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The mass-generation mechanism is the most urgent problem of the modern particle physics.
The discovery and study of the Higgs boson with the Large Hadron Collider at CERN are the
highest priority steps to solve the problem. In this paper, the Standard Model Higgs mechanism of
the elementary particle mass-generation is reviewed with pedagogical details. The discussion of the
Higgs quartic self-coupling A parameter and the bounds to the Higgs boson mass are presented. In
particular, the unitarity, triviality, and stability constraints on the Higgs boson mass are discussed. The
generation of the finite value for the A parameter due to quantum corrections via effective potential
is illustrated. Some simple predictions for the top-quark and the Higgs boson masses are given when
both the top Yukawa coupling and the Higgs self-coupling A are equal to 1.

Mex HH3M NPOUCXOXIEHHS M CC ®JIEMEHT PHBIX U CTHUIl SBJISeTCd OHOH M3 H uboiee cepbes-
HBIX pobIieM coBpeMeHHOU (u3uku. OOH pyxeHue H GombiioM aponHoM komn inepe (LHC, LIEPH)
6030H XWITC H HCCIEIOB HHE ero CBOHCTB HPEJCT BILAIOT co00i H mOoee B JKHbIE 3T IBl H IyTH
pelieHus 1 HHOII mpobnembl. B H cTosmeM 0630pe ZOCT TOYHO MOXPOOHO P CCM TPHB eTcsi T K H -
3bIB €MBIIl MeX HU3M XWHITC , OOBsCHAOIMI B p MK X CT HI PTHOH MOJE/IM BO3HUKHOBEHHE M CC Y
BCEX DJIEMEHT PHBIX 4 cTHLl. O6GCyXI eTcs I p MeTp KB Ap THYHOTO ¢ MOAeHcTBHS moneil Xurrc A,
T KX€ CBS3 HHbIC C HUM OIp HUYEHUS H M ccy 6030H XWHITC , BBITCK HOLIME U3 T KHUX YCIIOBUMIA,
K K YHUT PHOCTb, TPHBH JIBHOCTb U CT OWIbHOCTS. I[IpommmocTpupoB H mpouenyp (OpMHPOB HUS
HEHYJIEBOTO 3H YeHUs I p MeTp A, OOYCJIOBIICHH $I IETJIEBBIMH KB HTOBBIMU IIONP BK MU B ahchek-
THBHOM IIOTEHIM Jie. B X 4JecTBe mpumep 1 HbI IPOCThIE MPEICK 3 HUS LTI M CC TOI-KB PK U 6030H
XHITC , KOTOpble UMEIOT MECTO B CIIyd € P BEHCTB €IMHMIIE 10K BCKOW KOHCT HThI CBSI3U TOII-KB DK
U1 p METp A.

PACS: 95.35.4d, 12.60.Jv, 14.80.Ly

INTRODUCTION

One of the highest priorities of particle physics today is the discovery of the
dynamics responsible for Electro-Weak Symmetry Breaking (EWSB) [1]. In the
Standard Model, nowadays the main working paradigm of particle theory, this

*E-mail: Vadim.Bednyakov@jinr.ru



108 BEDNYAKOV V.A., BEDNYAKOV A.V., GIOKARIS N.D.

dynamics is expected due to self-interactions of special complex scalar fields.
This approach predicts the existence of one physical elementary scalar, the so-
called Higgs boson [2,3]. A search for and the discovery of this still-escaping
boson, and investigation of its properties are practical steps to solve the problem
of EWSB which are currently planned to be performed with the Large Hadron
Collider (LHC) and in future with the International Linear Collider (ILC).

The modern Standard Model (SM) of particle physics is a unified framework
to describe electromagnetic and weak interactions between quarks and leptons
together with strong interactions between quarks (see, for example, [4]). It is the
Yang-Mills theory based on the electroweak symmetry group SU(2);, xU(1)y of
Glashow, Weinberg, and Salam [5-7] and strong SU (3)¢ group of QCD [8-11].
This model (before the electroweak symmetry breaking) has only matter and
gauge fields. The matter fields are composed of three generations of fermions
1F7s 7

It is crucial for our consideration that the left-handed fermions are in the weak
SU(2)r, isodoublets, while the right-handed fermions are weak isosinglets. More-
over, both left- and right-handed quarks are triplets under the SU(3)c group,
while all leptons are color singlets. The gauge fields mediate the above-mentioned
interactions and correspond to the (spin-1) bosons. In the electroweak sector, the
field B, corresponds to the U(1)y group and the three fields W, >3 correspond
to the SU(2)y, group. There is also an octet of gluon fields Gf, which correspond
to the color SU(3)c group. Due to the non-Abelian nature of the SU(2) and
SU(3) groups, there are triple and quartic self-interactions between their gauge
fields V,, = W, or G,. The matter fields ) are minimally coupled to the gauge
fields through the covariant derivative D, (see Appendix A), which leads to a
unique form of interaction between the fermion and gauge fields, (— giEVMWF‘w),
where g5, g2, and g; are, respectively, the coupling constants of SU(3)¢, SU(2),
and U(1)y.

The SM Lagrangian, without mass terms for fermions and gauge bosons, is
then given by

(spin-1/2), left-handed and right-handed quarks and leptons, fr r =

1 1 1 _
Lsm = —7 G, G — JWi, Wi — 2By B + LiiDyn Lit

4 j24 4 j1274
+ ériiDyy"er, + QiiD"Q; + UriiDyy" ur, + driiDyy dr,. (1)

This Lagrangian is invariant under local SU(3)c x SU(2);, x U(1)y gauge
transformations for fermion and gauge fields. Here L; and @; denote the left-
handed lepton and quark doublets, respectively, while fr denotes the relevant
right-handed singlets. In the case of the electroweak sector, for instance, one has
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the gauge transformations:

L(z) — L/(x) = eio‘“(I)TaHﬁ(I)YL(x), R(x) — R’(m) = e’ﬂ(I)YR(arj)7
(2)
Wo(z) — W) + —0pa(s) — a(e)Wo(z), By(x) — Bu(x) + —0,8(z).
g2 g1

The gauge fields and the fermion fields are massless here. More details one can
find in Appendix A.

It is interesting to note that in the case of strong interactions (while the
gluons are indeed massless particles) the mass terms of the form —mg) can be
generated for the colored quarks in an SU(3) gauge invariant way. This is due
to the fact that all (left- and right-handed) quarks belong only to triplets of the
SU(3) color group and all transform in the same manner.

On the contrary, the situation in the electroweak sector is really horrible.
Indeed, one knows experimentally that the weak gauge bosons are massive and
the weak interaction is very short-ranged. However, as soon as one adds standard

1
mass terms for the gauge bosons, =M3 W, W*, one immediately violates the
local SU(2) x U(1) gauge invariance. This is clearly seen for the QED where

the photon is massless because of the U(1) local gauge symmetry. Indeed, the
transfromed «photon» mass term

1

1 1 1 1
SMIAA = SME(A, = —0,0) (A = —9"a) £ SMIAA" ()

2
can hold its form untouched only if Mw2 = 0. In addition, if one includes

explicitly the mass term —mfﬂfwf for the SM fermion f in the Lagrangian,
then, for instance, one would have for the electron

1-— 1+
75+ V5

= — e e e 4
5 5 )e me(Erer, + €rer) 4)

—Mee = —Mee€ (
which is obviously noninvariant under the weak isospin symmetry transformations
discussed above, since ey, is a member of the SU(2);, doublet, while eg is the
SU(2)y, singlet and, therefore, they change under transformation in a different
manner.

Therefore, the mass terms for gauge bosons and fermions induced «by-hand»
lead to an obvious breakdown of the local SU(2)r x U(1l)y gauge invariance.
The unbroken symmetry means that all fundamental particles have to be massless.
This is because both the fermion mass term fr x fr and that of gauge bosons
are not SU(2), invariant [12]. One can see that generation of the mass for an
elementary particle in the SM is strongly connected with the symmetry violation.
One needs a mechanism for this violation, and one believes that this mechanism
will simultaneously allow the elementary particles to obtian their masses.
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In principle, the idea of mass generation due to interaction is rather simple.
Consider the renormalizable Lagrangian £ = gA, A, ¢ describing interaction of
the scalar field ¢ with the massless vector field A,. In an ordinary theory, mean
vacuum expectation values (vev’s) are zero. Assume now that the scalar field
has nonvanishing vev v # 0, so ¢ = v + ¢ with (0|o|0) = 0. The Lagrangian
becomes £ = gvA,A, + gA,A,o. The first term is a right mass term and
the vector particle obtains a mass m? = 2vg. The only question is: where
v # 0 comes from? [13]. In other words, is there a way to generate the gauge
boson and the fermion masses without violating SU(2) x U(1) gauge invariance?
The positive answer is given by Higgs, Kibble and others [14-16]. This is the
spontaneous symmetry breaking Higgs mechanism (see [4] and Appendix A).

In fact, the Higgs mechanism is needed due to the SU(2) x U(1) gauge
structure of the SM. It is remarkable that from the practical point of view the
mass generation by means of the Higgs mechanism in the SM is forced by the
V—A structure of the weak interaction (and in some sense by the absence of the
right-handed neutrinos vr or even by the masslessness of all neutrinos).

Below, in discussing the Higgs mechanism and related topics we follow, to
a large extent, the excellent review of A.Djouadi [4].

1. HIGGS MECHANISMS

1.1. The Simplest Example. First of all, consider a simple Lagrangian for a
scalar real field ¢

L= 50.60"0—V(9), where V(6)= 3p?6" + o ®)

Since the potential should be bounded from below, the self-coupling A > 0. With
the mass term p2 > 0, the potential V' (¢) is always positive. Furthermore, the ¢*
term describes self-interaction with intensity A. Other terms ¢™ with n > 4 have
to be excluded from consideration because they produce infinities in calculated
observables [17]. The case when the potential V' (¢) also contains an extra ¢°
term is considered in Appendix B.

To find an excitation spectrum of the system described by Lagrangian (5),
one first has to find minimum (or minima) of the potential V' (¢). The system
has minimal energy when its both kinetic and potential energies separately are
minimal. The kinetic energy is minimal when ¢ is a constant. The minimum gives
one a classical main (vacuum) state of the system. Next, one has to decompose
the field ¢ in the vicinity of this main state and has to find excitation states. In a
field theory, the main state is the vacuum and the excitations are particles. Particle
masses are defined by the form of the Lagrangian in the vicinity of the classical
minimum [17]. When 2 > 0 (Fig. 1, ), the minimum of potential (5) is reached
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at ¢ = 0. Therefore, vacuum expectation value for the field (0]|¢|0) = ¢¢ = 0.
Lagrangian (5) then simply describes a spin-zero particle of mass p. It is also
invariant under the reflexion symmetry ¢ — —¢ since there are no cubic terms.

