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THE EULER BOUND STATES: 8D QUANTUM
OSCILLATOR

Kh.H.Karayan, L. G.Mardoyan, V.M. Ter-Antonyan

International Centre for Advanced Studies, Yerevan State University, Armenia

The problem of eight-dimensional oscillator in the Euler coordinates is analyzed. The spherical
and cylindrical bases are constructed, two representations for the coefˇcients of spherical-cylindrical
and cylindrical-spherical interbasis expansion are proved, and the three-term recurrence relations
generating a spheroidal basis for the eight-dimensional oscillator are established.

INTRODUCTION

It is known [1, 2] that the Hurwitz transformation [3] connects two funda-
mental problems of quantum mechanics: the eight-dimensional isotropic oscillator
problem with the ˇve-dimensional Coulomb problem.

The Hurwitz transformation can be written in the following form:

x0 = u2
0 + u

2
1 + u

2
2 + u

2
3 − u2

4 − u2
5 − u2

6 − u2
7,

x1 + ix2 = 2(u0 − iu1)(u4 + iu5)− 2(u2 + iu3)(u6 − iu7), (1)

x3 + ix4 = 2(u0 − iu1)(u6 + iu7) + 2(u2 + iu3)(u4 − iu5).

Here uµ (µ = 0, 1, ..., 7) are the coordinates of the space IR8(u); and xi (i =
0, 1, ..., 4), of the space IR5(x). It is easily seen from (1) that the following
equality holds:

u4 =
(
u2

0 + u
2
1 + . . .+ u

2
7

)2
= x2

0 + x
2
1 + . . .+ x

2
4 = r2, (2)

which is called the Euler identity. According to [1], the connection of the Laplace
operators in the spaces IR8 and IR5 has the form

∆8 = 4r∆5 −
4
r
Ĵ2, (3)
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where Ĵ2 = Ĵ2
1 + Ĵ2

2 + Ĵ2
3 , and

Ĵ1 =
i

2

(
u1
∂

∂u0
− u0

∂

∂u1
+ u3

∂

∂u2
− u2

∂

∂u3
+

+ u5
∂

∂u4
− u4

∂

∂u5
+ u7

∂

∂u6
− u6

∂

∂u7

)
,

Ĵ2 =
i

2

(
u2
∂

∂u0
− u3

∂

∂u1
− u0

∂

∂u2
+ u1

∂

∂u3
−

− u6
∂

∂u4
+ u7

∂

∂u5
+ u4

∂

∂u6
− u5

∂

∂u7

)
,

Ĵ3 =
i

2

(
u3
∂

∂u0
+ u2

∂

∂u1
− u1

∂

∂u2
− u0

∂

∂u3
−

− u7
∂

∂u4
− u6

∂

∂u5
+ u5

∂

∂u6
+ u4

∂

∂u7

)
.

Using the explicit form of the operators one can prove by a direct calculation that
the operators Ĵ1, Ĵ2, and Ĵ3 satisfy the commutation relations[

Ĵa, Ĵb

]
= iεabcĴc,

where a, b, and c are equal to 1, 2, and 3, respectively.
Now connect the eight-dimensional problem of isotropic oscillator(

− �
2

2µ0

∂2

∂u2
µ

+
µ0ω

2u2

2

)
ψ(u) = Eψ(u), (4)

E = �ω (N + 4) , N = 0, 1, 2, ..., (5)

where N is the principal quantum number, with the ˇve-dimensional Coulomb
problem. Substituting (3) into (4) and assuming that

Ĵaψ(u) = 0,

we arrive at the equation for the ˇve-dimensional Coulomb problem(
− �

2

2µ0

∂2

∂x2
j

− e
2

r

)
ψ(x) = εψ(x), (6)

where ε = −µ0ω
2/8 and 4e2 = E. Moreover, it follows from (1) that ψ(x) is

the even function of variables u

ψ (x(−u)) = ψ (x(u)) .
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Therefore, any solution of (6), ψ(x) can be expanded over a complete system of
even solutions ψNα(u) (α is the remaining quantum numbers) of equation (4),
i. e.,

ψn(x) =
∑

α

CnαψN (u),

where

N = 2n. (7)

One can easily be convinced that n coincides with the principal quantum
number of the ˇve-dimensional Coulomb problem. Indeed, substituting the rela-
tion E = 4e2 and (7) into (5), we get

ωn =
2e2

�(n+ 2)
. (8)

Thus, in our case, the oscillator energy is ˇxed and frequency ω is quantized.
Now substituting (8) into the condition ε = −µ0ω

2/8 we arrive at the expression

εn = − µ0e
4

2�2(n+ 2)2
, (9)

which determines the energy spectrum of the ˇve-dimensional Coulomb prob-
lem [4].

