + 2)ω − 2√
3

z1∂2

1√
3

∂2 ∂1 + 3(γ + 1)ω


 .

(6)

The set of vector polynomials

ψ̂(z1, z2) =
∑

r, s ≥ 0
r + s ≤ N

(
Ar,s

Br,s

)
zr
1z

s
2 (7)

is a ˇnite-dimensional subspace VN .

On the space VN we will solve the equation

Ĥrelψ̂(z1, z2) = λrelψ̂(z1, z2) , (8)

where ψ̂ ∈ VN . The equation (8) together with (6) and (7) gives the system of
the difference equations for Ar,s and Br,s. If r+s = N and λrel = (µ+3γ +2)ω
we obtain

(3N − µ)ωA0,N = 0 ,

(3N − µ + 1)ωB0,N = 0 ,

(3N − µ − 1)ωA1,N−1 −
2√
3

NB0,N = 0 ,

(3N − µ)ωB1,N−1 = 0 ,

(2N + s − µ)ωAN−s,s −
2√
3

(s + 1)BN−s−1,s+1−

−1
3

(s + 2)(s + 1)AN−s−2,s+2 = 0 ,

(2N + s − µ + 1)ωBN−s,s −
1
3

(s + 2)(s + 1)BN−s−2,s+2 = 0 ,

where s < N − 1. It is easy to show that this system has nonzero solutions iff
µ = 2N + n, where n = 0, 1, . . . , N + 1. Linearly-independent solutions of this
system are:
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The nonzero coefˇcients are for even n = 2r

AN−2k,2k =
r!

(r − k)! (2k)!
(−6ω)k (9)

for k = 0, 1, . . . , r, or

BN−2k+1,2k−1 =
r!

(r − k)! (2k − 1)!
(−6ω)k,

AN−2k,2k = −
√

3 · r!
(r − k)!(2k − 1)!

(−6ω)k

(10)

for k = 1, 2, . . . , r, and for even n = 2r + 1

AN−2k−1,2k+1 =
r!

(r − k)! (2k + 1)!
(−6ω)k (11)

for k = 0, 1, . . . , r, or

BN−2k,2k =
r!

(r − k)! (2k)!
(−6ω)k,

AN−2k−1,2k+1 = −
√

3 · r!
(r − k)!(2k)!

(−6ω)k

(12)

for k = 0, 1, . . . , r.
We do not write the systems of the difference equations for Ar,s and Br,s,

where r + s = M < N . We only note that there are the solutions of the systems.
The constants (9) Ä (12) are the initial conditions for these solutions.

In this way we obtain the eigenfunctions ψ̂(N,n,1), where n = 0, 1, . . . , N ,

and ψ̂(N,n,2), where n = 1, 2, . . . , N + 1, which correspond to the coefˇcients
AN−n,n and BN−n,n given in (9) Ä (12). These functions are the solution of the
equation

Ĥrelψ̂(N,n,k) = (2N + n + 3γ + 2)ψ̂(N,n,k) = λrelψ̂(N,n,k) .

The eigenvalues of the Hamiltonian (3) are λ = λ0 + λrel and the eigenvalues

λ0 =
(

m +
1
2

)
ω. Therefore the spectrum of (3) is

Em,N,n =
(

m + 2N + n + 3γ +
5
2

)
ω , (13)

where m = 0, 1, 2, . . . , N = 0, 1, 2, . . . and n = 0, 1, . . . , N + 1. Moreover,
the eigenvalues with n = 1, 2, . . . , N have multiplicity 2.
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If we compare this spectrum with the spectrum of the Calogero model (2), we
see that the energies of the ground state are different. If we take in the Calogero

limit g → 0, we obtain energy of the ground state E0 =
9
2

ω. However, if we

formally take this limit in our model, we obtain E0 =
5
2

ω. This contradiction

arises from the fact that the transformation Ĥrel = e−aHrelea affects to γ > 0
only. For γ ≤ 0 there are problems on the boundary, i.e. for 2y1 + y2 = 0 and

y1 + 2y2 = 0. It is easy to see that the substitution

(
ψ1

ψ2

)
↔

(
−ψ2

ψ1

)
leads

to the exchange γ ↔ −γ. Therefore, the spectrum (13) can be written for γ �= 0
in the form

Em,N,n =
(

m + 2N + n + 3|γ| + 5
2

)
ω .

But for γ = 0 it is not true, because the ground state does not vanish on the
boundary.
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