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THE EULER BOUND STATES: 8D QUANTUM

OSCILLATOR
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International Centre for Advanced Studies, Yerevan State University, Armenia

The problem of eight-dimensional oscillator in the Euler coordinates is analyzed. The spherical
and cylindrical bases are constructed, two representations for the coefficients of spherical-cylindrical
and cylindrical-spherical interbasis expansion are proved, and the three-term recurrence relations
generating a spheroidal basis for the eight-dimensional oscillator are established.

INTRODUCTION

It is known [1,2] that the Hurwitz transformation [3] connects two funda-
mental problems of quantum mechanics: the eight-dimensional isotropic oscillator
problem with the five-dimensional Coulomb problem.

The Hurwitz transformation can be written in the following form:

Trog = u%—i—u%—i—ug—i—u%—ui—ug—ug—u%,
1 +ize = 2(ug —iu1)(ug + tus) — 2(u2 + dus)(ug — fur), 1)
x3+iry = 2(ug —iu1)(ue + tur) + 2(u2 + dus)(uq — fus).

Here u, (1 = 0,1,...,7) are the coordinates of the space IR®(u); and =; (i =
0,1,...,4), of the space IR®(x). It is easily seen from (1) that the following
equality holds:

2
u4:(ug+u%+...+u$) =xd+ai .. 422 =02 (2)

which is called the Euler identity. According to [1], the connection of the Laplace
operators in the spaces IR® and IR® has the form

As = drAs — 272, A3)
T
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where J2 = J2 + J2 + J2, and

gt <u1i cwe p w2 L0
2 8’(1,0 811,1 811,2 811,3
g = g e g
ou Ous Oug Ouy
Jy = ! <U2i —U?,i —’uoi -Hui -
2 8’(1,0 811,1 811,2 811,3
0 0 0 0
T80 Y ous T M oue au7>
g= L (ugi v OO
2 8u0 8u1 8u2 8u3
0 0 0 0
—U7a ™ uﬁa 5+ 55 6+u48—u7>

Using the explicit form of the operators one can prove by a direct calculation that
the operators J1, JQ, and J3 satisfy the commutation relations

|:ja7 jbi| = Zlgabcjc;
where a, b, and c are equal to 1, 2, and 3, respectively.
Now connect the eight-dimensional problem of isotropic oscillator
B2 92 Low?u?
240 OuZ, 2

) b(w) = Ey(u), 4

E=hw(N+4), N=0,1,2,.., 5)

where IV is the principal quantum number, with the five-dimensional Coulomb
problem. Substituting (3) into (4) and assuming that

Ja(u) =0
we arrive at the equation for the five-dimensional Coulomb problem
R? 92 e?
—_— — — = 6
(22wt .

where € = —jow?/8 and 4e? = E. Moreover, it follows from (1) that 1(x) is
the even function of variables u

¥ (x(—a)) = ¢ (x(w)).
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Therefore, any solution of (6), 1(x) can be expanded over a complete system of
even solutions ¥y, (u) (o is the remaining quantum numbers) of equation (4),
i.e.,

U, (X) = Z Cnosz (u),

where
N = 2n. @)

One can easily be convinced that n coincides with the principal quantum
number of the five-dimensional Coulomb problem. Indeed, substituting the rela-
tion E = 4e? and (7) into (5), we get

2¢e?
= —. 8
Thus, in our case, the oscillator energy is fixed and frequency w is quantized.
Now substituting (8) into the condition € = — uowQ /8 we arrive at the expression
4
Ho€
= 9
5n 2712(71—1— 2)27 ( )

which determines the energy spectrum of the five-dimensional Coulomb prob-
lem [4].

1. SPHERICAL BOUND STATES

Determine the Euler eight-dimensional spherical coordinates as follows:

Ug + 1U1 = U COS 3 sin % e~illar—1)/2),
0 .

Ug + U3 = U COS — COS Pr gillar+71)/2)
P RD) (10)

0 _

u4 + tus = usin = sin % el((aK*VK)/Q),
0 .