1. SPHERICAL BOUND STATES

Determine the Euler eight-dimensional spherical coordinates as follows:

u0 + iu1 = u cos
θ

2
sin
βT

2
e−i((αT −γT )/2),

u2 + iu3 = u cos
θ

2
cos
βT

2
ei((αT +γT )/2),

u4 + iu5 = u sin
θ

2
sin
βK

2
ei((αK−γK)/2),

u6 + iu7 = u sin
θ

2
cos
βK

2
e−i((αK+γK)/2),

(10)

where 0 ≤ u < ∞, 0 ≤ θ ≤ π. In these coordinates, the differential elements of
length and volume, and Laplace operator have the form

dl28 = du2 +
u2

4

(
dθ2 + cos2

θ

2
dl2T + sin2 θ

2
dl2K

)
,

dV8 = u7 sin3 θdudθdΩT dΩK ,
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∆8 =
1
u7

∂

∂u

(
u7 ∂

∂u

)
+

4
u2 sin3 θ

∂

∂θ

(
sin3 θ

∂

∂θ

)
−

− 4
u2 cos2 θ/2

T̂ 2 − 4
u2 sin2 θ/2

K̂2,

where

dl2a = dαa
2 + dβa

2 + dγa
2 + 2 cosβadαadγa, dΩa =

1
8
sinβadβadαadγa,

T̂ 2 = −
[
∂2

∂β2
T

+ cotβT
∂

∂βT
+

1
sin2 βT

(
∂2

∂αT
2
− 2 cosβT

∂2

∂αT∂γT
+
∂2

∂γT
2

)]

and a = T, K , and the operator K̂2 can be derived from the operator T̂ 2 by the
substitution of (αT , βT , γT ) by (αK , βK , γK).

In the coordinates (10), to the scheme of separation of variables for the
eight-dimensional oscillator

V =
µ0ω

2u2

2

there corresponds the following factorization

Ψsph = R(u)Z(θ)DT
tt′(αT , βT , γK)DK

kk′ (αK , βK , γK),

where Dj
mm′ D are the Wigner functions. Taking into account that

T̂ 2DT
tt′(αT , βT , γK) = T (T + 1)DT

tt′(αT , βT , γK),

K̂2DK
kk′ (αK , βK , γK) = K(K + 1)DK

kk′(αK , βK , γK),

we arrive at the following pair of differential equations[
1

sin3 θ

d

dθ

(
sin3 θ

d

dθ

)
− T (T + 1)

cos2 θ/2
− K(K + 1)

sin2 θ/2
+ λ(λ + 3)

]
Z(θ) = 0, (11)

[
1
u7

d

du

(
u7 d

du

)
− 4λ(λ+ 3)

u2
+

2µ0E

�2
− a4u2

]
R(u) = 0, (12)

where a = (µ0ω�)1/2 and the λ(λ+3) non-negative constant of separation is the
eigenvalue of the operator

Λ̂2 = − 1
sin3 θ

∂

∂θ

(
sin3 θ

∂

∂θ

)
+

1
cos2 θ/2

T̂ 2 +
1

sin2 θ/2
K̂2. (13)
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First, let us consider equation (11). Passing in it to a new variable y =
(1− cos θ)/2 we look for a solution in the following form

Z(y) = yK (1− y)T W (y).

Substituting the last relation into (11) we arrive at the hypergeometric equation

y(1− y)d
2W

dy2
+ [γ − (α+ β + 1)y]

dW

dy
− αβW = 0

with α = −λ+K + T , β = λ+K + T + 3, 2K + 2. Thus, we ˇnd that

ZλKT (θ) = (1− cos θ)K (1 + cos θ)T ×

× 2F 1

(
−λ+K + T, λ+K + T + 3; 2K + 2;

1− cos θ
2

)
.