Ve a V@) b

0 N

/42>0 qu<0

Fig. 1. The potential V of the scalar field ¢ in the case u? > 0 (@) and p? < 0 (b) [4]

If 42 < 0 (Fig. 1,b), the potential V (¢)) has minima not at ¢o = 0 but at ¢;
and ¢2 which solve the minimum condition dV/0¢ = ¢(u? + A\p?) = 0. Now

the system has two states (vacuums) with the lowest energy Vi, = —v*)\/4 <0
at
2 2
¢1:,/_“75v>0 and d)g:—q/—%z—v. (6)
The quantities ¢1 = +v and ¢2 = —v are the vacuum mean values of the field

¢ and are also called the vacuum expectation value (vev) of the scalar field ¢.
Lagrangian (5) no longer describes a particle with mass p.

To find now energies of the particles (and to interpret correctly the theory),
one has to choose one of the minimum, e.g., with ¢ = v, and investigate the
situation in the vicinity of the minimum of the potential V' (¢). To this end, one
introduces a new scalar field o in such a way that ¢ = v 4+ o and (0|c|0) = 0.
Furthermore, one has to expand all the terms in Lagrangian (5) in series in the
small parameter o around the potential minimum at o = 0. In terms of the new
field o, the Lagrangian becomes

2

1
L= 5(‘3“08“0 - {%[1}2 + 2v0 + 0?1+

A 1
+ 1[114 + 4030 + 6v%0? + 4vo® + 04]} = 58#0 Mo—

2 Av? 2 \
_ {% <u2+%> +UU(M2+’\U2)+%(H2+3U2)\)+)\1}03+Zg4}.



112 BEDNYAKOV V. A., BEDNYAKOV A.V., GIOKARIS N.D.

With the minimum relation 2 = —\v? the linear term disappears and one finally

has 20?2 A vt

Y 5% — Avo® — 104 + % (7
Due to the correct sign of the o2 term one can interpret it as a mass term, thus
Lagrangian (7) describes a scalar field of mass m2 = 2\v? = —2u2, with o3
and o* being self-interactions. The new mass m, was generated due to self-
interactions of the field o [17], and m2 > |u?| means that the back-attractive
«force» for the new o field would be stronger than for the initial ¢ field. Since
there are now cubic terms, the reflexion symmetry is broken. This is the simplest
example of spontaneously broken symmetry. The symmetry is violated by means
of inevitable alternative — one must choose only one concrete vacuum (at ¢; = v,
or at ¢ = —v). After that the unique vacuum does not possess the symmetry
of the initial Lagrangian (5). Actually, the symmetry transformation turns one
vacuum state (with ¢; = v) into the other one (with ¢o = —v).

Lagrangian (7) now has the potential with nonzero cubic term,

L= %@LU oMo —

4
V(o) = W?0? + do® + é(f4 — AL
4 4
Due to this term the potential could, in principle, have minimum at o # 0,
which spoils the main condition (0|c|0) = 0. (See the discussion of the Higgs
mechanism with the extra ¢> term in Appendix B.) Applying the extremum
condition to this potential one has the relation

g—‘: = Ao (02 + 3v0 + 2v%) = Ao (o +v) (0 + 2v) = 0. ®)
There are three extrema with V(o = 0) = —\v?/4 < 0, V(o = —v) = M*(1 —
1+1/4—1/4) =0, and V(0 = —20v) = W*(4 -8+ 16/4 - 1/4) = V(o =
0) = —X\v*/4. Therefore, two minima have the same depth and we can safely
choose as a true vacuum the minimum at ¢ = 0 which indeed has (0|c|0) = 0.
In fact, it is not surprising that the cubic term does not spoil the vacuum. Moving
into only one vacuum state one physically does not introduce any new dynamics.
Therefore, there is no reason to change the shape of the potential and it remains
unchanged. However, to reproduce the unchanged shape of the potential in the
new (shifted) coordinate framework (where (0|c|0) = 0), one needs right this
cubic term.
1.2. The Higgs Mechanism with a Complex Scalar Field. The relevant

%(451 + i) is

L= (0,0)" (0"0) — u*¢* ¢ — A(¢"¢)” 9)

Higgs Lagrangian for a complex scalar field ¢ =
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with at least A > 0. This Lagrangian is invariant under global gauge transforma-
tions ¢ — ¢’ = eX¢ and, therefore, has global U(1) symmetry. When pu? < 0,
the scalar potential

2
V(9) = 1766+ N6"6) = (61 — i) (61 + i)+

A . . 12 A
+ Z((¢1 —id2)(p1 +id2))® = 7(45? + ¢3) + Z(fﬁ + ¢3)?
2 A A
has minimum values of V(¢)min = 71)2 + 104 = —Zv‘l < 0at ¢3 = v%/2
along a circle of the radius v in the (¢1, ¢2) plane, where v is given by
_/J2
v? = ¢? + ¢, v2=T > 0. (10)

To construct a theory, one has to investigate the situation in the vicinity of one
of the minima in the circle. To this end, one has to choose one of the minima
(to violate the symmetry of all possible solutions). One can take the real scalar
field ¢; with the nonzero vacuum expectation value ¢; = v, while the imaginary
one ¢ = 0 at the minimum. Furthermore, the scalar complex field ¢ can be
parameterized also in the form (with both real n(x) and £(x))

¢(x) = —= (v +n(x) +i&(x))

Sl -

with n(x) = £(x) = 0 at V(¢)min. Therefore, after introduction of a Higgs mass
My, = V2 02 = V2| (1)
Lagrangian (9) has the form (see Appendix C):

2 4
L= oo tocome- Mg e oo oae+ L2 (2)
2 2 2 4 4
Now this Lagrangian describes interaction between two real scalar fields 7(x) and
&(x) (both with zero vev’s). The n(x) (Higgs) field is massive with the mass
given by (11) and £(x) is massless. The physical reason is the following. Radial
excitations (described by n) are against the increase of the potential. The potential
forces the relevant particles to go back to the minimum and these excitations are
massive. Excitations in the direction of the circle have locally no any back
force at all and these excitations are massless. This is the first example of the
Goldstone theorem (when global symmetry is spontaneously broken, the massless
boson appears), which we consider below in a bit more detail.
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Consider, following A. Djouadi [4], four real scalar fields ¢; with: =0,1,2,3
with a Lagrangian (the summation over the index ¢ is understood)

1 o :u2 >\ 2
L= 50u0:i0"¢; — o (dii) — - (didi) (13)
2 2 4

which is invariant under the rotation group in four dimensions O(4), ¢;(z) =
R;j¢;(x) for any orthogonal matrix R. Again, for u? < 0, the potential has a
minimum at ¢? = —u?/\ = v2, where v is the vev. As previously, we expand
around one of the minima, ¢g = v + o, and rewrite the fields ¢; = m; with
1 =1,2,3. The Lagrangian in terms of the new fields ¢ and 7; becomes

1 1 A
_ 1t hg — ~(—92,2)52 — 3 A 4
L 28#08 o 2( uo’ — o 17 +
1 A A
+ 58#71}3“717 — Z(mm—)Q — om0 — §7ri7ria2. (14)

As expected, we still have a massive o boson with m2 = —2u2, but also we have
three massless «pions», since now all the bilinear 7;7; terms in the Lagrangian
have vanished. Note that there is still O(3) symmetry among the ; fields.

This brings us to state the Goldstone theorem [18,19]: For every sponta-
neously broken continuous symmetry, the theory contains massless scalar
(spin-0) particles called Goldstone bosons. The number of Goldstone bosons
is equal to the number of broken generators. For O(N) continuous symmetry,

1
there are §N (N —1) generators; the residual unbroken symmetry O(N — 1) has

1
§(N — 1)(INV — 2) generators and, therefore, there are N — 1 massless Goldstone

bosons, i.e., 3 for the O(4) group.

1.3. The Higgs Mechanism in an Abelian Theory. A rather simple case of
local Abelian U(1) symmetry contains a complex scalar field and an electromag-
netic field A,

L=~ {FuF* + (Do) (D"6) ~ V(9) (15

with the covariant derivative D, = J,, — ieA,, and with the scalar potential (see
also [13])

V(¢) = 120" ¢ + A (¢79)* = 1?|o]* + Alg[". (16)
Lagrangian (15) is renormalizable and invariant under the local gauge U(1) trans-
formation

d(@) = @), ¢a)T — e Do)t Ayu(w) —>Au(33)+§au0‘(m)~ (17)

The local gauge invariance demands introduction of the massless vector field
A, [17]. For u? > 0, Lagrangian (15) is the QED Lagrangian for a charged
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scalar particle of mass p and with ¢* self-interactions. For p? < 0, the field ¢(z)
will acquire a vacuum expectation value and the minimum of the potential V' (¢)
will be at

112 1/2 v
= (0|9|0) = | —== = —. 18
o=l = (-33) =5 (13)
We expand the Lagrangian around the vacuum state (¢)o

o) = % (0 + n(z) + i€()) (19)

and assuming that (0|n|0) = (0|¢|0) = 0. With (19) Lagrangian (15) becomes
(see Appendix C):

iy 1 e2v? 1 202\
= -2 CFL M A AR 4 - y — 222
L 1 b + 5 A + 28#778 n n°+
1 2
+ 300" — ev AV D€ + %AHA“(QW 02+ €2) + e AP, — e AP, E—
A
=77+ )7 = v +€). 20)

. . . 1 .
One can see that this Lagrangian contains a photon mass term 5ME\AMA“ with

My = ev = —ep?/X. There is a scalar particle n with a mass M7 = 203\ =
—242, and there is a massless particle ¢ (a would-be Goldstone boson [4]) which
can be eliminated by the gauge transformation [14-16]. Indeed, there is a problem
if one counts degrees of freedom in this theory. At the beginning, one had four
degrees of freedom, two for the complex scalar field ¢ and two for the massless
electromagnetic field A,, and now one has five degrees of freedom, one for 7,
one for & and three for the massive photon A,. Therefore, an unphysical field had
appeared in the theory after the spontaneous violation of the local U (1) symmetry.
To find and to eliminate this field, one can notice the following. First, there is a
«suspicious» bilinear term evA*0,,£ in Lagrangian (20), which allows the vector
field A* to directly transform to the scalar field & during propagation. This means
that & plays a role of the longitudinal component of the massive vector field A*
and one has to perform diagonalization to reach the physical eigenstate basis and
to eliminate this bilinear cross term [17]. Second, the diagonalization procedure
in this particular case is exactly the gauge transformation (17) which due to the
U(1) gauge invariance eliminated completely the field £ from the Lagrangian.
To illustrate the fact, one can present the original complex scalar field ¢ in the
equivalent exponential form with the real n’(z) and ((x)

1

$la) = —s(v+n+i) = %[v—!—n’(m)] @)/ 1)
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(in the first order ( =&, n =17 due to (v +7n')(1 4+ i¢/v) = v+ 7' +i¢) and use
the freedom of gauge transformations choosing exactly a(z) = —((x)/v in (17).
Therefore, (unitary) gauge transformation

p(z) — e B (z), A, — A, — é () (22)

completely «ate» the phase factor e¢(*)/¥ from (21) and the scalar field has the
simple form

1
¢(z) = E[v + ().