Ug + U7 = usin 5 cos % e (lax+7K)/2)

where 0 < u < 00, 0 < 0 < 7. In these coordinates, the differential elements of
length and volume, and Laplace operator have the form

u? 0 0
dif = du® + - (d92 +cos® Sdlf + sin” 5dl%() ,

dVs = u” sin® 0dudfdQrdQ,
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1 0 0 4 0 0
Ag = —— (u"= - - — | —
8= 7 du (“ au) T s 0 00 (Sm ae)
B 4 > 4 R2,
u?cos? 6/2 u?sin® /2

where

1
dl?l =dag? + dﬂaQ + d’ya2 4 2 cos Badagdy,, dQy = 3 sin B,dBadog de,

) 2 P 1 82 82 82
T2 — I w— a. o 2
352 + cot BT 95r + S Gy (5‘aT2 cos O Bordor + B2 )]

and a =T, K, and the operator K? can be derived from the operator 1? by the

substitution of (ar, Br,vr) by (ak, Br, Vi)
In the coordinates (10), to the scheme of separation of variables for the
eight-dimensional oscillator

owu

How u”
V= 2

there corresponds the following factorization

\Ijsph - R(U)Z(H)Dg/(aTa 5Ta ’yK)Dli(k’ (aKv ﬂKa ’yK)a

where Dﬁnm, D are the Wigner functions. Taking into account that
TQDg/(aTaﬂTa’yK) = T(T+ 1)Dtt/(aTa5Ta’yK)
KQDI?]C’(O‘KaﬂKa’yK) = K(K+1)D1€(Ic’(aKa5K77K)v

we arrive at the following pair of differential equations

[ 1 i( 39i>_T(T+1)_K(K+1)
sin® 4 do cos?0/2 sin? 0/2

T +>\(>\+3)] Z(0) =0, (11)

[1 d(7i>_4/\(/\+3)+2u0E

—— —a'u? = 12
u du \" du u? h? au]R(u) 0 (12)

where a = (piow/)'/? and the A(\+ 3) non-negative constant of separation is the
eigenvalue of the operator

" 1 9 0 1 . 1 .
A= ——— — — 717 K2 1
sin® @ 00 (sm 939) T cos? /2 * sin? /2 (13)
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First, let us consider equation (11). Passing in it to a new variable y =
(1 — cosf)/2 we look for a solution in the following form

Z(y) =y" (1 —y)" W(y).
Substituting the last relation into (11) we arrive at the hypergeometric equation
EW
dy?
witha=-AN+K+T,8= N+ K+ T+ 3, 2K + 2. Thus, we find that

+h—@+6+nmgg—amvzo

y(1 =)
Zagr(0) = (1 —cos )X (14 cosh)? x

1 - cosf
X oF) <—A+K+T,A+K+T+3;2K+2;%>.

This solution has a good behaviour at § = 7 if the series o F'; is finite, i.e.,
A+ K+T=-np=0,-1,-2,...
Now using the formula

Fn+a+1) "

1—
2F1<—n,n+a+b+1;a+1; 2y>— (y),

where Py(ba’b) (y) are the Jacobi polynomials, and taking account of the integral

/1 (1)1 +y) P () PSP (y)dy =

-1
B 200+ T(n+a+1)I(n+b+1)
C2n+a+b+1 nl(n+a+b+1)

6nn’ ;

normalized by the condition
1 (7 . 3

1_6 Z)\KT(H)Z)\’KT(H) sin® 6df = (5)\/\/7
0

one can write the function Zy k() in the form

g gy = [2AEBA - K -T)(A+ K+ T +2)
= A+K-T+DA-K+T+1)!

o\ 2K o\ 2T
X (sin 5) (cos 5) P)(i];tl'TQTH)(COSH). (14)
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Now we return to the radial equation. Upon substituting into (12)
R(u) = u** e ut/2 fu)

for the function f(u) we derive the equation for the degenerate hypergeometric
function

2 f df
zw—i—('y—z)a—af:o, (15)

where 2 = a?u?, @ = A+ 2 — E/2hw, and v = 2\ + 4, i.e., the function R(u)

has the form

E
R(u) _ u2)\ efa2u2/2F <>\ + 9 _ 2_

hw;Q)\ + 4;a2u2> .