This solution has a good behaviour at θ = π if the series 2F 1 is ˇnite, i. e.,

−λ+K + T = −nθ = 0,−1,−2, . . .

Now using the formula

2F 1

(
−n, n+ a+ b+ 1; a+ 1;

1− y
2

)
=
n!Γ(a+ 1)
Γ(n+ a+ 1)

P (a,b)
n (y),

where P (a,b)
n (y) are the Jacobi polynomials, and taking account of the integral

∫ 1

−1

(1− y)a(1 + y)bP (a,b)
n (y)P (a,b)

n′ (y)dy =

=
2a+b+1

2n+ a+ b+ 1
Γ(n+ a+ 1)Γ(n+ b+ 1)
n!Γ(n+ a+ b+ 1)

δnn′ ,

normalized by the condition

1
16

∫ π

0

ZλKT (θ)Zλ′KT (θ) sin3 θdθ = δλλ′ ,

one can write the function ZλKT (θ) in the form

ZλKT (θ) =

√
2(2λ+ 3)(λ−K − T )!(λ+K + T + 2)!

(λ+K − T + 1)!(λ−K + T + 1)!
×

×
(
sin
θ

2

)2K (
cos
θ

2

)2T

P
(2K+1,2T+1)
λ−K−T (cos θ). (14)
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Now we return to the radial equation. Upon substituting into (12)

R(u) = u2λ e−a2u2/2 f(u)

for the function f(u) we derive the equation for the degenerate hypergeometric
function

z
d2f

dz2
+ (γ − z)df

dz
− αf = 0, (15)

where z = a2u2, α = λ + 2 − E/2�ω, and γ = 2λ + 4, i. e., the function R(u)
has the form

R(u) = u2λ e−a2u2/2 F

(
λ+ 2− E

2�ω
; 2λ+ 4; a2u2

)
.

This solution has a good behaviour as u → ∞ if the degenerate hypergeometric
function is ˇnite, i. e.,

λ+ 2− E

2�ω
= −nu = 0,−1,−2, . . .

Hence it follows that

E = �ω(N + 4), (16)

where N = 2(nu + λ). The solution of the radial equation (12) normalized by
the condition

∞∫
0

u7RNλ(u)RN ′λ(u)du = δNN ′

has the form

RNλ(u) = a4
√

2(N/2 + λ+ 3)!
(N/2− λ)!

(au)2λ

(2λ+ 3)!
×

× e−a2u2/2 F

(
−N

2
+ λ; 2λ+ 4; a2u2

)
. (17)

The total wave function can be written as

Ψsph =

√
(2K + 1)(2T + 1)

4π4
×

×RNλ(u)ZλKT (θ)DT
tt′ (αT , βT , γK)DK

kk′ (αK , βK , γK). (18)
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It is normalized by the condition∫
|Ψsph|2 dV8 = 1.

When calculating the total normalization factor we have used the formula [5]∫
Dj2∗

m2m′
2
(α, β, γ)Dj1

m1m′
1
(α, β, γ) dΩ =

16π2

2j1 + 1
δj1j2 δm1m2 δm′1m′2 .

Thus, it can be stated that the spherical wave functions (18) are eigenfunctions of

the following operators
{
Ĥ, Λ̂2, T̂ 2, K̂2, T̂3, T̂3′ , K̂3, K̂3′

}
, where T̂3′ = ∂/∂γT ,

K̂3′ = ∂/∂γK , and µ, ν = 0, 1, . . . , 7.
The following equation takes place:

Λ̂2 Ψsph = λ(λ+ 3)Ψsph. (19)

In the Cartesian coordinates the operator Λ̂2 has the form

Λ̂2 = −u
2

4
∆8 +

1
4
uµuν

∂2

∂uµ∂uν
+

7
4
uµ

∂

∂uµ
. (20)

