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Š ´μ´¨Î¥¸±¨¥ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö (ŠŠ‘), ¨²¨, ¨´ Î¥, ¶·¥¤¸É ¢²¥´¨Ö  ²£¥-
¡·Ò ƒ¥°§¥´¡¥·£ , ¸μ¸É ¢²ÖÕÉ μ¸´μ¢Ê ±¢ ´Éμ¢μ° É¥μ·¨¨. ‚ ¸²ÊÎ ¥ μ¤´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò
¨³¶Ê²Ó¸ ¨ ±μμ·¤¨´ É  ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³¨ μ¶¥· Éμ· ³¨ P ¨ Q ¢ £¨²Ó-
¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ¸μμÉ´μÏ¥´¨Õ

[P, Q] = −iI. (1)

�¥·¥Ìμ¤ ± ²Õ¡μ³Ê ±μ´¥Î´μ³Ê Î¨¸²Ê ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò,   ¨³¥´´μ ± ¸μμÉ´μÏ¥´¨Ö³

[Pi, Qj] = −iδijI, [Qi, Qj ] = 0, [Pi, Pj ] = 0, 1 � i, j � n, (2)

´¥ ¢²¥Î¥É §  ¸μ¡μ° ± ±¨Ì-²¨¡μ ¸ÊÐ¥¸É¢¥´´ÒÌ É·Ê¤´μ¸É¥°, ¨ ¢¸¥ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö
ŠŠ‘ ¤μ¶Ê¸± ÕÉ ´¥¶μ¸·¥¤¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ [1].

ˆ§¢¥¸É´μ, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨Ö  ²£¥¡·Ò ƒ¥°§¥´¡¥·£  ŠŠ‘ μ£· ´¨Î¥´´Ò³¨
μ¶¥· Éμ· ³¨ [2]. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¡μ²¥¥ Ê¤μ¡´Ò³ μ± §Ò¢ ¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘ ¢ Ëμ·³¥
‚¥°²Ö:

eitP eisQ = eisteisQeitP , s, t ∈ R. (3)

„¥°¸É¢¨É¥²Ó´μ, ¸μ£² ¸´μ É¥μ·¥³¥ ‘ÉμÊ´  [3], μ¶¥· Éμ·Ò eitP ¨ eisQ Ö¢²ÖÕÉ¸Ö μ£· ´¨-
Î¥´´Ò³¨.
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‘μμÉ´μÏ¥´¨¥ (3), μ¤´ ±μ, Ê¤μ¢²¥É¢μ·Ö¥É¸Ö Éμ²Ó±μ ¤²Ö μ¶·¥¤¥²¥´´μ£μ ±² ¸¸  ¶·¥¤¸É -
¢²¥´¨° ŠŠ‘, ±μÉμ·Ò° ¢±²ÕÎ ¥É ¶·¥¤¸É ¢²¥´¨Ö ˜·¥¤¨´£¥·  [4, 5]. �¶¥· Éμ·Ò Ï·¥¤¨´-
£¥·μ¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö p, q μ¶·¥¤¥²ÖÕÉ¸Ö ´  ¶·μ¸É· ´¸É¢¥ L2(−∞,∞) ¶μ¸·¥¤¸É¢μ³
¸μμÉ´μÏ¥´¨°

(pf)(x) = −i
∂

∂x
f(x), (qf)(x) = xf(x). (4)

�·¥¤¸É ¢²¥´¨Ö ŠŠ‘, Ê´¨É ·´μ-Ô±¢¨¢ ²¥´É´Ò¥ Ï·¥¤¨´£¥·μ¢¸±μ³Ê, μ¡ÒÎ´μ ´ §Ò¢ ÕÉ¸Ö
·¥£Ê²Ö·´Ò³¨ [4,5].

�É³¥É¨³, ÎÉμ ¤ ¦¥ ¢ ¸²ÊÎ ¥ μ¤´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ¸ÊÐ¥¸É¢ÊÕÉ ¶·¥¤¸É ¢²¥´¨Ö ŠŠ‘,
±μÉμ·Ò¥ Ê´¨É ·´μ ´¥ Ô±¢¨¢ ²¥´É´Ò Ï·¥¤¨´£¥·μ¢¸±μ³Ê, É. ¥. Ö¢²ÖÕÉ¸Ö ´¥·¥£Ê²Ö·´Ò³¨.
Š ¶·¨³¥·Ê, ¥¸²¨ μ¶¥· Éμ·Ò (4) μ¶·¥¤¥²¨ÉÓ ´  L2(a, b), a, b ∈ R, Éμ μ´¨ ¡Ê¤ÊÉ μ¡· §μ¢Ò-
¢ ÉÓ ´¥·¥£Ê²Ö·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘.