This solution has a good behaviour as © — oo if the degenerate hypergeometric
function is finite, i.e.,

E
)\+2—%:—nu207—1,—2,

Hence it follows that
E =hw(N +4), (16)

where N = 2(n,, + A). The solution of the radial equation (12) normalized by
the condition

oo

/ u7 RN)\(’U,) RN/,\(u)du = 5NN’
0

has the form

o 2N2 A4 3)! (aw)?
Ry (u) a4m(m+3)! )

N
e @V /2 (—5 F A2+ 4; a2u2> - a”n

The total wave function can be written as

B \/(ZK +DET+D

474
x Rna(u) Zxgr(0) D (ar, Br, v ) Disy (aure, B, vic)- (18)
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It is normalized by the condition

/|\IlSph|2dV8 =1

When calculating the total normalization factor we have used the formula [5]

ok 1672
/ Dirzlzm; (Oé,ﬁ, 7) mlm (Oé 67 )dQ = méjljé 6"1/17”2 6m'1m'2'

Thus, it can be stated that the spherical wave functions (18) are eigenfunctions of
the following operators {H’, A2, 72 K2 Ty, Ty, Ks, kg/}, where Ty = /0y,

K3 =0/0vk, and p,v =0,1,...,7.
The following equation takes place:

A2 TPl — \(\ + 3) UPh, (19)
In the Cartesian coordinates the operator A2 has the form

. 2 1 9? 79
A= LA ) L, =2
st Au,d0u, Tt Ouy,

0 (20)

2. THE 8D CYLINDRICAL BOUND STATES

Let us determine the eight-dimensional cylindrical coordinates as follows:

ug + tu; = p1 sin ﬂQ e—z((aT ’YT)/Q)

ug + tug = p1 co8 52T i(arta1)/2)
(21)
Ug + U5 = p2 sin ﬂz etllax - 7K>/2)

g + iy = py cos D ¢t 1)
where 0 < p1, p2 < oo. In these coordinates, the potential, differential elements
of the length, volume and Laplace operator have the form

MOU}Q (

V =
2

pi+p3),

2 2
dif = dp? + dp} + PLdl + Btk Vi = plpidpidpadQrdQ,

1 0 0 1 0 0 4 .
Ag = ——— [ p} )+——(3 >——T K2
ST 8p1< Yopi) " p3op2 \"POp2)  p? P3
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After the substitution

U = fi1(p1) f2(p2) Diy (oo, Br, v ) Dy (o, Brc, Vi) (22)

the variables in the Schrodinger equation for the eight-dimensional oscillator
separated and we arrive at the following system of differential equations
2f,  _dfy [T(T+1) = FE
- +2— - |—+ = - =0,
e daﬁ + dzy T * 4 2hw h
(23)

defg dfa {K(K—i—l) vy By
) anrl

2= — — = | f2=0
dx3 + dxs T R QM] f2=0,

where z; = a%p?, a = (uow/h)l/Q, and E; + E, = E. Solutions to Eq. (23) are
sought for in the form

filzy) = e ™22l W (),

where j; = T, and jo = K. Then, for W(x;) we derive an equation for the
degenerate hypergeometric function (15) with a = j;+1—E/2fw and v = 2j;+2.
Further, introducing cylindrical quantum numbers

E1 E2
Ni=-T-1+4_— No=-K—-1+— 24
1 + 2hw ’ 2 + 2hw ’ ( )
which are related to the principal quantum number N as follows:
N =2N; + 2Ny + 2T 4 2K, (25)

normalized by the condition

/ w2y = 1,

the cylindrical basis of the eight-dimensional isotropic oscillator can be written as

2T+ 1)(2K +1
wl_w N

x fanur(p1) i (p2) DYy (o, Bry vic) Dy (o, Bic, Vi), (26)

where

a? 2(N; +25; +1)!
2j; +1)! (N:)!

x (ap;)*P e—a’P/2p (=Ni; 25 + 2;a%p7) . (27)

I (pi) = (
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The cylindrical wave functions (26) are the eigenfunctions of both the oper-
ators {ﬁ,T2,K27T37T3/7k37k3/} and

ﬁ_L<_3_2_8_2_3_2_8_2 3_2+3_2+3_2+3_2)+
2uow \ OuE  Ou?  Oud  Oui  Oul  OuZ  ouE  Ou
—l—% (u%—l—u%—l—u%—l—ug—ui—ug—u%—ug), (28)
in this case
PUY = (2N; — 2N, + 2T — 2K) U, (29)

3. CONNECTION BETWEEN HYPERSPHERICAL AND
CYLINDRICAL BASES

At fixed energy values we write down the cylindrical bound states (26) as a
coherent quantum mixture of hyperspherical bound states

N/2

=Y WP (30)
A=K+T

Our goal is the derivation of an explicit form of the coefficients W3y, s First,
we should like to note that from the comparison of (10) with (21) we have

plzucosi7 pgzusing. (€1))
In relation (30), according to (31), we pass from the cylindrical coordinates to
hyperspherical ones. Then, substituting § = 0, taking account of

(a+1),

P (1) = S

Y
and using the orthogonality condition for radial wave functions in hypermomen-
tum [6]

a?