In the unitary gauge (22) Lagrangian (15) or (20) obtains the form (see Appen-
dix C):

L= O+ ie A" (0% — ieAM)) — 126" — ¢ 0)? — { Fu F™ =

1 202\ 4, F, P e%y?
= — #7’]8#7’} - U2 772 - & 4 + 62,0 A'U‘AIL_F

2
2 4
+ %A#A“(Qvn +7%) + % — on® — 2774. (23)

There are no unphysical states in this Lagrangian at all. Furthermore, although
Lagrangian (23) has now the massive vector boson A,,, it is still gauge invariant,
because the initial Lagrangian (15) was gauge invariant and only pure algebraic
transformation was carried out [17].

This choice of gauge is called the unitary gauge. The photon (with two
degrees of freedom) has absorbed the would-be Goldstone boson (with one de-
gree of freedom) and became massive (i.e., with three degrees of freedom), the
longitudinal polarization is the Goldstone boson. The U(1) gauge symmetry is
no longer apparent and we say that it is spontaneously broken. This is the Higgs
mechanism [14-16] which allows one to generate masses for the gauge bosons:
«Gauge transformation ate the Goldstone boson». The Higgs mechanism is clear
from a mathematical point of view, but its physical interpretation is not yet com-
pleted in the modern particle physics theory. One can see that a longitudinal
state of the vector gauge boson, which should exist for the massive boson in the
Lorentz-invariant theory (when one can boost to the boson rest system), is the
Goldstone boson which would exist if the theory were not gauge invariant [17].

1.4. The Higgs Mechanism in the Standard Model. The Standard Model
(SM) Lagrangian before EWSB has the form (see, for example, (1) and Appen-
dix A):

1 1 .
Lon = — Wi, Wi = 2B B" + TiDy"L + epiDyren...  (24)
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For simplicity, the strong interaction part of it was here ignored. In the non-
Abelian SU(2) x U(1) case of the SM one needs to generate masses for the three
gauge bosons W and Z but the photon should remain massless. Therefore, one
needs at least three degrees of freedom for the scalar fields. One would expect
that the simplest choice is to use an isovector state with exactly three scalar fields,
but in this case one lacks for massless fields and it is impossible to generate all
the above-mentioned masses in the SM. In fact, one needs a complex SU(2)
doublet of scalar fields ¢

ot 1 [ ¢ +ige
P = = — . , 25
( & )=\ o tits ()
where ¢; are four real scalar fields (four degrees of freedom). The relevant scalar
Lagrangian has the form

L= (D'®)1(D,®) - V(®), with V(®)=p>®'®+\®T®)%,  (26)

where both the product
+
dTp = (¢+*¢O*) ( (ZO ) _
1 1,
=0T+ 070" = (6] + 05 + 0F + 61) = S0id" (27)

and, consequently, the potential V' (®) are invariant under the local gauge trans-
formations

B(x) — B(z) = @/ 2 (1), (28)

where 7; are Pauli matrices (see Appendix A) and «;(x) are transformation
parameters.
For 2 < 0, the potential V' (®) has a minimum at

S
=0T
and from (27) one can conclude that there is an infinite number of possible
solutions of this equation. To preserve electric charge conservation (U(1)qep
symmetry), this nonzero vacuum expectation value should not be reached in the
charged direction. A convenient choice of the neutral direction is ¢; = ¢ =
¢4 = 0 (see (25)). Therefore, the neutral component (¢3) of the doublet field ®
develops a nonzero vacuum expectation value

(@) = (0]P|0) = % ( 5 ) with v = (-%)m. (29)
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Now, as previously, using the pattern of the gauge symmetry of (28) one can
write the field ® in the exponential form via four fields 6, 2 3(x) and h(x):

_ L @@ 0
@(m)—\/_e (v hiz)) ) (30)

Moving to the unitary gauge by means of a proper gauge transformation of the
field in the form

1 —i0q ()T () /v _ i 0
O(z) - D(x) =e O(x) = 7 ( v+ h(z) ) (31)
one «gauges away» three 6, fields, chooses only one direction, violates three
global initial symmetries of the Lagrangian, and leaves only one invariant (27).
For simplicity, in what follows for the field ®(z)’ in the unitary gauge (31) the
same notation ®(x) will be used.
With &(x) from (31) one can expand (see Appendix C) the kinetic term
(DH®)1(D,®) = |D,®|* of Lagrangian (26)

2

. Tara . Y
|DM<I>\2 = ‘<8M — ng?WM — zngHBM) ol = (32)

1 5 L . .

= 50" R + L (0 + B> (WY + W) (W) — W)+
1

+ g(?) + ]’L)2 (ggWéL — glyHB“)Q =
gsv* ; 1_ 2
v’ s 12 1 )2

+ 5 (2W3' = g1 YuB")" + 5(9"h)° + ... (33)

The first term in (33) is the mass term M‘%VW:[ W ~# for the charged gauge boson

field

_ L
V2

In particular, the last relation allows one to fix the vacuum expectation value v
in terms of the W boson mass My and the Fermi constant G (Appendix A)

1
(W, FiW;) with My = Zvgs. (34)

W:t
2

1/2
gov \/ig% 1
My ==— = and = —— ~ 246 GeV. 35

Ty <8GF RNV TES e ¢ 52

The second term in (33) mixes two neutral components of the gauge fields
Wi' and B*, but after diagonalization (moving to mass eigenstates Z,, and A,)
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in the form
_ 92W2 — 1By 4 - 92W3 + 1B,

Va+g " Va+g

. . 1 .
one can interpret it as a mass term §M 27, 7" with

1
My = 5v\/ 93 + g (37)

Here Yy = 1 was used. It is very important that the neutral field A, being

Z, (36)

orthogonal to Z,,, has no mass term at all. The term like %ME\AHA“ does not
appear.

Therefore, by spontaneously breaking of the symmetry SU(2), x U(1)y —
U(1)g (from four generators to only one), three Goldstone bosons have been
absorbed by the W= and Z bosons to form their longitudinal components and
get their masses. Since the U(1)o symmetry is still unbroken, the photon which
is its generator remains massless.

In fact the photon (the gauge boson of the U (1) symmetry) remains massless
and the symmetry is still unbroken due to the fact that the Lagrangian and the
vacuum field &g = (P ) of the system both and simultaneously remain invariant
under a U(1) transformation, which is a direct consequence of the electric charge
conservation (which is observable and must be hold in any system after any
correct transformations). Indeed, the electric charge of the Higgs field @ is
connected with the eigenvalue of the weak SU(2) isospin operator T3 = 73
and U(1) hypercharge for the Higgs field Yy by means of the simple relation
(Appendix A)

Y,
Q=Ts+ (38)
Since we have already fixed the charge of the lower SU(2) component of ®
(vacuum is neutral) and for this component T5 = —1/2, we conclude that Yy = 1.

Applying relation (38) to the upper (73 = 1/2) component of the doublet @, one
deduces that it is positively charged (this justifies our notation in (25)).
It is interesting to notice that the vacuum is charged under the initial SU(2)
and U(1), and violates these symmetries. «Fortunately», the vacuum has zero
Y,
eigenvalue of the electric charge operator Q®y = <T3 + 7H> ®y = 0 and is,

therefore, invariant under the U(1)g symmetry transformation
Dy — @) = @ P; = Py

Fermion Mass Generation. The arrangement of scalar Higgs fields ¢ in the
complex SU(2) doublet (25) allows one to construct SU(2);, x U(1)y invariant
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interaction of the Higgs fields with fermions, being only the SU(2) doublets or
singlets. For leptons and down-type quarks of all generations this SU(2); X
U(1)y invariant Yukawa Lagrangian has the form

Li=-A(LPer+®TerL) — \(QPdr + ' dr Q). (39)

The second terms in each bracket are relevant Hermitian conjugates. It is im-
portant to note that with the field ® which has Yy = 1, the total hypercharge
of each term in (39) equals zero due to Y, = —1, Yo, = =2, Yo, = 1/3,
and Vg, = —2/3 (see Eq. (75) in Appendix A). On the contrary, if one uses
the Yukawa term in the form Q ® up with the same ® field (Y = 1) for up-
type quarks, one arrives at hypercharge violating Lagrangian due to the fact that
Yup, =4/3 and —=1/3+1+4/3 =2 # 0. To bypass the problem, one should

- (E3
use the isodoublet & = iy ®* = ( o ) L ( v+ hz) ) which has hy-
—¢ NG 0

percharge Y = —1 due to complex conjugation. For up-type quark, SM Yukawa
interaction is

Lo=- (QPur+ D urQ). (40)

Therefore, after the EWSB when the Higgs field (25) has obtained the nonzero
vev, one can generate masses for all fermions of the SM via the interaction
Lagrangians (39) and (40).

Consider, for instance, the case of the electron (the first term in (39)). With
the Higgs field in the unitary gauge (31), one obtains

Lo= A (LBep+diepl)=

>\e R 0 )\e _ Ve _
_——\/i(l/e,eL)<v+h>€R—E(O,U+h)€R<eL>_
AV _ Ae _
- A (érer +erer) — NG (éper +eger)h. (41)

Taking into account that ) L YR+ W) RV = Y1) (see (4)), one can conclude that
the first term in (41) looks exactly as a mass term for fermions —ma) ¢, with the
electron mass (and in complete analogy for the up- and down-quarks)

_Aev _ Ao _ Aav

y o May y Md = —=-
V2 N RN

Due to unknown values of the Yukawa constants A, q it is impossible to cal-
culate the masses of electron and quarks, but if one knows these masses from
experiment, it is possible to estimate the strength of the electron—electron-Higgs

(42)

Me
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(and any fermion—fermion-Higgs) interaction (see the second term in (41)) invert-
ing formulae (42):

Lo = —zeh — " auh — "dddn + ... 43)
v v v

A very important consequence of the fermion—fermion-Higgs interaction (43) is
its direct dependence on the fermion mass. The larger the mass the stronger this
interaction.

The Higgs Boson. The kinetic part of the Higgs field, =(8,,h)?, comes from

1
2
the covariant derivative |D,,®|? (the last term in (33)), while the Higgs mass
and Higgs self-interaction parts come (as it should be) from the scalar potential

V(®) = p2®T® + \(®T®)? (26) which after EWSB takes the form

V(h):“;(o,zw—h)(vgh)+2‘(0,U+h)<vih> -
:%2(U+h)2+%(’v+h)4.

Finally, with the relation p? = —v?), the pure SM Higgs Lagrangian is given by

202 At
Y B2 whd - Sht+ A (44)

1
i wp\2
Ly =5(0"h) .