’ ±¨³ μ¡· §μ³, ¤²Ö μ¶¨¸ ´¨Ö ·¥£Ê²Ö·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ ´¥-
±μÉμ·Ò¥ ¤μ¶μ²´¨É¥²Ó´Ò¥ Ê¸²μ¢¨Ö ´  μ¶¥· Éμ·Ò P ¨ Q. ‚ ¦´Ò³ ·¥§Ê²ÓÉ Éμ³ ¢ ÔÉμ³
´ ¶· ¢²¥´¨¨ Ö¢²Ö¥É¸Ö É¥μ·¥³  �¥²²¨Ì  [6] ¨ „¨±¸³Ó¥ [7].

’¥μ·¥³  1. „²Ö Éμ£μ ÎÉμ¡Ò ¶ ·  (P, Q) § ³±´ÊÉÒÌ ¸¨³³¥É·¨Î´ÒÌ μ¶¥· Éμ·μ¢,
¤¥°¸É¢ÊÕÐ¨Ì ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H, μ¡· §μ¢Ò¢ ²  ·¥£Ê²Ö·´μ¥ ¶·¥¤¸É ¢²¥-
´¨¥ ŠŠ‘, ´¥μ¡Ìμ¤¨³μ ¨ ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ¸ÊÐ¥¸É¢μ¢ ²μ ²¨´¥°´μ¥ ³´μ£μμ¡· §¨¥ D,
¸μ¤¥·¦ Ð¥¥¸Ö ¢ D(P ) ∩ D(Q), ¶²μÉ´μ¥ ¢ H ¨ É ±μ¥, ÎÉμ:

1) D Ê¸Éμ°Î¨¢μ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö μ¶¥· Éμ·μ¢ P ¨ Q,
2) ¸Ê¦¥´¨¥ μ¶¥· Éμ·  (P 2 + Q2) ´  D ¸ÊÐ¥¸É¢¥´´μ ¸ ³μ¸μ¶·Ö¦¥´´μ,
3) · ¢¥´¸É¢μ PQ − QP = −iI ¢Ò¶μ²´Ö¥É¸Ö ´  D.

…¸²¨ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ § ¤ ´Ò ¢ Ëμ·³¥ ‚¥°²Ö (3), Éμ ¸¶· -
¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö É¥μ·¥³  ¥¤¨´¸É¢¥´´μ¸É¨, ¤μ± § ´´ Ö Ëμ´ �¥°³ ´μ³ [8].

’¥μ·¥³  2 (É¥μ·¥³  Ëμ´ �¥°³ ´ ). �Ê¸ÉÓ H Å ¸¥¶ · ¡¥²Ó´μ¥ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´-
¸É¢μ, {U(t) | t ∈ R} ¨ {V (s) | s ∈ R} Å ¤¢¥ ¸² ¡μ´¥¶·¥·Ò¢´Ò¥ μ¤´μ¶ · ³¥É·¨Î¥¸±¨¥
£·Ê¶¶Ò Ê´¨É ·´ÒÌ μ¶¥· Éμ·μ¢, ¤¥°¸É¢ÊÕÐ¨Ì ´  H ¨ É ±¨Ì, ÎÉμ

U(t)V (s) = eits V (s)U(t) ∀t, s ∈ R;

Éμ£¤  ¶·¥¤¸É ¢²¥´¨¥ {U(t), V (s) | t, s ∈ R} Ê´¨É ·´μ-Ô±¢¨¢ ²¥´É´μ ¶·Ö³μ° ¸Ê³³¥
¶·¥¤¸É ¢²¥´¨° ˜·¥¤¨´£¥· .

�É³¥É¨³, ÎÉμ ¸μμÉ´μÏ¥´¨¥ (1) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ Ëμ·³¥

[a, a∗] = I, (5)

£¤¥

a =
1√
2
(Q + iP ), a∗ =

1√
2
(Q − iP ). (6)

�Î¥¢¨¤´μ, ÎÉμ ¢ ¶·¥¤¸É ¢²¥´¨¨ ˜·¥¤¨´£¥·  ¸ÊÐ¥¸É¢Ê¥É ¢ ±ÊÊ³´Ò° ¢¥±Éμ· ψ0 =
C exp (−x2/2), Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê¸²μ¢¨Õ

aψ0 = 0. (7)