2. THE 8D CYLINDRICAL BOUND STATES

Let us determine the eight-dimensional cylindrical coordinates as follows:

u0 + iu1 = ρ1 sin
βT

2
e−i((αT −γT )/2),

u2 + iu3 = ρ1 cos
βT

2
ei((αT +γT )/2),

u4 + iu5 = ρ2 sin
βK

2
ei((αK−γK)/2),

u6 + iu7 = ρ2 cos
βK

2
e−i((αK+γK)/2),

(21)

where 0 ≤ ρ1, ρ2 < ∞. In these coordinates, the potential, differential elements
of the length, volume and Laplace operator have the form

V =
µ0ω

2

2
(
ρ21 + ρ

2
2

)
,

dl28 = dρ21 + dρ
2
2 +

ρ21
4
dl2T +

ρ22
4
dl2K , dV8 = ρ31ρ

3
2dρ1dρ2dΩTdΩK ,

∆8 =
1
ρ31

∂

∂ρ1

(
ρ31
∂

∂ρ1

)
+

1
ρ32

∂

∂ρ2

(
ρ32
∂

∂ρ2

)
− 4
ρ21
T̂ 2 − 4

ρ22
K̂2.
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After the substitution

Ψcyl = f1(ρ1)f2(ρ2)DT
tt′(αT , βT , γK)DK

kk′ (αK , βK , γK) (22)

the variables in the Schréodinger equation for the eight-dimensional oscillator
separated and we arrive at the following system of differential equations

x1
d2f1
dx2

1

+ 2
df1
dx1

−
[
T (T + 1)
x1

+
x1

4
− E1

2�ω

]
f1 = 0,

(23)

x2
d2f2
dx2

2

+ 2
df2
dx2

−
[
K(K + 1)
x2

+
x2

4
− E2

2�ω

]
f2 = 0,

where xi = a2ρ2i , a = (µ0ω/�)
1/2, and E1 + E2 = E. Solutions to Eq. (23) are

sought for in the form

fi(xi) = e−xi/2 xji

i W (xi),

where j1 = T , and j2 = K . Then, for W (xi) we derive an equation for the
degenerate hypergeometric function (15) with α = ji+1−E/2�ω and γ = 2ji+2.
Further, introducing cylindrical quantum numbers

N1 = −T − 1 +
E1

2�ω
, N2 = −K − 1 +

E2

2�ω
, (24)

which are related to the principal quantum number N as follows:

N = 2N1 + 2N2 + 2T + 2K, (25)

normalized by the condition∫
|Ψcyl|2 dV = 1,

the cylindrical basis of the eight-dimensional isotropic oscillator can be written as

Ψcyl =

√
(2T + 1)(2K + 1)

4π4
×

× fN1T (ρ1)fN2K(ρ2)DT
tt′(αT , βT , γK)DK

kk′ (αK , βK , γK), (26)

where

fNiji(ρi) =
a2

(2ji + 1)!

√
2(Ni + 2ji + 1)!

(Ni)!
×

× (aρi)
2ji e−a2ρ2

i /2F
(
−Ni; 2ji + 2; a2ρ2i

)
. (27)
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The cylindrical wave functions (26) are the eigenfunctions of both the oper-

ators
{
Ĥ, T̂ 2, K̂2, T̂3, T̂3′ , K̂3, K̂3′

}
and

P̂ =
�

2µ0ω

(
− ∂

2

∂u2
0

− ∂2

∂u2
1

− ∂2

∂u2
2

− ∂2

∂u2
3

+
∂2

∂u2
4

+
∂2

∂u2
5

+
∂2

∂u2
6

+
∂2

∂u2
7

)
+

+
µ0ω

2�

(
u2

0 + u
2
1 + u

2
2 + u

2
3 − u2

4 − u2
5 − u2

6 − u2
7

)
, (28)

in this case

P̂ Ψcyl = (2N1 − 2N2 + 2T − 2K)Ψcyl. (29)

3. CONNECTION BETWEEN HYPERSPHERICAL AND
CYLINDRICAL BASES

At ˇxed energy values we write down the cylindrical bound states (26) as a
coherent quantum mixture of hyperspherical bound states

Ψcyl =
N/2∑

λ=K+T

Wλ
NN1KTΨ

sph. (30)

Our goal is the derivation of an explicit form of the coefˇcients Wλ
NN1KT . First,

we should like to note that from the comparison of (10) with (21) we have

ρ1 = u cos
θ

2
, ρ2 = u sin

θ

2
. (31)

In relation (30), according to (31), we pass from the cylindrical coordinates to
hyperspherical ones. Then, substituting θ = 0, taking account of

P (α,β)
n (1) =

(α+ 1)n
n!