This Lagrangian coincides with the simple scalar Lagrangian (7) and despite the
presence of the cubic term Avh? it has vacuum state at h(z) = 0 (see Subsec 1.1).
From Lagrangian (44) one can conclude that the Higgs boson mass is

M7? = 2202 (45)

The strength of the Higgs self-interactions is proportional to the square of the
Higgs mass

M? A M

o0 Ghs = 17 802

In accordance with relation (43), the interaction of the Higgs boson with a fermion
is proportional to the mass of this fermion g5 s s = my/v. Furthermore, the Higgs
boson couplings to the gauge bosons come from relation (32) in almost full
analogy with the vector boson mass terms

gps = v =

h\? M3 A%
Lyvv = M, (1 + ;> Wiw o =2 (1 + ;> WAS

Here the gauge boson mass definitions (34) and (37) were used. Thus, again the
Higgs boson couplings to the gauge bosons are proportional to the squared mass
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of these bosons

M2 M2 M2 M2
ghww = QTW7 Ghhww = v—g[/7 and gnzz = sz 9hhzz = 2—75 (46)

Therefore, the only one isodoublet ® of scalar fields allows mass generation
for all massive particles of the Standard Model — the weak vector bosons W=, Z,
fermions, and the Higgs boson itself, while preserving the SU(2) x U(1) gauge
symmetry in the spontaneously broken or hidden form. The electromagnetic
U(1)g symmetry, due to the requirement of electric charge conservation, and the
SU(3) color symmetry, due to color charge conservation, both remain unbroken.

Nevertheless, despite this beautiful picture, the problem of the Higgs boson
mass still remains unclear. Indeed, the mass of the Higgs boson is generated by
the Higgs self-interaction and is defined by the parameter A, the coupling of Higgs
self-interaction. There is no clear idea within the SM concerning the source of A,
and its value stays, in principle, undefined (together with the Higgs boson mass
Myp). What makes the situation much worse is that today there is no any other
observable which could depend on A and which could give a way to measure it
experimentally [17].

In the next section, one can find some review of the available information
about this «mysterious» A parameter.

2. ON HIGGS MASS AND SELF-INTERACTION

2.1. The Case A = \; = 1. It is not necessary to claim that the Higgs boson
and the top quark are the key ingredients of the SM. It is also well known that
the SM cannot predict their masses directly. Therefore, any idea about values of
the top quark and the Higgs boson masses has the right to some attention.

On this way, consider first a very simple case based on the assumption that
both the Higgs self-coupling A and the Yukawa top coupling )\; are equal to 1
at the electroweak scale. This assumption (proposed by N. Giokaris) surprisingly
allows one to obtain rather accurate predictions for the top-quark and Higgs boson
masses m; and Mj,.

With the Fermi constant value G = (1.16637 +0.00001) - 1075 GeV~2 (see
Eq. (83) in Appendix A) one obtains for Higgs vacuum expectation value v (see

Eqgs. (35) or (81))
1
=,/ — = 246.221 GeV. 47
\/ NoTeP e 47)

As it follows from (42), the mass of a fermion f is defined by the fermion-Higgs
Yukawa coupling Ay. Therefore, if one assumes that the maximal value of Ay is
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equal to 1, then the heaviest possible fermion mass appears just right equal to the
top-quark mass (A\; = 1)

Y

my = m2a — Y — 174105 GeV.

va T
This value of the top-quark mass coincides (within errors) with m; = (172.7 £+
2.8) GeV, which was used in the fit of all precision data by PDG-2006 [20]

including all involved radiative corrections. In particular, the result of this fit was
the 90% CL for the Higgs mass

46 < My, < 154 GeV. (48)

There is, however, another possibility for determination of M};. Having in
mind that the Higgs scalar field, through the SM Higgs mechanism, gives the
SM particles their masses, it would be natural to assume that the Higgs particle
should be heavy enough to have a chance (at least in principle) to decay also into
a real ¢t pair. Therefore, the Higgs boson mass should not be smaller than

My, =2m; =2-174.1 GeV = 348.2 GeV. (49)

One can see that this value can be obtained directly from the Higgs mass defini-
tion (45) My, = V2 v? by taking the Higgs self-coupling A = 1.

Therefore, assuming that the Yukawa coupling of the heaviest particle to
the Higgs field is equal to 1, one can obtain m; = 174.105 GeV in very good
agreement with the latest Tevatron result. Assuming that the self-coupling in the
Higgs potential is equal to 1, one can obtain M; = 348.2 GeV or M} = 2m;.
Finally,

2
me = Mh:2mt:\/§v, v2:mt~Mh:2mf:%. (50)
Note that now the vacuum expectation value is the geometric mean of the top-
quark and the Higgs particle masses. Relations (50) tie together the two assump-
tions we made about the top-quark Yukawa couplings and the A parameter of
the Higgs field. In principle, one can look for any deeper symmetry or other
arguments trying to justify these assumptions.

2.2. Constraints from Triviality. With vacuum value v from (35) one can
write the Higgs mass (45) in the form [21]

My, = vV2X = 2V/\ - 174.105 GeV. (51)

If a dimensionless constant A is O(«), one has a perturbative theory, while if it
is O(1), one would say the theory is strongly coupled. From (51) and the present
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experimental bounds on M}, (see, for example, (48)), one concludes that we are
already not very far from the strongly coupled region [21] and the following
question is reasonable: Can A (the renormalized coupling) take any value at all?
That is, can M}, (for fixed v) be arbitrarily large?

To answer this question one has, first of all, to recall that in a renormalizable
theory the value of A (as well as the value of 2) has to be defined at a certain
scale and the value at another scale is different (i.e., A «runs»). At the one-loop
level, the renormalization group equation for the Higgs quartic self-coupling A is
given by (see, for example, [22]):

d\
167r2d1nE =6\ =

3 3 9
= 24)\% — (3¢7 + 993 — 120})\ + ggil -+ nggg + §g§ —6X ... (52)
For a rather large A the first term dominates and forces A (together with the
Higgs mass) to increase infinitely with energy scale E. In this regime, the

solution of (52) is
A

3 .
The «physical» A is defined at the scale £ = v. It follows from (53) that the
theory breaks down — exhibits the so-called Landau pole — at the energy scale

2 2 4 2,2
E* ~vexp (%) = vexp (—37;\;2 > (54)
h

More conservatively one can say that A(F) becomes so large that all perturbative
expectations are meaningless. Here the Higgs mass M), definition (51) was used.
In fact, relation (54) gives the upper bound for the cut-off scale of the SM A < E*.
Above the scale A, some new physics should appear to prevent this «blowup».
Formula (54) is very remarkable, because it exhibits exponential sensitivity to the
unknown Mj,. For rather small Higgs masses the breakdown scale is high — for
My, ~ 150 GeV, E* ~ 6-10'7 GeV. However, for Mj, ~ 700 GeV, E* is already
as low as 1 TeV. Clearly, at such a value of M}, the Higgs mass is essentially
equal to the «breakdown scale» itself and M}, cannot get any higher without new
physics (some nonperturbative phenomena, or, perhaps, supersymmetry) [21].
Therefore, for a fixed value of the SM cut-off A = E* relation (54) gives an
upper bound on the Higgs mass. In particular, one cannot take A(E) — oo,
since in this case one necessarily has A = 0 and, therefore, no any EWSB can
occur [22].

The last observation is realization of the general «triviality problem». It was
theoretically shown (see, for example, [23,24]) that a pure ¢4 scalar field theory

AE) =

(53)
1
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with Lagrangian (5)
£= Loyt (55)
2 2 4

is trivial in four space-time dimensions. The word «trivial» here means that the
scalar field does not interact with itself. Triviality is equivalent to the statement
that the renormalized quartic coupling A, = A(F) (53) is equal to zero. In other
words, the scalar particles interact in such a (strong enough) way as to screen
totally any bare charge Ao, or given the low-energy value of the Higgs coupling,
the Higgs coupling will eventually blow up at some finite momentum scale A
(the Landau pole). The stronger is the low-energy Higgs coupling, the smaller
is AL.

This triviality seemingly persists for all values of the bare coupling con-
stant and, therefore, presumably precludes the existence of spontaneous symmetry
breaking in the pure ¢* field theory [24]. At first glance, this claim looks very
surprising, but it is a direct result of the renormalization group equation (52)
for the effective (or «running») quartic constant A(E). Equation (52) has the
following boundary conditions:

)\(E — ’U) = >\7‘7 and )\(E — OO) - >\07 (56)

where A, is the renormalized quartic coupling constant at the electroweak scale.
Conditions (56) simply state that at high-momentum transfer (or energy) an inci-
dent (scalar) particle interacts with the bare charge of the target (scalar) particle.

In the language of the renormalization group, the triviality of a ¢* theory is
essentially equivalent to two statements. First, the bare coupling constant Ay is
finite. Second, the beta function () (\) is positive and equals zero only when A
is zero. These two statements imply that the renormalized coupling A, is zero
for any sensible (i.e., finite and positive) value of the bare coupling Ay. This
is the evidence for the triviality of ¢? theory [23,24]. Theory becomes always
meaningless for Ao # 0 (it has sense only if Ay = 0), but this means total absence
of any \¢* self-interactions.

One can see that there are two bare parameters, o and A in the original
classical Lagrangian (55). When quantum effects are accounted for (i.e., when
the theory is renormalized), all that remains is one parameter, the renormalized
mass p,-. Quantum effects have determined that A, is zero. Therefore, in the SM
one parameter, the Higgs mass, is not determined by low-energy phenomenology
in the classical (tree-level) approximation. In fact, the renormalization effects
may generally bound the Higgs mass from above [23,24]. Indeed, due to this
triviality of the ¢* theory the SM is inconsistent as a fundamental theory but is a
reasonable effective theory with momentum cut-off A. Furthermore, by requiring
that A be larger than the Higgs mass in order to maintain the consistency of
the SM as an effective theory (see comments to Eqs. (53) and (54)) one can
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derive the so-called triviality upper bound on the Higgs mass in the SM. This
upper bound of 1 TeV was obtained for the first time in [25]. These (triviality)
arguments were also successfully used to obtain the Higgs mass upper bounds
in some SUSY extension for the SM (see, for example, [26,27]). In particular,
the absolute upper bound on the lightest Higgs mass was obtained as 2.8 Myy by
requiring that the Higgs couplings remain finite at beneath the momentum cut-off
A for the NMSSM [26].

There is another possibility of solving (against the triviality) the Higgs mech-
anism with fundamental scalars — a new phenomenon must occur in the theory
when gauge fields are present. Following Callaway [23], consider the effect of
coupling a gauge field to the scalar field of (55). It is demonstrated in [23] that
for the combined theory to be nontrivial, the renormalized quartic coupling A,
must not be too strong. The breakdown of total screening (entering in nontrivial
regime) occurs when the quartic coupling constant A, is less than the effective
quartic coupling generated by the gauge field interaction

A < &2 (57)

Here g, denotes the renormalized gauge coupling constant and £ > 0 is some
calculable constant. In the SM the squared ratio of Higgs to W-boson mass is
given at the tree level by

My \® A
<—h> = 8>\—2 <1238 (58)
mw gy

for reasonable parameter choices, and similarly for other theories [23,24]. In
particular, taking, for example, g2 = g5 = 0.446, from (58) one has \, < 0.72.

