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‚.‹.-±¸¥´µ¢, F.-.G¸¨¶ÓÖ´∗ , ‚.‘.˜ Ì³ Éµ¢

ˆ¸¸²¥¤µ¢ ´  ¸É·Ê±ÉÊ· , ¨ ¶·¥¤²µ¦¥´Ò £·Ê¶¶Ò ¸¨³³¥É·¨¨ · §²¨Î´ÒÌ É¨¶µ¢ Ê£²¥-
·µ¤´ÒÌ ´ ´µÉ·Ê¡µ±. “£²¥·µ¤´Ò¥ ´ ´µÉ·Ê¡±¨ É¨¶  §¨£§ £ (zigzag), (n, 0), n Å Í¥-
²µ¥ Î¨¸²µ, ¨³¥ÕÉ ¤¢¥ £·Ê¶¶Ò ¸¨³³¥É·¨¨, D1

2nh ¨ D2
2nh, ¤²Ö ´¥Î¥É´µ£µ ¨ Î¥É-

´µ£µ n, ¸µµÉ¢¥É¸É¢¥´´µ. ’·Ê¡±¨ É¨¶  ¸ÉÊ¶¥´Ó±¨ (armchair), (n, n), ¨³¥ÕÉ É ±¦¥
¤¢¥ £·Ê¶¶Ò, D3

2nh ¨ D4
2nh , ±µÉµ·Ò¥ ¨§µ³µ·Ë´Ò ¶·¥¤Ò¤ÊÐ¨³ £·Ê¶¶ ³, ´µ µÉ²¨Î -

ÕÉ¸Ö µÉ ´¨Ì µ¸´µ¢´Ò³ ¢¥±Éµ·µ³ É· ´¸²ÖÍ¨¨ ¢¤µ²Ó µ¸¨ É·Ê¡±¨. O ´µÉ·Ê¡±¨ µ¡Ð¥£µ

É¨¶  (n, m) (n > m ¨ m �= 0) ¨³¥ÕÉ £·Ê¶¶Ò ¸¨³³¥É·¨¨ Dn′,m′

N , ¢ ¸²ÊÎ ¥ ¥¸²¨
N = 2(n2 + m2 + nm)/(n−m) Å Í¥²µ¥ Î¨¸²µ,   Í¥²Ò¥ Î¨¸²  n′ ¨ m′ µ¶·¥¤¥²ÖÕÉ
µ¸´µ¢´µ° ¢¥±Éµ· É· ´¸²ÖÍ¨¨.

N ¡µÉ  ¢Ò¶µ²´¥´  ¢ ‹ ¡µ· Éµ·¨¨ ´¥°É·µ´´µ° Ë¨§¨±¨ ¨³. ˆ.Œ.”· ´±  WˆŸˆ.

Symmetry Groups of Carbon Nanotubes

V.L.Aksenov, Yu.A.Ossipyan, V.S.Shakhmatov

The structure of carbon nanotubes of different types is investigated, and the symmetry
groups of them are proposed. A carbon nanotube of zigzag type, (n, 0), where n is an
integer number, has the D1

2nh symmetry group or D2
2nh group for odd or even n,

respectively. Tube of armchair type, (n, n), has also two groups, D3
2nh and D4

2nh, for
odd or even n, respectively. The latter groups are isomorphic to previous ones but are
different from them by the translation vector along axis of the tube. A nanotube of

general type (n, m) (n > m and m �= 0) has the symmetry group Dn′,m′

N if the number
N = 2(n2 + m2 + nm)/(n−m) is an integer. The basic translation vector in this case
is deˇned by the numbers n′ and m′.

The investigation has been performed at the Frank Laboratory of Neutron Physics,

JINR.