�·¥¤¸É ¢²¥´¨Ö ŠŠ‘, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´Ö¥É¸Ö (7), ´ §Ò¢ ÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ ”μ± .
Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢¸¥ ¶·¥¤¸É ¢²¥´¨Ö ”μ±  Ê´¨É ·´μ-Ô±¢¨¢ ²¥´É´Ò. ‚ Î ¸É´μ¸É¨,
± ¦¤μ¥ ¶·¥¤¸É ¢²¥´¨¥ ”μ±  Ê´¨É ·´μ-Ô±¢¨¢ ²¥´É´μ Ï·¥¤¨´£¥·μ¢¸±μ³Ê ¨, É¥³ ¸ ³Ò³,
Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´Ò³.
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‘¢μ°¸É¢  ¶·¥¤¸É ¢²¥´¨° ŠŠ‘ ¢ Ëμ·³¥ ‚¥°²Ö ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¡Ò²¨ ¶μ-
¤·μ¡´μ ¨§ÊÎ¥´Ò ¢ [9]. �¤´ ±μ ¢ ¸μ¢·¥³¥´´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ±¢ ´Éμ¢ÒÌ É¥μ·¨ÖÌ, £¤¥
¢ ±μ¢ ·¨ ´É´μ° ± ²¨¡·μ¢±¥ ¢μ§´¨± ÕÉ ´¥Ë¨§¨Î¥¸±¨¥ Î ¸É¨ÍÒ, ¶·¨Ìμ¤¨É¸Ö ¨³¥ÉÓ ¤¥²μ ¸
¶·μ¸É· ´¸É¢μ³ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° [10Ä12],   ¨³¥´´μ ¸ ¶·μ¸É· ´¸É¢μ³ Š·¥°´ .
—Éμ¡Ò ¶μÖ¸´¨ÉÓ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥, § ³¥É¨³, ÎÉμ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥, ±μÉμ·μ¥ μ¶·¥¤¥-
²Ö¥É ¢¥·μÖÉ´μ¸ÉÓ ´ ¡²Õ¤¥´¨Ö Î ¸É¨ÍÒ, ´¥ ³μ¦¥É ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´Ò³ ¤²Ö ´¥Ë¨§¨Î¥¸±¨Ì
Î ¸É¨Í. Š·μ³¥ Éμ£μ, ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¤²Ö ¢¸¥Ì ´¥Ë¨§¨Î¥¸±¨Ì Î ¸É¨Í ´¥ ³μ£ÊÉ
¡ÒÉÓ · ¢´Ò ´Ê²Õ μ¤´μ¢·¥³¥´´μ. „¥°¸É¢¨É¥²Ó´μ, ¢ ÔÉμ³ ¸²ÊÎ ¥ ¢¸¥ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥-
¤¥´¨Ö, ¸μ¤¥·¦ Ð¨¥ ¢¥±Éμ·, μ¶¨¸Ò¢ ÕÐ¨° ´¥Ë¨§¨Î¥¸±¨¥ Î ¸É¨ÍÒ, · ¢´Ò ´Ê²Õ. ‚ ÔÉμ³
²¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ´¥· ¢¥´¸É¢μ³ ˜¢ ·Í 