Therefore, the assumption that a scalar field theory without gauge fields
is trivial (i.e., that the renormalized quartic coupling is zero) implies strong
constraints on a theory with gauge fields. The addition of gauge fields can in
fact make a trivial pure scalar theory nontrivial. Indeed, such a phenomenon
may occur in realistic theories such as the standard model of the weak interaction
and in grand unified theories. The mechanism by which triviality is eliminated
typically works for a small range of renormalized coupling constants of the theory.
Basically, a bare scalar particle screens itself totally, so that the renormalized
scalar charge is zero regardless its bare value. The addition of a gauge field
generates an effective quartic coupling constant. If this effective coupling is at
least as large as the original coupling, it can destroy the total screening of the bare
charges. However, the screening persists if the quartic coupling is much larger
than the effective (gauge + quartic) coupling. The necessity of the destruction
of the screening phenomenon forces restriction on the bare couplings. This
restriction in turn implies a calculable upper bound on the ratio of Higgs to gauge
boson mass (58). For details see [4,23,24].
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2.3. Constraints from Unitarity. To obtain unitary bound on the Higgs mass
(and M), one has to use the decomposition of the scattering amplitude into the
partial waves [4,28,29]:

A=167Y (2l + 1)Py(cos 0) a, (59)
1=0
where Pj(cosf) are the Legendre polynomials, and the partial wave amplitudes
a; of orbital angular momentum [ are given by

1

a = oo /d(cos 0)P;(cos 6) A.
Z1
The differential and total cross sections have the forms

do 1 do  |AP 167

s _ - - d
dQ 2mdcosf 64n2s an

(20 + 1)|ay|*. (60)
=0

Here the orthogonality property of the Legendre polynomials
(20 + 1)/d cos 0P, Py = &,y was used. One knows that due to the optical

theorem the total cross section is proportional to the imaginary part of the ampli-
tude A in the forward direction (f = 0); therefore,
1 16T

o=—Im(A(0 =0))

- (21 + 1)|ay|*. 61)

1=0
With (59) from (61) one has that Im(a;) = |a;|*> = |Re(a;)|? + |Im(a;)|? or
|Re(a;)|? + [Tm(a;)| — 1/2|? = 1/4. This is the equation of a circle of radius 1/2
with the center at (0,1/2). Therefore, the real part lies between —1/2 and 1/2,
and one finally has [4,22]

Re(an)| < 5. )

With the Higgs boson contribution to the scattering amplitude, which cancels a
dangerous energy growth of the amplitude, one gets [4,22]

0 = BM;
64mME,
This leads to the upper bound for the Higgs mass Mj;, < 1.2 TeV. In fact, with

extra channels including only W and Z gauge bosons one has a more stringent
bound [28,29]

(63)

M;, <780 GeV and M\ <5.

These bounds give an order of magnitude estimate and they should not be con-
sidered as tight bounds [22].
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2.4. Constraints from Stability. It is clear that A could not be very small,
otherwise the typical Higgs potential (5) will not be constrained from below and
the theory will loose its stability. At the low mass Higgs limit (low A limit) in
the renormalization group equation (52) the top Yukawa coupling A; dominates
which forces A (and the Higgs boson mass) to decrease with energy increase:

dX
16m° —— = —6A; + ... 64
T dmE e ¥ 64
To obtain the energy dependence of A in this case, one needs a renormalization
group equation for the top Yukawa coupling. At the one-loop approximation it

can be given as
d\e 9.3

2 —
167 dlnE_2>\t+"' (65)
The solution of both the renormalization group equations (64) and (65) is [22]:
)\2
)‘? (E ) = 9 g
and (66)
N In (B/Eo)
AE) = Ag — —31 :

1 A2 In (E/Eo)

1672
For rather large F, the Higgs self-coupling A(E) can be driven to a negative
value and the Higgs potential becomes unbounded from below. A typical remedy
for the situation is new physics which should appear before the crucial energy A
where A reaches a zero value:

M? 2\
2 Mjp ) _ 2
A <wvexp (47r 3)\2*1}2) = vexp (477 3>\?>. (67)

Here M;, and \; are the Higgs mass and top Yukawa coupling at the weak scale.
For a fixed value of the SM cut-off A this relation gives a lower (stability) bound
on the Higgs boson mass and the self-coupling A. For the first time, such a lower
bound for the Higgs boson mass was obtained to be 3.7 GeV [30,31].

2.5. Some Words about Higgs Effective Potential. A convenient tool for
studying electroweak symmetry breaking in the SM is the analysis of the effective
Coleman—Weinberg potential [2,32]. Roughly speaking, this effective potential
of the Higgs field Vg (o) contrary to the classical potential V' (¢), given by (5),
takes into account the quantum corrections to the energy density of the field ¢.
The absolute minimum of the potential Vg (¢) corresponds to the true vacuum
state of the theory.
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In general, calculation of Vg (¢) is not an easy task. One usually turns to the
loop expansion in order to obtain some useful approximation for Veg(¢). In the
leading order approximation Veg(¢) coincides with the classical (so-called tree-
level) potential V' (¢). The one-loop contributions arise due to interactions of the
Higgs field ¢ with the other fields of the theory. With every bosonic (fermionic)
field which couples to the Higgs boson, the loop contribution of the form

AV (p) = / ﬂs Tr In (k* + M?(¢)) (68)
2 (2m)*
is associated. Here the supertrace counts positively (negatively) the number of
degrees of freedom of the corresponding particle and M?(¢) denotes the field-
depended mass that usually has the form

M?(¢) = k¢? + K. (69)

Momentum integral (68) can be evaluated in the theory defined with a momentum
cut-off A

4 A2
AV(¢) =~ S Tr1 + 327TQSTrMQ(gst
1 1 M?(¢) 1
+ Gz Te MY(9) (m v —§>, (70)

where all the terms that vanish in the limit A — oo are neglected. The first term
in (70) contributes to the vacuum energy (cosmological constant). From (69) and
the second term of (70) one can deduce the quadratic dependence of the Higgs
mass on the cut-off momentum (see the next section). The last term in (70) gives
rise to the effective Higgs boson self-couplings. Clearly, the nonzero effective
Higgs self-interactions will be generated even if one sets the initial self-coupling
constant A to zero. However, as was pointed out in the previous section, the
negative top-quark contribution in this case (A ~ 0) will dominate and will make
the potential unbounded from below.

It should be noted that one usually uses the renormalized form of poten-
tial (68). In this form there is no (nonanalytical) dependence of the result on the
regularization parameter, e.g., on the cut-off A. However, one needs to introduce
an auxiliary normalization scale M in order to define renormalized parameters
and fields. Independence of the physics on the mass scale M can be used to
extend the domain of the validity of the one-loop approximation by means of
renormalization group method (see, e.g., [33]).

Detailed study of the effective potential can be found, e.g., in [34,35]. For
completeness, in the Table we present the values of x and &’ from (69) together
with the number of degrees of freedom n for particles of the SM that give a
dominant contribution to the effective potential.



130 BEDNYAKOV V. A., BEDNYAKOV A.V., GIOKARIS N.D.

Field-dependent masses of the SM particles M?(¢) = r¢® + ' together with the
corresponding numbers of degrees of freedom n. Massive vector bosons W+, W~
and Z have 3 polarizations. The top quark ¢ besides usual four fermionic degrees of
freedom has extra three color degrees of freedom. The Higgs field & and three Nambu—
Goldstone bosons ¢**° are scalars and have only one degree of freedom. When ¢ = v,
one obtains usual expressions for the tree-level masses

Particle K K n
W g3/4 0 [2x3
Z | (g+gD)/4| 0 3
t /2 0 |4x3
h 3A m? 1
¢ p) m? | 3x1

2.6. Quantum Instability of the Higgs Mass in the SM. There is also quantum
level instability of the Higgs physics in the SM. The above-mentioned radiative
corrections are actually very severe for the (tachionic) mass term of the Higgs
potential, since it reveals itself to be highly dependent on the ultra-violet (UV)
physics cut-off A (which leads to the so-called hierarchy problem) [22]. The
one-loop (quantum) contributions to the calculated SM Higgs boson mass My,
can be presented as [22,36]

2

3272’

1 1 (71)

SME = (993 + §g§ —6A] + 6)\>
The SM (only) particles give unnaturally large corrections to the Higgs mass, they
destabilize the Higgs vacuum expectation value v and tend to push it towards the
UV cut-off A of the SM.

The triviality and instability problems of the Higgs quartic self-coupling A can
be avoided if one can find symmetry which can relate A with gauge coupling(s),
for instance, in the form \ = g2. In this case, A\ would automatically possess the
good UV asymptotically free behavior of the gauge coupling. Such a situation
is realized in the supersymmetric (SUSY) theories. Just for illustration, one can
have a look at the SUSY neutral scalar Higgs potential from [36]

V(Hy, Hy) = (|uf* +mi,)

H + (I +miy, ) Hg|* = (b HyHg +hec)+
1
+ 3005+ gD)(HL” = [Hgl*)*. (72)

Here HQ and HY are neutral components of the relevant SUSY Higgs fields; u,

My, . and b are some SUSY parameters; and g1, g2, weak gauge couplings.



ON HIGGS MASS-GENERATION MECHANISM IN THE STANDARD MODEL 131

Some other reviews of the SM Higgs constraints can be found, for example,
in [37,38]. In [37], the two-loop Higgs mass upper bounds were reanalyzed. It
was shown that the previous results for a cut-off scale A =~ few TeV are too
stringent. For A = 10'° GeV it was found that M), < (180 & 4 + 5) GeV,
where the first error gives theoretical uncertainty and the second error reflects the
experimental uncertainty in the top-quark mass. A SM Higgs mass in the range
of 160 to 170 GeV will certainly allow for a perturbative and well-behaved SM
up to the Planck-mass scale Ap; ~ 10'? GeV, with no need for new physics to
be set in below this scale [37].

The correlation between the Higgs mass of the SM and the scale at which
the new physics is expected to occur is studied in [38]. Particular attention was
paid to the constraint imposed by the absence of the fine-tuning in the Higgs
mass parameter (the Veltman condition). The Veltman condition (compare with
the second term in (70) and Eq. (71))

A7 STrM? 0

32’/T2 T (d)) -

cancels the 1-loop quadratically divergent contributions to the effective potential.
Considering the coefficient in front of the ¢ term in the above equation one
can deduce that 3(2M3, + M2 + M}? — 4M?) = 0 which results in the relation
My, = (317+11) GeV for the Higgs mass [38]. It was found that the fine-tuning
condition places a significant constraint also on the new physics scale for the
Higgs mass range 100 < M), < 200 GeV mostly unconstrained by the classic
constraints of unitarity, triviality, and vacuum stability [38].

In fact, all above-mentioned constraints (triviality, unitarity, stability, etc.) on
the Higgs mass are tightly connected with the scale A, where one can, or should
expect the new physics phenomena to occur (see, for example, [4]).