,

and using the orthogonality condition for radial wave functions in hypermomen-
tum [6]

∞∫
0

RNλ′(u)RNλ(u)du =
a2

2λ+ 3
δλ,λ′ ,

we obtain the following integral representation for the coefˇcients Wλ
NN1KT

Wλ
NN1KT =

√
(2λ+ 3)(λ−K − T )!
(2λ+ 3)!(2T + 1)!

AλKT
NN1N2

BNN1
λKT . (32)



THE EULER BOUND STATES: 8D QUANTUM OSCILLATOR 211

Here

AλKT
NN1N2

=

=



(λ−K + T + 1)!(N1+ 2T + 1)!(N2+ 2K + 1)!

(
N

2
+ λ+ 3

)
!

(N1)!(N2)!(λ +K − T + 1)!(λ+K + T + 2)!
(
N

2
− λ
)




1/2

, (33)

BNN1
λKT =

∞∫
0

xλ+K+T+2 e−x F (−N1; 2T + 2;x)×

× F
(
−N

2
− λ; 2λ+ 4;x

)
dx, (34)

where x = a2u2. Further, in (34) writing down the degenerate hypergeometric
function F (−N1; 2T + 2;x) as a polynomial, integrating by the formula [7]

∞∫
0

e−λxxνF (α, γ; kx) dx =
Γ(ν + 1)
λν+1 2F 1

(
α, ν + 1, γ;

k

λ

)

and taking account of the relation

2F 1 (a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

we derive

BNN1
λKT =

(2λ+ 3)!(λ+K + T + 2)!(N/2−K − T )!
(λ−K − T )!(N/2 + λ+ 3)!

×

× 3F 2

{
−N1,−λ+K + T, λ+K + T + 2
2T + 2,−N/2 +K + T

∣∣∣∣1
}
. (35)

Now turning to the integral representation (34) and taking into account (32) and
(33), for Wλ

NN1KT we derive the expression

Wλ
NN1KT =

=
[

(λ−K + T + 1)!(λ+K + T + 2)!(N1 + 2T + 1)!(N2 + 2K + 1)!
(N1)!(N2)!(λ −K − T )!(λ+K − T + 1)!(N/2− λ)!(N/2 + λ+ 3)!

]1/2

×

×
√
2λ+ 3

(N/2−K − T )!
(2T + 1)!

×

× 3F2

{
−N1,−λ+K + T, λ+K + T + 2
2T + 2,−N/2 +K + T

∣∣∣∣1
}
. (36)
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It is known that the ClebschÄGordan coefˇcients can be written as [8]

Ccγ
aα;bβ =

[
(2c+ 1)(b− a+ c)!(a+ α)!(b + β)!(c+ γ)!

(b− β)!(c − γ)!(a+ b− c)!(a− b+ c)!(a+ b+ c+ 1)!

]1/2

×

× δγ,α+β
(−1)a−α√
(a− α)!

(a+ b− γ)!
(b− a+ γ)!3F 2

{
−a+ α, c+ γ + 1,−c+ γ
γ − a− b, b− a+ γ + 1

∣∣∣∣1
}
. (37)

Finally, comparing (36) and (37), we arrive at the following representation:

Wλ
NN1KT = (−1)N1 ×

× Cλ+1, K+T+1
(N1+N2+2K+1)/2, (N2−N1+2K+1)/2; (N1+N2+2T+1)/2, (N1−N2+2T+1)/2. (38)

The inverse representation has the form

Ψsph =
N/2−K−T∑

N1=0

W̃N1
NλKT Ψcyl. (39)

The expansion coefˇcients in (39) are given by the expression

W̃N1
NλKT = (−1)N1 ×

×Cλ+1, K+T+1
(N−2T+2K+2)/4,(N−2T+2K+2)/4−N1;(N+2T−2K+2)/4,N1+2T−(N+2T−2K−2)/4.