|(x, y)|2 � (x, x)(y, y),

±μÉμ·μ¥ ¸¶· ¢¥¤²¨¢μ ¢ ¶·μ¨§¢μ²Ó´μ³ ¶·μ¸É· ´¸É¢¥ ¸ ´¥μÉ·¨Í É¥²Ó´μ° ³¥É·¨±μ°. ‘²¥¤μ-
¢ É¥²Ó´μ, ÌμÉÖ ¡Ò ¤²Ö μ¤´μ£μ ¨§ ¢¥±Éμ·μ¢, μ¶¨¸Ò¢ ÕÐ¨Ì ´¥Ë¨§¨Î¥¸±¨¥ Î ¸É¨ÍÒ, ¸± ²Ö·-
´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ´  ¸ ³μ£μ ¸¥¡Ö ¤μ²¦´μ ¡ÒÉÓ μÉ·¨Í É¥²Ó´Ò³. �Éμ μ§´ Î ¥É, ÎÉμ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥¥ ¶·μ¸É· ´¸É¢μ Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ³ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ°. �μ¤Î¥·±´¥³,
ÎÉμ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° ¢¸¥£¤  ¸ÊÐ¥¸É¢ÊÕÉ ± ± ¶μ²μ¦¨É¥²Ó´Ò¥
¢¥±Éμ·Ò, É ± ¨ μÉ·¨Í É¥²Ó´Ò¥,   É ±¦¥ ´¥°É· ²Ó´Ò¥ [14]. �É³¥É¨³, ÎÉμ ³´μ¦¥¸É¢μ ´¥°-
É· ²Ó´ÒÌ ¢¥±Éμ·μ¢ ³μ¦¥É ¸μ¤¥·¦ ÉÓ ¶μ¤³´μ¦¥¸É¢μ ¨§μÉ·μ¶´ÒÌ ¢¥±Éμ·μ¢, ±μÉμ·Ò¥ μ·-
Éμ£μ´ ²Ó´Ò ¢¸¥³ ¢¥±Éμ· ³ · ¸¸³ É·¨¢ ¥³μ£μ ¶·μ¸É· ´¸É¢ . ˆ§¢¥¸É´μ, ÎÉμ ¶·μ¨§¢μ²Ó´μ¥
¶·μ¸É· ´¸É¢μ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° Ö¢²Ö¥É¸Ö ¸Ê³³μ° ¶·μ¸É· ´¸É¢ , ¸μ¸ÉμÖÐ¥£μ ¨§
¨§μÉ·μ¶´ÒÌ ¢¥±Éμ·μ¢, ¨ ´¥¢Ò·μ¦¤¥´´μ£μ ¶·μ¸É· ´¸É¢ , ´¥ ¸μ¤¥·¦ Ð¥£μ É ±¨Ì ¢¥±Éμ·μ¢.
�μ¸±μ²Ó±Ê ¨§μÉ·μ¶´Ò¥ ¢¥±Éμ·Ò ´¨± ± ´¥ ¢²¨ÖÕÉ ´  ¤ ´´ÊÕ É¥μ·¨Õ, ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ´¥¢Ò·μ¦¤¥´´Ò¥ ¶·μ¸É· ´¸É¢ . �·μ¸É¥°Ï¨³ ´¥¢Ò·μ¦¤¥´-
´Ò³ ¶·μ¸É· ´¸É¢μ³ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ Š·¥°´ , μ¸´μ¢´Ò¥
¸¢μ°¸É¢  ±μÉμ·μ£μ μ¶¨¸ ´Ò ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥. �É³¥É¨³, ÎÉμ ¤ ´´ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö
É ±¦¥ Ï £μ³ ± ¶μ²ÊÎ¥´¨Õ É¥μ·¥³Ò Ëμ´ �¥°³ ´  ¢ ± ²¨¡·μ¢μÎ´μ° É¥μ·¨¨, ¢ ±μÉμ·μ°
Î¨¸²μ ±μμ·¤¨´ É ¨ ¨³¶Ê²Ó¸μ¢ ¡¥¸±μ´¥Î´μ. ‚ [13] ¡Ò²μ ¶μ± § ´μ, ÎÉμ, ¶μ³¨³μ ¶·¥¤¸É -
¢²¥´¨Ö ”μ± , ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  ¢μ§´¨± ÕÉ ¤¢  ¤·Ê£¨Ì É¨¶  ¶·¥¤¸É ¢²¥´¨°: μ¤´μ
¸ μÉ·¨Í É¥²Ó´Ò³ ¸¶¥±É·μ³ μ¶¥· Éμ·  Î¨¸²  Î ¸É¨Í N = a∗a ( ´É¨Ëμ±μ¢¸±¨° ¸²ÊÎ °),
¤·Ê£μ¥ Å ¸ ¤¢Ê¸Éμ·μ´´¨³ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³. –¥²ÓÕ ´ ¸ÉμÖÐ¥° · ¡μÉÒ Ö¢²Ö¥É¸Ö μ¡μ¡-
Ð¥´¨¥ É¥μ·¥³Ò Ëμ´ �¥°³ ´  ´  ¸²ÊÎ °  ´É¨Ëμ±μ¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥
Š·¥°´ .

1. ���‘’���‘’‚� Š�…‰��

‚ ÔÉμ³ · §¤¥²¥ ±· É±μ ¶·¨¢¥¤¥´Ò μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ¶·μ¸É· ´¸É¢ Š·¥°´ . ‡  ¤¥É ²Ó-
´Ò³ μ¡§μ·μ³ ³μ¦´μ μ¡· É¨ÉÓ¸Ö ± [14Ä16].