2.7. Higgs Vacuum and Cosmology. Closing this section we touch a less
important question arising in the cosmology due to the Higgs mechanism and the
nonzero vacuum expectation value of the scalar field. From Subsecs. 1.1 and 1.2
one concludes that the vacuum state corresponds to the negative value of the
scalar potential in the minimum (7): V (0)min = —Av?/4. With v ~ 246 GeV,
one has V(v)min ~ —10°\ GeV* and this is the contribution to vacuum energy of
the Universe due to spontaneous symmetry breaking. It is known from the cosmo-
logical observations that the total energy density of the Universe is rather small.
It is at a level of 10~* GeV/em®. Using the relation 1 GeV®=1.3-10*' ¢cm—3
(when ¢ = h = 1), one has a huge value V (v)min ~ —10°°X GeV/cm?® for the
Higgs contribution to the vacuum. For reasonable A ~ 0.1 (0.001) one obtains
the contribution which is 10°* (10°2) times larger than the total energy of the
Universe. One solution to avoid this horrible situation is very simple. It is suf-
ficient to add a constant term (bare cosmological constant) to the potential and
forget about the discrepancy. For example, the scalar potential can be taken in
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the form [22,39,40]
A

Vig) = 1 (¢* - 02)2

which has in its minimum V(¢ = v)min = 0, by construction. Nevertheless, if
one takes the problem more seriously, then in order to reach agreement of the
Higgs vacuum energy with its Universe value, one should adjust the constant
with accuracy 107°* or so. The task looks completely meaningless, and reflects
a famous problem of the Einstein cosmological constant. Furthermore, including
gravity into consideration one should take into account this above-mentioned
Higgs vacuum term which strongly changes the space-time geometry [17]. This
observation gives one an almost obvious hint that the spontaneous symmetry
breaking Higgs mechanism has to be tightly connected with gravity.

3. OTHER WAYS TO ELECTROWEAK SYMMETRY BREAKING

Following Haber [1], a very short list of other possible ways for electroweak
symmetry breaking (EWSB) and particle mass generation is given in this section.

In addition to the scalar dynamics of the SM, there have been many theories to
explain the mechanism of EWSB. Some theories employ weakly-coupled scalar
dynamics, while others employ strongly-coupled dynamics of a new sector of
particles. The motivation of nearly all proposed theories of EWSB beyond the
SM is to address theoretical problems of naturalness and hierarchy. The light
Higgs bosons of Little Higgs models [41] are nearly indistinguishable from the
elementary Higgs scalars of the weakly-coupled EWSB theories. However, the
new physics phenomena must enter here near the TeV scale to cancel out the one-
loop quadratic sensitivity of the theory to the ultraviolet scale. These theories
have an implicit cut off of about 10 TeV, above which one would need to
find their ultraviolet completions. The extra-dimensional theories of EWSB [42]
lead to new models of the EWSB dynamics, including the so-called «Higgsless»
models [43,44] in which there is no light Higgs scalar in the spectrum. Such
models also require an ultraviolet completion at a scale characterized by the
inverse radius of extra dimension. Models of strongly-coupled EWSB sectors [45]
include technicolor models, composite Higgs models of various kinds, top-quark
condensate models, etc.

The new physics beyond the SM can be of two types — decoupling [46]
or nondecoupling. The virtual effects of «decoupling» physics beyond the SM
typically scale as m% /M2, where M is a scale characteristic of the new physics.
Examples of this type include «low-energy» supersymmetric theories with soft-
supersymmetry-breaking masses of O(M). In contrast, some of the virtual effects
of «nondecoupling» physics do not vanish as the characteristic scale M — co. A
theory with the fourth generation fermion and technicolor models are examples of
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this type. Clearly, the success of the SM electroweak fit places stronger restric-
tions on nondecoupling new physics. Nevertheless, some interesting constraints
on decoupling physics can also be obtained. For example, even in theories of the
new physics that exhibit decoupling, the scale M must be somewhat separated
from the scale my (to avoid a conflict with the SM electroweak fit). This leads
to a tension with the requirements of naturalness which has been called the «little
hierarchy problem» [47] in the literature.

CONCLUSION

The Higgs mechanism in the framework of the Standard Model is reviewed.
The discussions of the Higgs self-coupling \ parameter and the bounds for the
Higgs boson mass are presented in detail. In particular, the unitarity, triviality and
stability constraints on A are discussed. The generation of the finite value for the
A parameter due to quantum corrections via the effective potential is illustrated.
A simple case with both the top-Higgs Yukawa coupling and the Higgs self-
coupling A equal to 1 is considered and the top-quark mass to be 174.1 GeV and
Higgs boson mass to be 348.2 GeV are predicted. A short list of other ways for
the electroweak symmetry breaking and the particle mass generation beyond the
Standard Model is given.

Finally, following L. B. Okun [39,40,48], we would like to stress that it looks
like that there is no way out of scalar particles. They are inevitable. With these
scalars the most fundamental problems of modern particle physics are connected,
in particular, they are the problem of particle mass generation, the cosmological
inflation, and the dark energy. While vector fields describe the dynamics of
interactions, the scalar fields are responsible for inertia. While vector fields are
results of local symmetry, the scalar fields carry the symmetry breaking function,
the function of the same level of importance. Therefore, the most important
task of current physics research is to discover scalar particles and study their
properties [48].

This work was supported by the Russian Foundation for Basic Research
(grants 06-02-04003 and 05-02-17603). The authors thank Prof. J. A. Budagov
and D.I. Kazakov for fruitful collaboration and for useful discussions.

Appendices

A. THE STANDARD MODEL
BEFORE ELECTROWEAK SYMMETRY BREAKING

The electroweak theory of Glashow, Weinberg, and Salam [5—7] describes the
electromagnetic and weak interactions between quarks and leptons. It is the Yang—
Mills theory [49] constructed on the symmetry group SU(2);, xU(1)y. Combined
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with quantum chromodynamical (QCD) SU (3)¢c gauge theory of strong interac-
tions [8—11], it has the name of the Standard Model (SM). Pattern of interactions
(governed by underlying symmetries and given in the form of Lagrangians) and
the field content are both two main ingredients of the SM. The model (before the
electroweak symmetry breaking) has two kinds of fields. First, there are three
generations of left-handed and right-handed chiral (matter fields) quarks and lep-

1
tons, fr.r = 5(1 F75)f. The left-handed fermions are in weak isodoublets (with

the third component of the weak isospin T}”L = +1/2), while the right-handed
fermions are weak isosinglets (with T;’R =0)

Ve _ U
L1:< L>76R1:eR7 Ql:(di/)’uRl:uR’ dR1:dR;

€L
VnL _ CL,

Lo = ( /”'MZ ) ) €Ry = MR, 2= ( SL ) y URy, = CR, dRz =sgr; (73)
VrL — 1327

L3:<Tg>veR3:TRv Q3:(bL>’uR3:tR7 dry = bp.

The fermion hypercharge
Yy =2Q; — 2T}, (74)

defined in terms of the third component of the weak isospin T}” and the electric
charge Q¢ in units of the proton charge +-e is given by (z = 1,2, 3)

1 4 2
-, Y, Y,. = ——. 75
3’ dr 3 (75)

uRr, — 57 i
Moreover, the quarks are triplets under the SU(3)c group, while leptons are
color singlets. This leads to the relation ZYf = ZQ ¢ = 0 which ensures

f f
the cancellation of chiral anomalies within each generation, thus preserving the

renormalizability of the electroweak theory (see, for example, [4]).

Second, there are gauge fields corresponding to spin-one bosons that mediate
interactions. In the electroweak sector, one has the field B,, which corresponds to
the generator Y’ of the U (1)y group and the three fields 1;>*® which correspond

Yo, =-1, Yo, =-2, Yo =

i

1
to the generators 1; = 57 of the SU(2)y, group with the commutation relations

between these generators
[T°, 7] = i€“*T}, and [Y,Y]=0. (76)

Here ¢¥/* is the antisymmetric tensor and noncommuting 2 x 2 Pauli matrices
have their standard form

n:<? é) Tz=<? ‘(f), 73:((1) _01). (77)
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There is an octet of gluon fields G, in the strong interaction sector. The gluon
octet corresponds to 8 generators of the SU(3)c group which obey the relations

1
[T, T% = if®T., with Tr [T“Tb]:iéab,

where the tensor f%°¢ is for the structure constants of the SU(3)c group. The
field strengths are given by

a a a abe b e

G = 0,Gy — 0,G), + g5 f*°G G,

WE, = W2~ BWS 4 gp W,

B,, =0,B, —0,B,,
where g5, g2, and ¢y are, respectively, the coupling constants of SU(3)c,
SU(2)r, and U(1)y. There are triple ig; Tr (0,V,, — 0,V,)[Vy, V.| and quartic
1
592»2 Tr [V, V,]? self-interactions between non-Abelian gauge fields V,, = W,

(SU(2) group) or G, (SU(3) group). The matter fields ¢ are coupled to the
gauge fields through the covariant derivative

. a i Y
D,y = (QL - zgsTaGu —ig2Ti W), —iga ?un> P (78)

which leads to unique couplings between the fermion and gauge fields
=gy Vuy' .

The SM Lagrangian before electroweak symmetry breaking (without mass
terms for fermions and gauge bosons) is given by

1 1 1 _
ZGi, Gl = ZWi, Wi = 2B, B* + LiiD,y" Lit

»CSM:_4 o

+ eriiD " er, + Qii DY Qi + URiiDyy ur, + drii Dy dr,.  (79)
This Lagrangian is invariant under local SU(3)c x SU(2)r, x U(1)y gauge

transformations for fermion and gauge fields. For instance, in the electroweak
sector one has

L(z) — L'(z) = " @THB@Y (1) R(z) — R'(z) = eP@Y R(z),
(80)
1 1
Wyu(z) = Wy(z) + g—zf’ha(m) —a(x)Wy(2), Bu(z) = Bu(z) + g—lfhﬂ(w)-
Up to now, the gauge and fermion fields have been kept massless. In the case

of strong interactions, the gluons are indeed massless particles while mass terms
of the form —m,17) can be generated for the colored quarks in an SU(3) gauge
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invariant way. In the electroweak sector it is impossible to do so. «By-hand»
incorporation of mass terms for gauge bosons and fermions leads to a breakdown
of the local SU(2);, x U(1l)y gauge invariance. Only due to spontaneous sym-
metry breaking one can generate the gauge boson and the fermion masses without
violating SU(2) x U(1) gauge invariance.

The Standard Model after the Electroweak Symmetry Breaking. The
basis of the Standard Model is the SU(3) x SU(2) x U(1) gauge invariance
together with the electroweak symmetry breaking (Higgs) mechanism (see, for
example, [4]). The Higgs mechanism of spontaneous symmetry breaking and
mass generation in the SM is given in detail in Subsec. 1.4. Below only some
most important relations following from the Higgs mechanism are collected.