‚ ¶µ¸²¥¤´¨¥ £µ¤Ò ´ ¡²Õ¤ ¥É¸Ö §´ Î¨É¥²Ó´Ò° ¨´É¥·¥¸ ± ¨¸¸²¥¤µ¢ ´¨Õ Ê£²¥·µ¤´ÒÌ
´ ´µÉ·Ê¡µ± (“O’). {Éµ ¸¢Ö§ ´µ ± ± ¸ ¨Ì ¨´É¥·¥¸´Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨, É ±
¨ ¸ ¡µ²ÓÏ¨³¨ ¢µ§³µ¦´µ¸ÉÖ³¨ É¥Ì´¨Î¥¸±¨Ì ¶·¨³¥´¥´¨°, ´ ¶·¨³¥·, ¢ ´ ´µÔ²¥±É·µ´¨±¥.
WÉ¤¥²Ó´ Ö “O’ µ¡² ¤ ¥É ²¨¡µ ³¥É ²²¨Î¥¸±µ°, ²¨¡µ ¶µ²Ê¶·µ¢µ¤´¨±µ¢µ° ¶·µ¢µ¤¨³µ¸ÉÓÕ
¢ ¸É·µ£µ° § ¢¨¸¨³µ¸É¨ µÉ ¢¥²¨Î¨´Ò · ¤¨Ê¸  É·Ê¡±¨ ¨²¨ Ê£²  ¸¶¨· ²Ó´µ¸É¨ [1]. z·¨·µ¤ 
ÔÉ¨Ì § ¢¨¸¨³µ¸É¥° ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥ Ö¸´ .

∗ˆ”’’ N�O, 142432, —¥·´µ£µ²µ¢± , Œµ¸±µ¢¸± Ö µ¡².
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•µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ¤²Ö µ¶¨¸ ´¨Ö Ë¨§¨Î¥¸±¨Ì ¸¢µ°¸É¢ ²Õ¡ÒÌ µ¡Ñ¥±Éµ¢ ¸ÊÐ¥¸É¢¥´-
´ÊÕ ¶µ³µÐÓ µ± §Ò¢ ¥É §´ ´¨¥ ¨Ì ¸¨³³¥É·¨¨. W¤´ ±µ ¶µ²´Ò° ¸¨³³¥É·¨°´Ò°  ´ ²¨§ “O’
¤µ ¸¨Ì ¶µ· ´¥ ¶·µ¢¥¤¥´. ‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¨¸¸²¥¤µ¢ ´Ò ¸É·Ê±ÉÊ·  ¨ Ê¸²µ¢¨Ö ¸µ¢³¥¸É-
´µ¸É¨ É· ´¸²ÖÍ¨µ´´µ° ¨ ¶µ¢µ·µÉ´µ° ¸¨³³¥É·¨¨ “O’.

W¶·¥¤¥²¨³ É·Ê¡±Ê ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. N ¸¸³µÉ·¨³ ¶²µ¸±µ¸ÉÓ, µ¡² ¤ ÕÐÊÕ ´¥±µ-
Éµ·µ° ¤¨¸±·¥É´µ° É· ´¸²ÖÍ¨µ´´µ° ¸¨³³¥É·¨¥°. {É  ¸¨³³¥É·¨Ö § ¤ ¥É¸Ö ¤¢Ê³Ö µ¸´µ¢-
´Ò³¨ ´¥±µ²²¨´¥ ·´Ò³¨ ¢¥±Éµ· ³¨ a1 ¨ a2 (¸³. ·¨¸. 1). ‹Õ¡µ° ¢¥±Éµ· É· ´¸²ÖÍ¨¨
R = na1 + ma2 µ¶·¥¤¥²Ö¥É¸Ö ¢ ¡ §¨¸¥ ¢¥±Éµ·µ¢ {a1, a2} ¤¢Ê³Ö Î¨¸² ³¨ (n,m). ’·Ê¡± 
É ±¦¥ ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²Ö¥É¸Ö ¢¥±Éµ·µ³ R, É.¥. ¤¢Ê³Ö Î¨¸² ³¨ (n,m) ¢ ¢Ò¡· ´´µ³ ¡ -
§¨¸¥ {a1,a2}. O ¶·¨³¥·, “O’ (3,1) ¶µ²ÊÎ ¥É¸Ö ¸ ¶µ³µÐÓÕ ®¸±²¥¨¢ ´¨Ö¯ ¤¢ÊÌ · §·¥§µ¢
¶²µ¸±µ¸É¨ ¢¤µ²Ó ¶Ê´±É¨·´ÒÌ ²¨´¨° É ±, ÎÉµ¡Ò ÉµÎ±¨ O ¨ A ¸µ¢¶ ²¨,   É  ¦¥ ¶·µÍ¥¤Ê· 
®¸±²¥¨¢ ´¨Ö¯ ¤¢ÊÌ ¤·Ê£¨Ì · §·¥§µ¢ ¶²µ¸±µ¸É¨, ¶·¨ ¸µ¢¶ ¤¥´¨¨ ÉµÎ¥± O ¨ A′, ¶·¨¢µ¤¨É
± “O’ (4,2) (¸³. É ±¦¥ [2]).