…¸²¨ ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ K ¸μ ¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³ (¢μμ¡Ð¥ £μ¢μ·Ö, ¨´¤¥-
Ë¨´¨É´Ò³) ¤μ¶Ê¸± ¥É · §²μ¦¥´¨¥ ¢ ¶·Ö³ÊÕ ¸Ê³³Ê ¢¨¤ 

K = K+ + K−, K+ ⊥ K−, (8)

£¤¥ K+ ¨ K− Å ¶μ²´Ò¥ ¶μ¤¶·μ¸É· ´¸É¢  ¸ ¶μ²μ¦¨É¥²Ó´μ ¨ μÉ·¨Í É¥²Ó´μ μ¶·¥¤¥²¥´´Ò³¨
³¥É·¨± ³¨ ¸μμÉ¢¥É¸É¢¥´´μ, Éμ K Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ³ Š·¥°´ .
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‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¤ ´´Ò³ μ¶·¥¤¥²¥´¨¥³ ±² ¸¸ ¶·μ¸É· ´¸É¢ Š·¥°´  ¢±²ÕÎ ¥É £¨²Ó¡¥·-
Éμ¢μ ¶·μ¸É· ´¸É¢μ (K− = 0),   É ±¦¥ ® ´É¨£¨²Ó¡¥·Éμ¢μ¯ ¶·μ¸É· ´¸É¢μ (K+ = 0).

�μ¸±μ²Ó±Ê ¤²Ö ± ¦¤μ£μ ¢¥±Éμ·  ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  ¸¶· ¢¥¤²¨¢μ · §²μ¦¥´¨¥

x = x+ + x−, x± ∈ K±, (9)

¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Ô²¥³¥´Éμ¢ x ¨ y ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥

(x, y) = (x+, x+) + (y−, y−). (10)

�¶¥· Éμ· J ´ §Ò¢ ¥É¸Ö μ¶¥· Éμ·μ³ ËÊ´¤ ³¥´É ²Ó´μ° ¸¨³³¥É·¨¨, ¥¸²¨

J(x+ + x−) = x+ − x−. (11)

‘²¥¤ÊÕÐ¨¥ ¸¢μ°¸É¢  ²¥£±μ ³μ£ÊÉ ¡ÒÉÓ ¶·μ¢¥·¥´Ò:
1) J Å μ¡· É¨³Ò° μ¶¥· Éμ·, ¨ J−1 = J ;
2) J Å ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ· ¶μ μÉ´μÏ¥´¨Õ ± ± ± ¨´¤¥Ë¨´¨É´μ³Ê, É ± ¨ ±

¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ³Ê ¸± ²Ö·´μ³Ê ¶·μ¨§¢¥¤¥´¨Õ, ±μÉμ·μ¥ ¡Ê¤¥É ¢¢¥¤¥´μ ´¨¦¥.
�μ± ¦¥³, ÎÉμ ¢Ò· ¦¥´¨¥

(x, y)J = (x+, y+) − (x−, y−) (12)

§ ¤ ¥É ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´ , ´ -
§Ò¢ ¥³μ¥ J-¶·μ¨§¢¥¤¥´¨¥³. ‚ ¸ ³μ³ ¤¥²¥,

(x, x)J = (x+, x+) − (x−, x−) � 0.

�μ·³  ¢ K ³μ¦¥É ¡ÒÉÓ ¢¢¥¤¥´  É ±:

‖x‖J = +
√

(x, x)J , x ∈ K. (13)

‚ ÔÉμ³ ¸²ÊÎ ¥ μ´  ´ §Ò¢ ¥É¸Ö J-´μ·³μ°. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ μ¶¥· Éμ· ËÊ´¤ ³¥´É ²Ó´μ°
¸¨³³¥É·¨¨ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ ¸¢Ö§Ò¢ ¥É ¨´¤¥Ë¨´¨É´μ¥ ¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ¥
¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö:

(x, y) = (x, Jy)J , (x, y)J = (x, Jy). (14)

�¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê μ¶¥· Éμ· ³¨ A∗ ¨ A+, £¤¥ ¸¨³¢μ²Ò ®∗¯ ¨ ®+¯
μ¡μ§´ Î ÕÉ ¸μ¶·Ö¦¥´´Ò¥ μ¶¥· Éμ·Ò ¶μ μÉ´μÏ¥´¨Õ ± J-¶·μ¨§¢¥¤¥´¨Õ ¨ ¢´ÊÉ·¥´´¥³Ê
¶·μ¨§¢¥¤¥´¨Õ ¸μμÉ¢¥É¸É¢¥´´μ. „¥°¸É¢¨É¥²Ó´μ, ¨§ · ¢¥´¸É¢

(Ax, y) = (Ax, Jy)J = (x, A∗Jy)J = (x, JA∗Jy) (15)