The scalar field vacuum expectation value v is fixed in terms of the W boson
mass My, and the Fermi constant G g

1/2
gav \/ﬁgg 1
My ==— = and = ————— ~ 246 GeV. 81

T <8GF U V2GR 2 ¢ D

The muon decay lifetime is very precisely measured experimentally. It is directly
related to the Fermi coupling constant by means of the following relation which
includes QED corrections [50-52]

1 G%mi 8m? « a2
— = 1— ¢ ) [1+1.810— 4+ (6.701 +0.002) ( — 82
T 19273 ( mi){ + 7T+( )(77)]’ (82)

where m. and m,, are the electron and muon masses and « is the fine-structure
constant. From (82) one has the precise value of the Fermi constant [20]

Gr = (1.16637 £ 0.00001) - 107° GeV 2. (83)

In the SM, the muon decay occurs through gauge interactions mediated by W
boson exchange and, therefore, one obtains a relation between the W, Z masses,
o, and G

Gr g2 1 g T o

V2 2aME 22 2Mpsh,  2Mp,(1-Mg,/MB) .
@ ma
4 sin?6’

From these relations one can derive formula (81). The gauge field rotation to
the physical gauge bosons (mass eigenstates), given by relation (36), defines the
electroweak mixing angle sin 6y, which can also be written in terms of the W
and Z boson masses

M2
sin Oy = —2 = £ Gin20y =1— — W (85)

Vai+gi 92 M7,
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Using the fermionic part of the SM Lagrangian (79), written in terms of the new
fields, and writing explicitly the covariant derivative, one obtains

A 92 z
_ AW AL
LN eJM + cos O JM R
g2 o
Lo = E(Jﬁr” W)

for the neutral and charged current parts, respectively. The currents .J,, are then
given by

(86)

J;Lq = fo:}/#.ﬂ
1
7 = L (213 10 50 00 — (21, @

1 -
T = 5 fuvu(l = 5) fas

1
where f,(fq) is the up-type (down-type) fermion of isospin +(—)§ [4].
In terms of the electric charge )y of the fermion f and with the left-
handed weak isospin of the fermion T}” = :i:5 and the weak mixing angle

s, = 1 — c%, = sin® Oy, one can write the vector and axial vector couplings of
the fermion f to the Z boson

~ 3 2 ~ 3
vf _ fo . QTf - 4QfsW af _ af _ 2Tf (88)
4SWCW 4SWCW ’ 4SWCW 48{/1/CV[/7

where we also defined the reduced Zf f couplings V¢, ay. In the case of the W
boson, its vector and axial-vector couplings to fermions are simply
1 ay o
V= Qf = = = . 89
F= 2V2sy  4sw dsw (89)

These results are only valid in the one-family approximation. While the extension
to three families is straightforward for neutral currents, there is a complication in
the case of the charged currents due to the fact that the current eigenstates for
quarks ¢’ are not identical to the mass eigenstates . If we start by u-type quarks
being mass eigenstates, in the down-type quark sector, the two sets are connected
by a unitary transformation

(d,s",V) =V(ds,b), (90)

where V' is the 3 x3 Cabibbo—Kobayashi-Maskawa (CKM) matrix. The unitarity
of V insures that the neutral currents are diagonal in both the bases. This is
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the GIM mechanism which ensures a natural absence of flavor changing neutral
currents (FCNC) at the tree level in the SM. For leptons, the mass and current
eigenstates coincide, since in the SM the neutrinos are assumed to be massless,
which is an excellent approximation in most purposes.

Note that the relative strength of the charged and neutral currents,
J4dyuz/J*T T, can be measured by the parameter p which, using the previ-
ous formulas, is given by

2
Mg,
2 12

ey M7

p= o1

and is equal to unity in the SM due to (85). This is a direct consequence of
the choice of the representation of the Higgs field responsible for breaking of
the electroweak symmetry. In a model which makes use of an arbitrary number
of Higgs multiplets ®; with isospin I;, the third component I? and vacuum
expectation values v;, one obtains for this parameter

S+ 1) = (13)?] 0

= 92
’ 23 ()27 -

which is also unity for an arbitrary number of doublet as well as singlet fields.
This is due to the fact that in this case, the model has custodial SU(2) global
symmetry (V(®) in (26) is invariant under global O(4)). In the SM, this sym-
metry is broken at the loop level by the hypercharge group and when fermions
of the same doublets have different masses.

Finally, self-couplings among the gauge bosons are present in the SM as a
consequence of the non-Abelian nature of the SU(2)r x U(1)y symmetry. These
couplings are dictated by the structure of the symmetry group and, for instance,
triple self-couplings among the W and the V = ~, Z bosons are given by

Lwwyv =igwwy [WWHVY = WIV,WH + WiWw, v (93)

with gww~ = e and gwwz = ecw /sw (for more details see, for example, [4]).

The SM Particle Masses. The top quark possessing the heaviest mass of
currently known elementary particle plays a very important role not only in the
Higgs boson physics. The top quark was produced, for the first time, at the
Tevatron in the reaction pp — qg/gg — tt, and now it is under permanent
investigation at FNAL by the CDF and DY collaborations. In the SM, the top
quark almost always decays into a b quark and a W boson. The width ¢ — bW+
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is given by (see, for example, [4,53,54] and references therein)
Dy ~T(t—bWh) =
Grmif . ( M3V>2 ( M&) as 2
= V. M) (g4 tw (1—2.72—)+Oa§,a 94
8\/§7T ‘ tb‘ mg mg = ( F ) (94)

and is of the order of I'; ~ 1.8 GeV for m; ~ 180 GeV. Here |Vy;| is the
top-bottom CKM matrix element and «; is the strong coupling constant. The
modern, average (over CDF and DY) mass value for the top quark is given by
the PDG-2006 [20]

my = (174.2 + 3.3) GeV. (95)

Given the experimental technique used to extract the top mass, these mass values
should be taken as representing the top pole mass [20], which corresponds to
the pole in the top-quark propagator. For an observable particle such as the
electron the pole mass is equal to its physical mass. It is well known that the
pole mass for the quark cannot be used to arbitrarily high accuracy because of
the nonperturbative infrared effects in QCD which are of an order of O(Aqcp)
(see, e.g., [20]). For the top-quark mass one can neglect this intrinsic ambiguity,
since the experimental errors are much higher. However, for the b and ¢ quarks
the ambiguity is significant, e.g., it is about 10% for the b-quark pole mass,
so one usually has to define a more appropriate quark mass parameter. For
example, at high energies the so-called «short-distance» running mass mg(u)
is used, since it is insensitive to any «physics» at the distances larger than the
scale of 1/u. Usually, one uses a modified minimal subtraction scheme MS to
define this quantity. In particular, for the running bottom and charm masses the
PDG-2006 [20] gives

My (M5) = (4.20 £ 0.07) GeV, (M) = (1.25 + 0.09) GeV.

For the strange quark one can typically use the value m5(1 GeV) = 0.2 GeV.
The masses of light u, d quarks, being very small in comparison with the Higgs
boson mass, are not given here.

In case one needs top-quark running mass, one can use the relation between
the pole masses and the running masses [55-58]

4a, 2
o(mg) =mo |1 — 5@ + (1.0414N; — 14.3323)%} +

3
+ (—0.65269N? + 26.9239N — 198.7068)%} . (96)

where a is the MS strong coupling constant evaluated at the scale of the pole
mass it = mgq, and Ny is the number of (active) quark flavors.
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The evolution of Mg from the scale Mg upward to a renormalization
scale p is
— — ey Clas (u)/7]
maq (n) = mq (M) —
¢las (Mq)/7]

with the function ¢, up to three-loop order, given by [59-62]

o7)

o(z) = (252/6)'2/?°[1 + 1.014z + 1.38922 + 1.0912%]  for me < p < my,
c(z) = (232/6)' 2/ [1 + 11752 + 1.50122 + 0.17252°%] for my < p < my,
c(z) = (7x/2)Y7[1 + 1.398z + 1.79322 — 0.68342°] for my; < p.

The values of the running ¢, b, and ¢ quark masses at the scale y = M, =
91 GeV are [63]

my(Mz) =172.6 GeV, mp(Mz) =2.87 GeV, m.(Mz)=0.60 GeV.
The PDG-2006 [20] masses of the charged leptons are the following:
m, = 1.777 GeV, m, = 0.1057 GeV, m, = 0.511 MeV.
Finally, the masses and total decay widths of the two main gauge bosons are [20]

My = (91.1876 £ 0.0021) GeV, I, = (2.4952 + 0.0023) GeV;
My = (80.403+0.029) GeV, Dy = (2.141 + 0.041) GeV.

B. THE HIGGS MECHANISM WITH EXTRA ¢ TERM

Consider a Lagrangian for scalar real field ¢
1 1 1 1
L=30,00"9=V(9), where V()= p’¢"+ gms?’ + et 98)

Lagrangian (98) «pretends to describe» a spin-zero particle of mass p (with cubic
and quartic self-interactions). It is not invariant under the reflexion symmetry
¢ — —¢, since there is explicitly a cubic term. Since the potential should be
bounded from below, the self-coupling A > 0. However, contrary to the ordinary
Higgs potential (without the extra ¢ term), also in the case when the mass term
u? > 0, the potential V(¢) can, in principle, be negative for some ¢ due to the
presence of the cubic term. This means that, for example, for A > 0, ,u2 > 0,
k # 0 (with an arbitrary sign of ) the potential can be negative for some ¢
and, therefore, can have a minimum (see Fig. 2). In general, any minimum of the
potential can be obtained for (0]|¢|0) = ¢¢ which solves a minimum (extremum)

condition P
56 = P(u* + ko + Ap”) = 0. (99)
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V2 +v4

3 4
?
Fig. 2. The potential V of the scalar field ¢ in the case u®> = 1, k = 2.5, and A = 1.
In this case there are 3 extrema at ¢ = 0 with V(¢63)) =0; ¢@ = —1/2 with

V( 63)) ~ 0.0365 (local maximum), and ¢*) = —2 with V( 63)) = —0.6 (the only real
minimum)

There are three solutions. One is obviously d)(()?’) = 0, which gives V( (()3))
0. In principle, the two other solutions can be those of the quadratic equation
AP? + kp 4+ pu? =0 (if K2 — 4 u? > 0)
—k /K2 — 42

2\ '
It is obvious that (if £2 — 4Au? > 0) |¢S"| # |6{?] and in general V(o) #
V(qﬁgz) ). Therefore, only one real minimum for the potential V" exists (see Fig. 2).

(1,2)
0

It is important to note that there are no any solutions ¢g1’2), if K2 —4\u? <0,
and the true minimum stays at gzb(()?’) =0.
To simplify the problem, let us assume a «massless» scalar field ¢ with
1,2) —Kk \/?
A

———— one has only one nonzero ¢y,

p? = 0. In this case, due to ng 5

say

o = _7”” =v, and ¢ =¢P =0. (100)
Here the only quantity v = (0]¢|0) can be (as before) called the vacuum expecta-

tion value (vev) of the scalar field ¢ and has a sign opposite to x. Lagrangian (98)
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no longer describes a particle with mass p (or ever a massless particle when
u? = 0). To interpret correctly the theory, one must expand around the real min-
imum v by defining the field o as ¢ = v + o and assuming that (0|c]|0) = 0. In
terms of the new field o, the potential V (¢) of (98) becomes (1% = 0 is assumed
and Kk = —vA is used)

Vig) = )——¢3+ ¢ ( + ¢>¢3 <—§v+2u+%a>(v+a)3:

V(e

_A v 3_ A U\ ,.3, 3 2 2y _
Z(a—g)(v—i—a) _Z<J_§)(U +0° 4+ 3v°0 + 3vo”) =
A

:Z( (v + 0% + 3v?0 + 3vo?) — 3(1) + 0% 4 3v%0 + 3vo ))

)\ 4
:Z<USU+U + 320 +3v03—%—§as—va—va>

1
% ( % +0* + (vo — vP0) + (3v?0? —v?o?) + (3 - §> U03> =

—é _U_4_|_O- + %02 —|—§1}0'3 —)\_1]20-24_&0-3_‘_50-4_)\_”4
4 3 3 ) 3 4 127

Finally, in terms of o, Lagrangian (98) becomes

1 1 \v? 2\v A vt
L= 58;,,0’8#0' - V(O’) = §auaa#0 - 70'2 — T03 - ZOA + E
This is the theory of a scalar field of mass m? = \v? = —vk > 0, with ¢°

1
and o* being self-interactions. Note here m? = \v? = 5mi:0 (standard Higgs

mechanism). This is, perhaps, due to our assumption p? = 0. Since the cubic

terms in the initial Lagrangian, no any reflexion symmetry was broken. Therefore,
one obtains a nonzero vev for the initial massless scalar field ¢, one got a mass
for the new scalar field o without any spontaneously broken symmetry.