:—5 ’
2N+ 3 A

/ RN)\/ (U)RN/\ (u)du
0

we obtain the following integral representation for the coefficients W3 N KT

W CVRAE)A-K -1 kr BNM
NN1KT — (2>\+3)'(2T+1)' NN1Nz “AKT-*

(32)
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Here

AKT _
ANN1N2 -

1/2
A=K +T+ )N+ 2T +1)/(Na+ 2K + 1)!(% +/\+3)!
- , (33)
(ND)I((N) A+ K =T+ 1A+ K+T+2)! (% - A)

o
Bk = / g MEATR2 078 [ (= Ny; 2T + 23 2) X
0
N
x I (—? — /\;2)\—|—4;m> dr, (34)
2,2

where x = a“u”. Further, in (34) writing down the degenerate hypergeometric
function F' (—Ny;2T + 2;) as a polynomial, integrating by the formula [7]

Oo,m y T'(v+1 k
/e Ay F(a77;kfv>d$=%2F1 (a,V‘FL’Y;X)

and taking account of the relation
T(c)T(c—a—10)

F o) = v 7
2F'1 (@, b 1) I(c—a)l'(c—0)
we derive
gy _ A4+ K+ T +2)(N/2 - K - T)!
M (A= K —T)I(N/2+ X+ 3)!

Ny, A+ K+ T A+ K +T +2
X3F2{2T+2,—N/2+K+T 1}' (35)

Now turning to the integral representation (34) and taking into account (32) and
(33), for W3y, 7 We derive the expression

Wli\/NlKT:
[ A=K4T+1)A+K+T+2)(Ni +2T +1)|(Ny + 2K + 1)! |2
- (Nl)!(Ng)!(A—K—T)!(HK—T+1)!(N/2—A)!(N/2+A+3)J

N/2— K —T)!
X \/2)\+3((27‘—+1)!X

Ny, A+ K+ T A+ K +T +2
><3F2{2T+2,—N/2+K+T ‘1} (36)



212 KARAYAN KH.H., MARDOYAN L.G., TER-ANTONYAN V.M.

It is known that the Clebsch—Gordan coefficients can be written as [8]

o 2c+1)(b—a+c)l(a+ )b+ B)(c+7)! }1/2
acsbB | (b — )l e — ) a+b—c)l(a—b+c)(a+b+c+1)

—_1)e—« — ) _ _

a—a) b—at N> 2 v—a-bb—a+y+1
Finally, comparing (36) and (37), we arrive at the following representation:
WR\/NlKT = (-1 x
« CMFL K+TH1 38)
(N1+N2+2K+1)/2, (N27N1+2K+1)/2; (N1+N2+2T+1)/2, (N17N2+2T+1)/2'
The inverse representation has the form

N/2—K-T
T= Y Wikker P (39)
N1=0

The expansion coefficients in (39) are given by the expression

WJJ\\/[;\KT = (_1)N1 X

AL K+T+1
(N—2T42K+2)/4,(N—2T42K+2) /4— N1;(N+2T—2K +2) /4, N+ 2T— (N+2T—2K —2) /4"

(40)
4. SPHEROIDAL BASIS OF THE 8D OSCILLATOR

Let us determine the eight-dimensional spheroidal coordinates as follows:

Pr

Uug + iUy = 3 (€+1)(1+n)sin Te_i("T_VT)/Q,
: BT itar+vr)/2
’U,Q—FZU3=§ (§+1)(1+77)C087€ ,

d (41)
ug + ius = 3 (£ —1)(1 —n)sin %{ei(aK*VK)/Q,

d .
Ug + fuy = 3 (€ —1)(1 —n)cos ﬂTKeﬂ(O‘KJWK)/Q,

where € € [1,00), n € [—1,1], and d is the interfocus distance.
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In the spheroidal system of coordinates the oscillator potential has the form

0d2 2
2

In the coordinates (41), the differential elements of the length, volume and Laplace
operator are written in the following form:

d? dg¢? dn?
dl§=§(€—n)( S "2)+

V=B ).