O  ·¨¸. 2  ¶µ± § ´  ¸É·Ê±ÉÊ·  “O’ (4,2). Š ± ¢¨¤´µ ¨§ ·¨¸. 2 , É·Ê¡±Ê (4,2) ³µ¦´µ
¶µ¸É·µ¨ÉÓ ¸ ¶µ³µÐÓÕ ®´ ³ ÉÒ¢ ´¨Ö ´  ¸É¥·¦¥´Ó¯ ¤¢ÊÌ Ê£²¥·µ¤´ÒÌ ´¨É¥° ¢¤µ²Ó ´ ¶· ¢-
²¥´¨Ö a1 ¨²¨ Î¥ÉÒ·¥Ì Ê£²¥·µ¤´ÒÌ ´¨É¥° ¢¤µ²Ó ¤·Ê£µ£µ ´ ¶· ¢²¥´¨Ö a2 (¸³. ·¨¸. 1 ¨ 2). ˆ§
É ±µ£µ ¶µ¸É·µ¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ ¢ Í¨²¨´¤·¨Î¥¸±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É {ϕ, ρ, z}, £¤¥ Ê£µ²
ϕ µÉ¸Î¨ÉÒ¢ ¥É¸Ö µÉ µ¸¨ X (¸³. ·¨¸. 2), ¸¨³³¥É·¨Õ É·Ê¡±¨ ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö µ¶¨¸ ÉÓ ´ 
µ¸´µ¢¥ Í¨±²¨Î¥¸±µ° £·Ê¶¶Ò ¤¨¸±·¥É´ÒÌ ¶µ¢µ·µÉµ¢ ¸ Ô²¥³¥´Éµ³ £·Ê¶¶Ò (ϕ | τ ), £¤¥ ϕ
Å ¶µ¢µ·µÉ ´  ´¥±µÉµ·Ò° ±µ´¥Î´Ò° Ê£µ² ¢µ±·Ê£ µ¸¨ Z,   τ Å ¸µ¶ÊÉ¸É¢ÊÕÐ¨° ¢¥±Éµ·
É· ´¸²ÖÍ¨¨ ¢¤µ²Ó µ¸¨ Z. N ¤¨Ê¸ É·Ê¡±¨ ρ “O’ (n,m) µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ëµ·³Ê²Ò(

2π
a
ρ

)2

= (n2 + m2 + nm), (1)

£¤¥ a Å ¤²¨´  ¡ §¨¸´µ£µ ¢¥±Éµ·  a1 (¨²¨ a2).
N ¸¸³µÉ·¨³ µ¤´Ê ¨§ ´ ¨¡µ²¥¥ ¸¨³³¥É·¨Î´ÒÌ “O’. O  ·¨¸. 2¡ ¶µ± § ´  ¸É·Ê±ÉÊ· 

“O’ (2,2) É¨¶  ¸ÉÊ¶¥´Ó±¨. ‚¨¤´µ, ÎÉµ ¶µ¢µ·µÉ ´  Ê£µ² π ¢µ±·Ê£ µ¸¨ Z, C2 = C2
4 ≡ C4 ·C4,