(40)

4. SPHEROIDAL BASIS OF THE 8D OSCILLATOR

Let us determine the eight-dimensional spheroidal coordinates as follows:

u0 + iu1 =
d

2

√
(ξ + 1)(1 + η) sin

βT

2
e−i(αT −γT )/2,

u2 + iu3 =
d

2

√
(ξ + 1)(1 + η) cos

βT

2
ei(αT +γT )/2,

u4 + iu5 =
d

2

√
(ξ − 1)(1− η) sin βK

2
ei(αK−γK)/2,

u6 + iu7 =
d

2

√
(ξ − 1)(1− η) cos βK

2
e−i(αK+γK)/2,

(41)

where ξ ∈ [1,∞), η ∈ [−1, 1], and d is the interfocus distance.
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In the spheroidal system of coordinates the oscillator potential has the form

V =
µ0d

2ω2

2
(ξ + η).

In the coordinates (41), the differential elements of the length, volume and Laplace
operator are written in the following form:

dl28 =
d2

8
(ξ − η)

(
dξ2

ξ2 − 1
+

dη2

1− η2

)
+

+
d2

16
(ξ + 1)(1 + η)dl2T +

d2

16
(ξ − 1)(1− η)dl2K ,

dV8 =
d8

512
(ξ − η)(ξ2 − 1)(1− η2) dξ dη dΩT dΩK ,

∆8 =
8

d2(ξ − η)

[
1

ξ2 − 1
∂

∂ξ

(
ξ2 − 1

)2 ∂
∂ξ

+
1

1− η2
∂

∂η

(
1− η2

)2 ∂
∂η

]
−

− 16T̂ 2

d2(ξ + 1)(1 + η)
− 16K̂2

d2(ξ − 1)(1 − η) .

After the substitution

Ψspheroidal = f1(ξ)f2(η)DT
tt′(αT , βT , γK)DK

kk′ (αK , βK , γK)

the variables in the Schréodinger equation separated and we arrive at the following
equations:[

1
ξ2 − 1

d

dξ

(
ξ2 − 1

)2 d
dξ

+
2T (T + 1)
ξ + 1

− 2K(K + 1)
ξ − 1

+

+
µ0d

2E

4�2
ξ − a

4d4

16
(ξ2 − 1)−X

]
f1 = 0,

[
1

1− η2
d

dη

(
1− η2

)2 d
dη

− 2T (T + 1)
1 + η

− 2K(K + 1)
1− η −

− µ0d
2E

4�2
η − a

4d4

16
(1− η2) +X

]
f2 = 0,

(42)

where X(d) is the separation constant in the spheroidal coordinates. Now, ex-
cluding energy E from the system of equations (42) we obtain the spheroidal
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integral of motion

X̂ = − 1
ξ − η

[
η

ξ2 − 1
∂

∂ξ

(
ξ2 − 1

)2 ∂
∂ξ

+
ξ

1− η2
∂

∂η

(
1− η2

)2 ∂
∂η

]
+

+
2(ξ + η + 1)
(ξ + 1)(1 + η)

T̂ 2 − 2(ξ + η − 1)
(ξ − 1)(1− η) K̂

2 +
a4d4

16
(ξη + 1),

whose eigenvalues are the spheroidal splitting constant X(d) and the eigenvalues,
Ψspheroidal. Writing down the operator X̂ in the Cartesian coordinates we get

X̂ = Λ̂2 +
a2d2

4
P̂. (43)

Thus, we have

X̂Ψspheroidal = Xp(d)Ψspheroidal, (44)

where 0 ≤ p ≤ N/2−T−K−1 numbers the eigenvalues of the operator X̂. Now
construct the spheroidal basis of the 8D oscillator using the following expansions:

Ψspheroidal =
N/2∑

λ=T+K

V λ
NpKT Ψsph, (45)

Ψspheroidal =
N/2−T−K∑

N1=0

UN1
NpKT Ψcyl. (46)

Substituting (45) and (46) into (44), and then using (43) we arrive at the following
algebraic equations:

4�

µ0ωd2
[Xp(d)− λ(λ + 3)] V λ

NpKT =
∑
λ′

V λ′

NpKT

(
P̂
)

λλ′
,

(47)[
Xp(d) −

µ0ωd
2

2�
(N1 −N2 + T −K)