¸²¥¤Ê¥É, ÎÉμ

A+ = JA∗J. (16)
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2. �…ƒ“‹Ÿ��›… ��…„‘’�‚‹…�ˆŸ �‹ƒ…��› ƒ…‰‡…��…�ƒ�
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�·¥¤¶μ²μ¦¨³, ÎÉμ μ¶¥· Éμ· Î¨¸²  Î ¸É¨Í N = a∗a ¨³¥¥É ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ· ψα ¢
£¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¨

Nψα = αψα. (17)

�μ± ¦¥³, ÎÉμ α � 0 ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥. ‚ ¸ ³μ³ ¤¥²¥, ¥¸²¨ α = −β,
β > 0, Éμ

(Nψ−β , ψ−β) = −β(ψ−β , ψ−β) � 0. (18)

�μ, ¸ ¤·Ê£μ° ¸Éμ·μ´Ò,
(Nψ−β , ψ−β) = (aψ−β , aψ−β) � 0. (19)

ˆ§ ÔÉ¨Ì ¤¢ÊÌ ´¥· ¢¥´¸É¢ ¸²¥¤Ê¥É, ÎÉμ ψ−β = 0. �μ¸±μ²Ó±Ê aψα ∼ ψα−1, É·¥¡μ¢ ´¨¥
´¥μÉ·¨Í É¥²Ó´μ¸É¨ α ´ ² £ ¥É Ê¸²μ¢¨¥ (7), É. ¥. · ¸¸³ É·¨¢ ¥³μ¥ ¶·¥¤¸É ¢²¥´¨¥ Ö¢²Ö¥É¸Ö
Ëμ±μ¢¸±¨³. “¸²μ¢¨¥ (17) ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´μ ± ± μ¶·¥¤¥²¥´¨¥ ·¥£Ê²Ö·´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö ŠŠ‘ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥.

�μ μ¶·¥¤¥²¥´¨Õ, Ê¸²μ¢¨¥ (17) ¢¢μ¤¨É ·¥£Ê²Ö·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¢ ¶·μ¸É· ´¸É¢¥
¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ°. ‘²¥¤ÊÕÐ Ö É¥μ·¥³  μ¶¨¸Ò¢ ¥É ·¥£Ê²Ö·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢
¶·μ¸É· ´¸É¢¥ Š·¥°´  [13].

’¥μ·¥³  3. �¥£Ê²Ö·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö  ²£¥¡·Ò ƒ¥°§¥´¡¥·£  ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´ 
¶·¨´ ¤²¥¦ É μ¤´μ³Ê ¨§ É·¥Ì ±² ¸¸μ¢:

1. �·¥¤¸É ¢²¥´¨Ö ”μ± : Ì · ±É¥·¨§ÊÕÉ¸Ö ´ ²¨Î¨¥³ ¢¥±Éμ·  ψ0 (Ëμ±μ¢¸±μ£μ ¢¥±-
Éμ· ), É ±μ£μ, ÎÉμ

aψ0 = 0.

�¶¥· Éμ· Î¨¸²  Î ¸É¨Í N ¨³¥¥É ¶μ²´Ò° ´ ¡μ· ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ψn, n = 0, 1, 2, . . .
¸ ´¥μÉ·¨Í É¥²Ó´Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨.

2. �´É¨Ëμ±μ¢¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö: Ì · ±É¥·¨§ÊÕÉ¸Ö ´ ²¨Î¨¥³ ¢¥±Éμ·  ψ−1 ( ´É¨-
Ëμ±μ¢¸±μ£μ ¢¥±Éμ· ), É ±μ£μ, ÎÉμ

a+ψ−1 = 0.

�¶¥· Éμ· Î¨¸²  Î ¸É¨Í N ¨³¥¥É ¶μ²´Ò° ´ ¡μ· ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ψn, n = −1,
−2, . . . ¸ μÉ·¨Í É¥²Ó´Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨.

3. λ-¶·¥¤¸É ¢²¥´¨Ö: μ¶¥· Éμ· Î¨¸²  Î ¸É¨Í N ¨³¥¥É ¶μ²´Ò° ´ ¡μ· ¸μ¡¸É¢¥´´ÒÌ
¢¥±Éμ·μ¢, É ±¨Ì, ÎÉμ

Sp N = λ + Z, −1 < λ < 0.