¨ ¨´¢¥·¸¨Ö, I , Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ ¸¨³³¥É·¨¨ ÔÉµ° “O’. W¸´µ¢´µ° ¢¥±Éµ· É· ´¸²ÖÍ¨¨,
t (| t |= a), ¢¨¤¥´ ¨§ ·¨¸. 2¡. ˆ³¥¥É¸Ö É ±¦¥ Ô²¥³¥´É ¸¨³³¥É·¨¨ (C4 | t/2), ¸µ¸É ¢²¥´´Ò°
¨§ ¶µ¢µ·µÉ  ´  Ê£µ² π/2 ¢µ±·Ê£ µ¸¨ Z ¨ ¸µ¶ÊÉ¸É¢ÊÕÐ¥£µ ¢¥±Éµ·  t/2, ¨ ¶µ¢µ·µÉÒ ¢µ±·Ê£
Î¥ÉÒ·¥Ì µ¸¥° ¢Éµ·µ£µ ¶µ·Ö¤± , ±µÉµ·Ò¥ ¶¥·¶¥´¤¨±Ê²Ö·´Ò µ¸¨ Z. {É¨ µ¸¨ µ¡µ§´ Î¨³
U1, (U2 | t/2), U3 ¨ (U4 | t/2). W¸¨ U1 ¨ U3 ¶ · ²²¥²Ó´Ò µ¸Ö³ X ¨ Y ¤¥± ·Éµ¢µ°
¸¨¸É¥³Ò ±µµ·¤¨´ É, ¸µµÉ¢¥É¸É¢¥´´µ. ‘²¥¤µ¢ É¥²Ó´µ, ¸É·Ê±ÉÊ·  £·Ê¶¶Ò ¸¨³³¥É·¨¨ “O’
(2,2) ¨³¥¥É ¢¨¤

{E, (C4 | t/2), C2
4 , (C3

4 | t/2)} ⊗ {E, U1, (U2 | t/2), U3, (U4 | t/2)}⊗

⊗{E, I} ⊗ {E, t, . . . , tk, . . .}; (2)

§¤¥¸Ó E Å Éµ¦¤¥¸É¢¥´´Ò° Ô²¥³¥´É, ⊗ Å µ§´ Î ¥É ¶·Ö³µ¥ ¶·µ¨§¢¥¤¥´¨¥ £·Ê¶¶, Ô²¥³¥´É
É· ´¸²ÖÍ¨¨ tk ≡ t · t · . . . · t = kt. ‡ ³¥É¨³, ÎÉµ ¶µ¢µ·µÉ´Ò¥ Ô²¥³¥´ÉÒ ¸¨³³¥É·¨¨ ¸µ¸É -
¢²ÖÕÉ ÉµÎ¥Î´ÊÕ £·Ê¶¶Ê D4h [3], ¶µÔÉµ³Ê µ¡µ§´ Î¨³ £·Ê¶¶Ê ¸¨³³¥É·¨¨ “O’ (2,2) ± ±
D2

4h. ’ ±¨³ µ¡· §µ³, £·Ê¶¶µ° ¸¨³³¥É·¨¨ ²Õ¡µ° Î¥É´µ° “O’ É¨¶  ¸ÉÊ¶¥´Ó±¨, (2n, 2n),
n = 1, 2, 3, ..., Ö¢²Ö¥É¸Ö £·Ê¶¶  D2

4nh:

{E, (C4n | t/2), C2
4n, . . . , (C4n−1

4n | t/2)} ⊗ {E, U1, (U2 | t/2), . . . , (U4n | t/2)}⊗
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⊗{E, I} ⊗ {E, t, . . . , tk, . . .}; (3)

§¤¥¸Ó C4n Ö¢²Ö¥É¸Ö ¶µ¢µ·µÉµ³ ´  Ê£µ²
π
2n ¢µ±·Ê£ µ¸¨ Z.