]
UN1

NpKT =
∑
N1

′

UN1
′

NpKT

(
Λ̂2
)

N1N1
′
,

where(
P̂
)

λλ′
=
∫

Ψ∗sph
λ P̂ Ψsph

λ′ dV8,
(
Λ̂2
)

N1N1
′
=
∫

Ψ∗cyl
N1
λ̂2Ψcyl

N1
′dV8.
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Now using expansions (30), (39) and formulae [5]

Ccγ
aα;bβ =−

[
4c2(2c+ 1)(2c− 1)

(c+γ)(c−γ)(b−a+c)(a−b+c)(a+b−c+1)(a+b+c+1)

]1/2

×

×
{[

(c−γ−1)(c+γ−1)(b−a+c−1)(a−b+c−1)(a+b−c+2)(a+b+c)
4(c− 1)2(2c− 3)(2c− 1)

]1/2

×

×Cc−2,γ
aα;bβ − (α− β)c(c− 1)− γa(a+ 1) + γb(b+ 1)

2c(c− 1)
Cc−1,γ

aα;bβ

}
,

[ c(c+ 1)− a(a+ 1)− b(b+ 1)− 2αβ]Cc,γ
a,α;b,β =

=
√
(a+ α)(a − α+ 1)(b − β)(b + β + 1)Cc,γ

a,α−1;b,β+1 +

+
√
(a− α)(a + α+ 1)(b+ β)(b − β + 1)Cc,γ

a,α+1;b,β−1

and with the orthonormalization conditions [5]

∑
α+β=γ

Ccγ
aα;bβC

c′γ′

aα;bβ = δc′cδγ′γ ,

a+b∑
c=|γ|

Ccγ
aα;bβC

cγ
aα′;bβ′ = δαα′δββ′

for the ClebschÄGordan coefˇcients of the group SU(2), for the matrix elements(
P̂
)

λλ′
and

(
λ̂2
)

N1N1
′
we get the expressions

(
P̂
)

λλ′
= Aλ+1δλ′,λ+1 +Bλδλ′,λ +Aλδλ′,λ−1,

(
λ̂2
)

N1N1
′
= CN1+1δN1

′,N1+1 +DN1δN1
′,N1 + CN1δN1

′,N1−1.

(48)

Here

Aλ =−
√
(λ− T −K)(λ+ T +K + 2)×

×
[
(λ+ T −K + 1)(λ− T +K + 1)(2N − 2λ+ 2)(N + 2λ+ 6)

(λ+ 1)2(2λ+ 1)(2λ+ 3)

]1/2

,

Bλ =
(N + 4)(T −K)(T −K + 1)

(λ + 1)(λ+ 2)
,
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CN1 =− 1
2

√
N1(N1+2T+1)(N−2N1−2T+2K+4)(N−2N1−2T−2K+2),

DN1 =N2(N1 + 1)+(N1 + 2T + 1)(N2 + 2K + 2)+(T −K)(T −K − 1)−2.

Substituting expressions (48) into the algebraic equations (47), we derive the
three-term recursion relations V λ

NpKT , U
N1
NpKT

Aλ+1 V
λ+1
NpKT +

{
Bλ − 4�

µ0ωd2
[Xp(d)− λ(λ + 3)]

}
×

× V λ
NpKT +Aλ V

λ−1
NpKT = 0,

CN1+1 U
N1+1
NpKT +

[
DN1 −Xp(d) +

µ0ωd
2

2�
(N1 −N2 + T −K)

]
×

× UN1
NpKT + CN1 U

N1−1
NpKT = 0

(49)

for the expansion coefˇcients V λ
NpKT and UN1

NpKT . The expansion coefˇcients

V λ
NpKT and UN1

NpKT are normalized by the conditions

∑
λ

∣∣V λ
NpKT

∣∣2 = 1,
∑
N1

∣∣∣UN1
NpKT

∣∣∣2 = 1

and in the limits d→ 0 and d→ ∞ turn into

lim
d→0

V λ
NpKT = δpλ, lim

d→∞
V λ

NpKT =Wλ
NN1KT ,

lim
d→0

UN1
NpKT = W̃N1

NλKT , lim
d→∞

UN1
NpKT = δpN1 .
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