”μ±μ¢¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  ·¥ ²Ó´μ Ö¢²ÖÕÉ¸Ö Ëμ±μ¢¸±¨³¨ ¶·¥¤-
¸É ¢²¥´¨Ö³¨ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥. � ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¢Éμ·μ°,  ´É¨Ëμ±μ¢-
¸±¨° ¸²ÊÎ °, ¢ ±μÉμ·μ³

a+ψ−1 = 0. (20)

�É³¥É¨³, ÎÉμ ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  ´¥ ¸ÊÐ¥¸É¢Ê¥É ¸μ¡¸É¢¥´´ÒÌ ´¥°É· ²Ó´ÒÌ ¢¥±Éμ·μ¢
μ¶¥· Éμ·  N . � ¶μ³´¨³, ÎÉμ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° ´¥°É· ²Ó´Ò³¨
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´ §Ò¢ ÕÉ¸Ö ¢¥±Éμ·Ò, ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ±μÉμ·ÒÌ ¸ ³μ£μ ´  ¸¥¡Ö · ¢´μ ´Ê²Õ. „¥°-
¸É¢¨É¥²Ó´μ, ´¥°É· ²Ó´Ò° ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ· μ¶¥· Éμ·  N ¤μ²¦¥´ ¡ÒÉÓ μ·Éμ£μ´ ²¥´
¢¸¥³ ¢¥±Éμ· ³ · ¸¸³ É·¨¢ ¥³μ£μ ¶·μ¸É· ´¸É¢ , ¶μ¸±μ²Ó±Ê ¶·μ¸É· ´¸É¢μ Š·¥°´  ´ ÉÖ´ÊÉμ
´  ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò μ¶¥· Éμ·  N . �¤´ ±μ ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  ´¥ ¸ÊÐ¥¸É¢Ê¥É É -
±¨Ì, μÉ²¨Î´ÒÌ μÉ ´Ê²Ö, ¢¥±Éμ·μ¢. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¤²Ö ´ ¡μ·  ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢
μ¶¥· Éμ·  N

ψ−n =
an−1

√
(n − 1)!

ψ−1, n ∈ N,

¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥

(ψ−n, ψ−n) = (−1)n−1. (21)

„¥°¸É¢¨É¥²Ó´μ,

(ψ−n, ψ−n) =
1

n − 1
(aψ−n+1, aψ−n+1) =

=
1

n − 1
(ψ−n+1, a

+aψ−n+1) = (−1)(ψ−n+1, ψ−n+1) =

= . . . = (−1)n−1(ψ−1, ψ−1),

£¤¥ ¢¸¥£¤  ³μ¦´μ ¶μ²μ¦¨ÉÓ (ψ−1, ψ−1) = 1.
�μ± ¦¥³, ÎÉμ · ¢¥´¸É¢μ

{a, J} = {a+, J} = 0, (22)

£¤¥ {x, y} = xy + yx, ¢Ò¶μ²´¥´μ ´  ¢¸¥Ì ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨ÖÌ ¢¥±Éμ·μ¢ ψ−n. �Ê¸ÉÓ
n = 2m. ’ ± ± ± aψ−2m = ψ−2m−1, ¨§ (11) ¨ (21) ¸²¥¤Ê¥É, ÎÉμ

Jaψ−2m = Jψ−2m−1 = ψ−2m−1.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò,

aJψ−2m = −aψ−2m = −ψ−2m−1.

‘²ÊÎ ° n = 2m + 1 ³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´  ´ ²μ£¨Î´μ. ’ ±¨³ μ¡· §μ³,

{a, J}ψ−n = 0, n ∈ N.

„ ²¥¥, ¤²Ö ²Õ¡μ£μ ¢¥±Éμ·  ψ, É ±μ£μ, ÎÉμ

ψ =
−l∑

p=−k

cp ψp, k, l ∈ N, k > l � 1,

¸²¥¤Ê¥É

{a, J}ψ = 0. (23)

’¥³ ¸ ³Ò³ · ¢¥´¸É¢μ {a, J} = 0 ¢Ò¶μ²´¥´μ ¢ ¶²μÉ´μ° μ¡² ¸É¨ ¶·μ¸É· ´¸É¢  Š·¥°´ .
ˆ§ ¸¢μ°¸É¢  J+ = J ¸²¥¤Ê¥É É ±¦¥ ¸¶· ¢¥¤²¨¢μ¸ÉÓ · ¢¥´¸É¢  {a+, J} = 0.
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�´ ²μ£ ¶·¥¤¸É ¢²¥´¨Ö ‚¥°²Ö ¤²Ö  ´É¨Ëμ±μ¢¸±μ£μ ¸²ÊÎ Ö ¡Ò² ¶μ²ÊÎ¥´ ¢ [17].
�Ê¸ÉÓ a ¨ a+ Å μ¶¥· Éμ·Ò  ´É¨Ëμ±μ¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  K.