�´ ²µ£¨Î´Ò°  ´ ²¨§ ¤²Ö ´¥Î¥É´µ° “O’ É¨¶  ¸ÉÊ¶¥´Ó±¨, (2n + 1, 2n + 1), ¤ ¥É ¸²¥-
¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê £·Ê¶¶Ò:

{E, (C2(2n+1) | t/2), C2
2(2n+1), . . . , (C4n+1

2(2n+1) | t/2)}⊗

⊗{E, U1, (U2 | t/2), . . . , (U2(2n+1) | t/2)}⊗

⊗{E, (I | t/2)} ⊗ {E, t, . . . , tk, . . .}. (4)

WÉ³¥É¨³, ÎÉµ ¢ µÉ²¨Î¨¥ µÉ (3) ¨´¢¥·¸¨Ö ¢ (4) ¸µ¤¥·¦¨É ¸µ¶ÊÉ¸É¢ÊÕÐ¨° Ô²¥³¥´É É· ´¸²Ö-
Í¨¨ t/2, ¶µÔÉµ³Ê µ¡µ§´ Î¨³ ¤ ´´ÊÕ £·Ê¶¶Ê ± ± D1

2(2n+1)h.

„ ²¥¥ · ¸¸³µÉ·¨³ “O’ É¨¶  §¨£§ £, (n, 0). �´ ²¨§ ¸É·Ê±ÉÊ·Ò ¶·¨¢µ¤¨É ± £·Ê¶¶ ³,
±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¨§µ³µ·Ë´Ò³¨ £·Ê¶¶ ³ D1

2(2n+1)h ¨ D2
2(2n)h, µ¤´ ±µ ¢ ¤ ´´µ³ ¸²ÊÎ ¥

µ¸´µ¢´µ° ¢¥±Éµ· É· ´¸²ÖÍ¨¨ · ¢¥´
√

3 t, a ¸µ¶ÊÉ¸É¢ÊÕÐ¨° ¢¥±Éµ· ¤²Ö ¶µ¢µ·µÉ´ÒÌ Ô²¥-
³¥´Éµ¢ ¸¨³³¥É·¨¨ (¨ ¨´¢¥·¸¨¨) · ¢¥´

√
3
2 t. ˆ§-§  · §²¨Î¨Ö ¢ É· ´¸²ÖÍ¨µ´´µ° ¸¨³³¥É·¨¨

µ¡µ§´ Î¨³ ÔÉ¨ £·Ê¶¶Ò ¸¨³³¥É·¨¨ D3
2(2n+1)h ¨ D

4
2(2n)h, ¸µµÉ¢¥É¸É¢¥´´µ.

„ ²¥¥ · ¸¸³µÉ·¨³ ¸¨³³¥É·¨Õ “O’ (n,m) µ¡Ð¥£µ É¨¶ , £¤¥ n > m ¨ m �= 0,   Ê£µ²
¸¶¨· ²Ó´µ¸É¨ Ψ (¸³. ·¨¸. 1) · ¢¥´

Ψ = arctan

(
m
√

3
m + 2n

)
. (5)

’ ± ± ± ¨´¢¥·¸¨Ö ³¥´Ö¥É Ê£µ² ¸¶¨· ²Ó´µ¸É¨ ´  ¶·µÉ¨¢µ¶µ²µ¦´Ò°, µ´  ´¥ Ö¢²Ö¥É¸Ö Ô²¥-
³¥´Éµ³ ¸¨³³¥É·¨¨ “O’ µ¡Ð¥£µ É¨¶ . ‡ ³¥É¨³ §¤¥¸Ó, ÎÉµ ¤²Ö “O’ É¨¶  ¸ÉÊ¶¥´Ó±¨ (n, n)
Ê£µ² ¸¶¨· ²Ó´µ¸É¨ Ψ = π/6,   É·Ê¡±  µ¡² ¤ ¥É ¸¨³³¥É·¨¥° ¶µ µÉ´µÏ¥´¨Õ ± ¨´¢¥·¸¨¨ ¢
·¥§Ê²ÓÉ É¥ Éµ£µ, ÎÉµ Ê£µ² ³¥¦¤Ê ¡ §¨¸´Ò³¨ ¢¥±Éµ· ³¨ a1 ¨ a2 · ¢¥´ π/3.