Now one should prove that the o cubic term does not spoil the zero-vev status

2\
of the o field. On this way one could obtain constraints on the term —Tva?’.

Indeed, now again one has a o3 term in the potential

\v? 2\ A A A 8 4
V(o) = %02 + TUU?’ + ZU4 11]2 =7 (21}202 + 51}03 +ot — %) .

The goal is to avoid any minimum at ¢ # 0. Applying now the extremum
condition (99) to this potential, one can obtain it in the form
oV

P M?0 + 2 wo? + Ao® = Mo (a? + 2vo +v?) = Ao(o +v)? = 0. (101)
o
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There are two solutions of the equation: ¢ = 0 and o = —wv. Substituting both
into the potential above one finds
A 4
V(J:O):—%<O and V(o= —v) =0.

Therefore, always a true minimum is at o = 0.

Finally, it looks like that in the SM with the complex SU (2) doublet of scalar
fields ® given by Eq. (25), it is also possible to use the «¢3» term if the Higgs
potential (26) is taken, say, in the form

22
V(D) = 12 |B)? + T\/_m B> + X\ [®[*, where |®] = VO

C. SOME RELATIONS
Consider in detail transformaton of the Abelian Largangian from Subsec. 1.3,
Eq. (20)
1
L= _ZF’“'FW + (0, +ieA,)p" (0" —ieA¥)p — V() (102)

with
V() = p2¢* ¢+ A(¢*¢)? (103)

after substitution in it of the complex scalar field in the form

o) = % (0 + n(x) + i€(z)) = %m b1 + idh).

The product of the covariant derivatives from (102) becomes

(Dp¢)*(D¥¢) = (0 +ieAy) " (0" —ieAr)p =
= (0,0" +ieA, ") (") — ieAlg) =
= (0,0)"(0"¢) — ie(0,0)" A" ¢ + ie(D"$) A, d* + e2A, A G* b, (104)

Furthermore

(0,0)° = (a% (vt @) — 5 @ i0,6).

@0 = ("5 (04 n+9)) = S5 @+ i07).
(0,0)"(076) = 5 (010" + BND"€ — B,E0") + D, E0"€) =
1

1
= 5 #778“77 + iaufaugv
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(0000 = 5 (Oun — i0,) (v + 1 +i€) = 5 (B — i0,6) =
50— 10,) 01 +€) = 5 (Bun — 10,) +

+ % (M0un +i£0,um — inOuE + £0,.€) ,
(Ot p)g™ = % (OFn + 10" (v+n — i) = g (0" + i) +
b5 (@0 +i0%€) (1 i€) = 3 (0" +i0") +

1

+ = (not'n — idMn + ot & + £0ME)

N = o

G b= s (04 —i€) (00 +i€) = = (0 +)* +€2) =

2

1
:5(7)2—1—21)77—1—7724—{2),

(02 4+ 2vn+ 0> + &) (v +2up+n* + &%) =

|

(¢"¢)* =

<
o

( 2+2vn+n2+£2)+%(02+2077+772+£2)+

2
(v2+2vn+n2+£2)+%( Yo+t 4+ &%) =

(’U4 + 2030 + 02n? + 022 + 203y + 40%0% + 203 + 2unE+

_|_
NG "’;|3M o~

2772+2U773+774+§2772+U2£2+2U77£2+772£2 +§4) —

+
<

(1)4 + 1t + & + 403 4 60202 + 20267 + don? + 4un€? + 277252) )

| =

Substituting these expansions in the derivative product (104) and the poten-
tial (103) one obtians

(D) (D" ¢)=(0,0)* (0" ¢) + e* A A" ¢* ¢ — ie A" (0,8)* ¢ + ie A, (0 p)d™ =
1 1 2
= SO0+ SOENE + S ALAM (07 + 20m + 1 + €)=
iev . ie . .

- TAu(aun - Zaug) - EA“(WW + lia;m - Znaug + gau£)+

+ %Au(aﬂn +ioE) + %Au(na“n €M+ indIE + £O1E) =
1 " 1 " e2v? u e? u 9 9 "
9 Lm0 n + 58#58 £+ TA;LA +5A#A (2un+n° +&°) —evA"0,€—

- %6(14“(773#77 i€, — D€ +E0,E) — A (ndFn — €D N+ indHE + EIME)),
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1 1
(D#qﬁ)*(D“d)) = 58;”78#77 + §8u§aﬂf+

621}2 2

+ - Aud + %AHA“(QW %+ €2) — v APDLE + e APED,n — e AP, L.

2
V(9) = 126" 6+ N6"9)* = B (v +20m 417 + &) +

A
+ 1 (114 + 774 + £4 + 411377 + 6112772 + 211252 + 411773 + 4117752 + 277252) .

With the minimun realtion ;2 = —v?\ the potential becomes

2

V(g) = —% (v* +2on+n*+ &) +

A
+ — (v4 + 0t + & 403 + 6070 4 20267 + don? + done® + 277252) =

4
viA 3 vEIN 5, A,
R R A A S
RTIED) ED A
76 v 1; n? + %52 + X oAng® + on’e,

’U4

A A A A
V(¢) = _T + ’U2/\772 + Z’I?4 + 154 + ’U)\’I]3 + 1)/\"752 + 577252.
Collecting now all terms together one can obtain the Abelian Lagrangian (102)

in the form

1 . 1 L1 1

L= = Fu P +(Dyg)" (D"6) =V (6) = = Fu F"+50,m 0" 11+ 50,6 06+
e*v? H e? Iz 2 2 Iz H Iz

+ TA“A + EA“A 2un+n°+&°) — evAh0,6 + e AHED,n — e A0, E—

2y 2 Ao 212 2 2 viA
=N = (7€) —vAn(n” + &) + — . (105)

With n = ¢1 and £ = ¢ the relevant Lagrangian from [13] is
1
= — 7 Fn " + (0" 4 ieA")¢" (9, — ied)é — 1ro* o — Ao ¢)* =

1 1 1 1
= b+ 5(3u¢1)2 + 5(3u¢2)2 — dro(p® + x%) - §¢§(M2 +0?0)+

e?v?

2

+ A+ %AMA“(gzﬁ +02) + 2vA, APy — ev A, 0" do+
1 A

+eAu (0" P1)pa — e AL (0" P2) 1 — 5&(#2 + 3’02/\) - Z(dﬁ + ¢§)2_

4

A

— Mg (67 + ¢3) + vT
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In the unitary gauge (22), Lagrangian (15) or (105) with u? = —v?\ trans-
forms as follows:
1 . S Aw s 2 A 4
L= 5((9“ +ieA,) (v +n) (0" —ieA")(v+n) — E(v +n)° — Z(U +n)—
F, Fr

(Oun + ieA (v +n))(0Fn —ieA* (v +1n)) — 1

F,Fv 1
4 2
A, 2y A4 3 2,2 3, .4
_T(_U —2unp—7 )—Z(U + 4v°n 4 6v°n” 4+ don® + %) =
1
(8Mna“n—ieaunA“(v+n)+ieA,ﬁ“77(v+n))+§e2AMA“(02+2m7+772)—

F,F* X
£ (—2v* — 403y — 20%? + vt + 403y + 6020% + 4o +9t) —

1 202N L F, FH* e2y? e?
L= S0md'n — =0 = b o Ay AN S ALAN (2o £ )+
AP A
LAY 3_ 7 4.
+ 1 un 477

If one ignores the vector field V,, (consider the pure complex scalar field, see
Subsec. 1.2 and (9)) and introduces the Higgs mass my = v2\v2 = v/2|u|, the

Lagrangian takes the form
1 1 A A A
L= oM 20, M 04 4 2462
50un 0" + 50,8078 — " — 288 — o+
)
Y T 2 _oanp® —vn€?.

Consider transformation of the product of the covariant derivatives |D,,®|?
(32) in the Standard Model (see Subsec. 1.4). First, one has to insert the explicit
forms of Pauli matrices (77) into D,,® and then contract (D, ®)" and | D, ®|*:

. Tavrra - Yy 1 0 1g1YH
DMCIJ:<8M—192?WM—2917BM><I>:<<0 1)(”_TB“>_
g2 0 1 1 0 —i 2 1 0 3 _
2((1 0)VV/‘+<Z' 0>Wﬂ+ 0 -1 )Wu))®=
0y — L (W3 L avuB,) 2w i)
n =\ G2y T It H Dy o W =Wy "

—%(Wﬁ +iW;) O+ 3 (92W?2 — 1 YuB,,)

1w w2 + b))

L ( 0 ) 1 2
V2 \ v+ h(x) V2 duh(x) + % (92[}[/5’ — leHB/L) (v+ h(x))
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;
. Y,
(D"®)T = of (aﬂ - z’ng—W;‘ — g THB"> =

’gQ (W} — iW8") (v + h(x))

Sl

OPh(z) + = (92W§ —1YuB") (v + h(z))

_ L( L+ W0+ h(x), Dbtz

2
L a¥uB) ) )

2

. Ta a . YH
\DlL(I)‘Q = (DMI))T(DMI)) = ‘(Qt — ZQQ?VV/L — zngB#) i)

;
. Tq . YH 7 . Ta a : YH_
= of (6“ - 1925”5 - 19173/ ) (5# —ig25 Wy —ig1— Bu) ®=

Oy ——(ng +91YuBy) —@(Wl—mﬂ) 0
v—i—h(x)) -

1
1 k .
2 92 SWLiwR) o, 5(92W3 — 1Yy By)

— 12 ( (WH + Wi (v + h), 0" h(x) — —(ng3 —leHB*)(v+h)) x

. i LW =W w+h)

7 Ouh(z) + = (ng —q1YuBy) (v+h)

1
-2 292 (WE +iW) (v + h) 92( o — W2 (v+h)+

+ (8% — %(gzwg‘ — 1 YuB")(v+ h)) X

< (0 + 02— B0+ 1)) ) =

2
1
= 20+ WP(WY + W) (W) = iW2) + 50" h(2)9,h(x)+

1
+ 500 (925 — 1Y B,
2
1D, ®* = (fhh) 3 P (v +n)? (W, + W2+

1
g(” +h)*(92W — 1 Yu B,)?.
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