‚¢¥¤¥³ ´μ¢Ò¥ μ¶¥· Éμ·Ò b = a+ ¨ b+ = a, ¢ É¥·³¨´ Ì ±μÉμ·ÒÌ ¶μ²ÊÎ¨³

[b, b+] = −1, Ñ = −N − 1, Sp Ñ = N, ψ−n = ψ̃n−1, (24)

£¤¥ ®æ¯ μ¡μ§´ Î ¥É ¢¸¥ ¢¥²¨Î¨´Ò, μÉ´μ¸ÖÐ¨¥¸Ö ± ´μ¢Ò³ μ¶¥· Éμ· ³.
‘μμÉ´μÏ¥´¨Ö (20) ¨ (22) ¶·¨³ÊÉ ¢¨¤

bψ̃0 = 0, {b, J} = {b+, J} = 0. (25)

„ ²¥¥, ¨§ (16) ¶μ²ÊÎ ¥³

b∗ = Jb+J = −b+. (26)

�É³¥É¨³, ÎÉμ ¤²Ö μ¶¥· Éμ·μ¢ b ¨ b∗ ¢Ò¶μ²´¥´μ ¸É ´¤ ·É´μ¥ ±μ³³ÊÉ Í¨μ´´μ¥ ¸μμÉ´μÏ¥-
´¨¥ ¢¨¤  (5)

[b, b∗] = I. (27)

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ (6) μ¶¥· Éμ·Ò P̃ ¨ Q̃, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ŠŠ‘ (1), ³μ£ÊÉ ¡ÒÉÓ
¢Ò· ¦¥´Ò É ±:

P̃ =
1√
2i

(b − b∗), Q̃ =
1√
2
(b + b∗). (28)

‹¥£±μ ¢Ò· §¨ÉÓ ¨Ì É ±¦¥ Î¥·¥§ ¨¸Ìμ¤´Ò¥ μ¶¥· Éμ·Ò  ´É¨Ëμ±μ¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö:
¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨Ö b∗ = −b+ = −a, b = a+ ¶μ²ÊÎ ¥³

P̃ =
1√
2i

(a+ + a), Q̃ =
1√
2
(a+ − a). (29)

P̃ ¨ Q̃ Ö¢²ÖÕÉ¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³¨ μ¶¥· Éμ· ³¨, μ¶·¥¤¥²¥´´Ò³¨ ´  ´¥±μÉμ·μ° μ¡² ¸É¨
¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥. „ ²¥¥ ³Ò ³μ¦¥³ ¶μ¢Éμ·¨ÉÓ · ¸¸Ê¦¤¥´¨Ö, ¶·¨¢¥¤¥´´Ò¥ ¢ [1]
¶·¨ ¤μ± § É¥²Ó¸É¢¥ ¸μμÉ´μÏ¥´¨Ö (3). ’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³  ´ ²μ£ ¶·¥¤¸É ¢²¥´¨Ö
ŠŠ‘ ¢ Ëμ·³¥ ‚¥°²Ö ¤²Ö  ´É¨Ëμ±μ¢¸±μ£μ ¸²ÊÎ Ö.

� ±μ´¥Í, ± ¶μ²ÊÎ¥´´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´  É¥μ·¥³  Ëμ´ �¥°³ ´ ,

¶μ¸±μ²Ó±Ê Ê´¨É ·´Ò¥ £·Ê¶¶Ò μ¶¥· Éμ·μ¢ {U(t) = eitP̃ } ¨ {V (s) = eisQ̃} Ê¤μ¢²¥É¢μ·ÖÕÉ
¢¸¥³ Ê¸²μ¢¨Ö³ É¥μ·¥³Ò.

‡�Š‹	—…�ˆ…

’¥μ·¥³  ¥¤¨´¸É¢¥´´μ¸É¨ Ëμ´ �¥°³ ´ , ¸μ£² ¸´μ ±μÉμ·μ° ²Õ¡Ò¥ ¤¢  ´¥¶·¨¢μ¤¨³Ò¥
¶·¥¤¸É ¢²¥´¨Ö ŠŠ‘, § ¶¨¸ ´´Ò¥ ¢ Ëμ·³¥ ‚¥°²Ö, Ê´¨É ·´μ-Ô±¢¨¢ ²¥´É´Ò, · ¸¶·μ¸É· ´¥´ 
´  É¥μ·¨¨, ¸μ¤¥·¦ Ð¨¥ ´¥Ë¨§¨Î¥¸±¨¥ Î ¸É¨ÍÒ.
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