„²Ö “O’ (4,2) (¸³. ·¨¸. 2a) ¨³¥ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ô²¥³¥´ÉÒ ¸¨³³¥É·¨¨:

{E, (C28 | τ ), (C28 | τ )2, . . . , (C28 | τ )27} ⊗ {E, U1, (U2 | τ ), . . . , (U28 | τ 27)}⊗

⊗{E, t, . . . , tk, . . .}, (6)

§¤¥¸Ó (C28 | τ ) Å Ö¢²Ö¥É¸Ö µ¡· §ÊÕÐ¨³ Ô²¥³¥´Éµ³ Í¨±²¨Î¥¸±µ° £·Ê¶¶Ò ¶µ·Ö¤±  28, τ Å
Ö¢²Ö¥É¸Ö ¸µ¶ÊÉ¸É¢ÊÕÐ¨³ ¢¥±Éµ·µ³ É· ´¸²ÖÍ¨¨, | τ |= a

√
27/28,   t Å µ¸´µ¢´µ° ¢¥±Éµ·

É· ´¸²ÖÍ¨¨. ‚ ¡ §¨¸¥ ¢¥±Éµ·µ¢ {a1, a2} ÔÉµÉ ¢¥±Éµ· § ¶¨¸Ò¢ ¥É¸Ö ± ± t = (n′,m′) =
= (4, −5). –¥²Ò¥ Î¨¸²  n′ ¨ m′ Ö¢²ÖÕÉ¸Ö ´ ¨³¥´ÓÏ¨³¨ ¶µ ³µ¤Ê²Õ Í¥²Ò³¨ Î¨¸² ³¨,
±µÉµ·Ò¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ

n′(2n + m) + m′(n + 2m) = 0. (7)

ˆ§ Ëµ·³Ê²Ò (7) ¸²¥¤Ê¥É, ÎÉµ Í¥²Ò¥ Î¨¸²  n′ ¨ m′ ¨³¥ÕÉ · §´Ò¥ §´ ±¨ ¨ ÎÉµ ¢¸¥£¤ 
¨³¥¥É¸Ö µÎ¥¢¨¤´µ¥ ·¥Ï¥´¨¥, n′ = (n+2m) ¨m′ = −(2n+m), ±µÉµ·µ¥ ¨ ¡Ê¤¥É É·¥¡Ê¥³Ò³
·¥Ï¥´¨¥³, ¥¸²¨ Î¨¸²  (n + 2m) ¨ (2n + m) ´¥ ¨³¥ÕÉ µ¡Ð¨Ì ³´µ¦¨É¥²¥°. zµ¢µ·µÉ´Ò¥
Ô²¥³¥´ÉÒ ¸¨³³¥É·¨¨ (6) ´ ¶µ³¨´ ÕÉ ÉµÎ¥Î´Ò¥ £·Ê¶¶Ò Dn, ±µÉµ·Ò¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢
É¥µ·¨¨ ¸¨³³¥É·¨¨ É·¥Ì³¥·´ÒÌ ±·¨¸É ²²µ¢ [3], ¶µÔÉµ³Ê £·Ê¶¶Ê ¸¨³³¥É·¨¨ “O’ (4,2)
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³µ¦´µ µ¡µ§´ Î¨ÉÓ ± ± D4,−5
28 . ‡¤¥¸Ó ´¨¦´¨° ¨´¤¥±¸ Ê± §Ò¢ ¥É ´  ¶µ·Ö¤µ± Í¨±²¨Î¥¸±µ°

¶µ¤£·Ê¶¶Ò,   ¸²µ¦´Ò° ¢¥·Ì´¨° ¨´¤¥±¸ µ¶·¥¤¥²Ö¥É µ¸´µ¢´µ° ¢¥±Éµ· É· ´¸²ÖÍ¨¨ (¢ ¡ §¨¸¥
{a1, a2}) ¢¤µ²Ó µ¸¨ Z.

“O’ (n,m), n > m ¨ m �= 0, ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ Ô²¥³¥´ÉÒ ¸¨³³¥É·¨¨:

{E, (CN | τ ), (CN | τ )2, . . . , (CN | τ )N−1} ⊗ {E, U1, (U2 | τ ), . . . , (UN | τN−1)}⊗

⊗{E, t, . . . , tk, . . .}, (8)

zµ·Ö¤µ± Í¨±²¨Î¥¸±µ° ¶µ¤£·Ê¶¶Ò ¢ (8) · ¢¥´ N , ¥¸²¨ N Å Í¥²µ¥ Î¨¸²µ, N = 2(n2+m2+
+nm)/(n−m), | τ |= a(n+m)

√
3

2N(n−m) , t = (n′,m′) Å µ¸´µ¢´µ° ¢¥±Éµ· É· ´¸²ÖÍ¨¨,

  ´ ¨³¥´ÓÏ¨¥ ¶µ ³µ¤Ê²Õ Í¥²Ò¥ Î¨¸²  n′ ¨ m′ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ (7). ‘¨³¢µ²

ÔÉµ° £·Ê¶¶Ò ³µ¦´µ § ¶¨¸ ÉÓ ± ± Dn′,m′

N .
‘Ëµ·³Ê²¨·Ê¥³ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ. O  µ¸´µ¢¥  ´ ²¨§  ¸É·Ê±ÉÊ·Ò “O’ ¶·¥¤²µ-

¦¥´Ò £·Ê¶¶Ò ¸¨³³¥É·¨¨ ÔÉ¨Ì µ¡Ñ¥±Éµ¢. zµ¢µ·µÉ´Ò¥ Ô²¥³¥´ÉÒ ¸¨³³¥É·¨¨ “O’ ¶µÌµ¦¨
´  Ô²¥³¥´ÉÒ ÉµÎ¥Î´ÒÌ £·Ê¶¶ Dn ¨ Dnh, ±µÉµ·Ò¥ Ìµ·µÏµ ¨§¢¥¸É´Ò ¢ É¥µ·¨¨ ¸¨³³¥É·¨¨
É·¥Ì³¥·´ÒÌ ±·¨¸É ²²µ¢ [3]. W¤´ ±µ ¢ µÉ²¨Î¨¥ µÉ ±·¨¸É ²²µ¢, É· ´¸²ÖÍ¨µ´´ Ö ¸¨³³¥-
É·¨Ö “O’ Ö¢²Ö¥É¸Ö µ¤´µ³¥·´µ°. “O’ (n, 0) µ¶¨¸Ò¢ ÕÉ¸Ö £·Ê¶¶ ³¨ ¸¨³³¥É·¨¨ D1

2nh ¨²¨
D2

2nh,   “O’ (n, n) Å D3
2nh ¨²¨ D

4
2nh, ¤²Ö ´¥Î¥É´µ£µ ¨ Î¥É´µ£µ n, ¸µµÉ¢¥É¸É¢¥´´µ. “O’

µ¡Ð¥£µ É¨¶  (n,m), n > m ¨ m �= 0, µ¶¨¸Ò¢ ÕÉ¸Ö £·Ê¶¶ ³¨ ¸¨³³¥É·¨¨ Dn′,m′

N , ¥¸²¨
N Å Í¥²µ¥ Î¨¸²µ, N = 2(n2+m2 +nm)/(n−m),   ´ ¨³¥´ÓÏ¨¥ ¶µ ³µ¤Ê²Õ Í¥²Ò¥ Î¨¸² 
n′ ¨ m′ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ n′(2n + m) + m′(n + 2m) = 0 ¨ µ¶·¥¤¥²ÖÕÉ µ¸´µ¢´µ°
¢¥±Éµ· É· ´¸²ÖÍ¨¨ ¢¤µ²Ó µ¸¨ É·Ê¡±¨, t = (n′,m′).

N ¡µÉ  ¢Ò¶µ²´¥´  ¢ · ³± Ì ¶·µ£· ³³Ò ®”Ê²²¥·¥´Ò ¨  Éµ³´Ò¥ ±² ¸É¥·Ò¯, £· ´É
º 20002.
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