£-1 1-19
& 1)1 di. & 1)(1 di3
+1—6(5+ )L +n) +1—6(5— ) =n)

d8
dVs = 512(5 n)(€? = 1)(1 — n?) d¢ dn dQr d,
__ 8 1 0 o 20 L 0 n20|
A=ge—y et © Y et ea ) g,
1672 16 K2

PE+D(1+n) EE-DI-n)
After the substitution
gepheroidal — g, (6 fo (n) DYy (oo, Br, i ) Dy (i, Bic, Vi)

the variables in the Schrodinger equation separated and we arrive at the following

equations:

1 d d 2T(T +1 2K(K +1
[52_1d_£(§2_1)2_ ( ) ( )

d¢ c+1 £-1

pod?E atd*  , B
e L@ -1 - X| fi=0,
(42)
1 i(1— 2)21 L 2T(T+1) 2K(K+1)
1—n2dn K dn 1+m7n 1—n
Hod?E a*d*

2 1T 16

(1_772)+X:| f2:07

where X (d) is the separation constant in the spheroidal coordinates. Now, ex-
cluding energy F from the system of equations (42) we obtain the spheroidal
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integral of motion

c_ L .m0 s 20 § 9 1 _ 220
X= E—n 52—186(5 Y 8€+1—n28n(1 )8 *
. . 4 34

E+1)(1+mn) -1 -mn)

whose eigenvalues are the spheroidal splitting constant X (d) and the eigenvalues,
spheroidal “Writing down the operator X in the Cartesian coordinates we get

272
X:A2+a4d P. 43)
Thus, we have
X\I/spheroidal _ AX'p(d)\:[jspheroidal7 (44)

where 0 < p < N/2—T— K — 1 numbers the eigenvalues of the operator X. Now
construct the spheroidal basis of the 8D oscillator using the following expansions:

N/2
\Ilspheroidal _ Z V]\/\prT \Ijsph’ (45)
A=T+E
N/2-T—K
\I,spheroidal — Z U]]VV;)KT \Ilel. (46)
N;=0

Substituting (45) and (46) into (44), and then using (43) we arrive at the following
algebraic equations:

4h E
oW [Xp(d) = A +3)] VRprr = NPKT ( ))\)\’ ’
(47
17 wd2 1 v A
{Xp(d) — 02h (Ny —No+T — K)} U]]\/'VpKT = Z UJ{fVPKT (AQ)NlN .’

Ny’

where

()= [ o Puan (), = [0 ¥egian.

NNy’



THE EULER BOUND STATES: 8D QUANTUM OSCILLATOR 215

Now using expansions (30), (39) and formulae [5]

42(2c +1)(2¢ — 1) 1/2
c+’y)(c—'y)(b—a+c)(a—b+c)(a—|—b—c+1)(a—|—b—|—c—|—1)} x

ac;bB (

" [(c—’y—1)(c+'y—1)(b—a—|—c—1)(a—b+c—1)(a+b—c+2)(a+b+c)]1/2X
4(c—1)%2(2¢ —3)(2¢ - 1)

24y (a—=PB)c(c—1) —yala+1) +yb(b+1) 14
Xcaa;bﬁ 26(6 _ 1) Caa;bﬁ ’

[ee+1) —a(a+1) = b(b+1) ~208] Csy 5 =

=Viat+a) a—a+)(b—3)b+B+1)CrY 1,50+

+V(a—a)a+a+1)(b+3)(b-3+1) Coiib g1

and with the orthonormalization conditions [5]

a+b
Z Cil;bgCEJ;bg = 5c/c5v’w Z Cil;bgc(fl/;bg/ = 5aa/556/
at+B=y e=0l

for the Clebsch—Gordan coefficients of the group SU(2), for the matrix elements
(’ﬁ) and (5\2) we get the expressions
AN NiNy/

(75) N Axt10x 241+ Bada x + Axdy a1,
) (48)
(/\2)N N Cn 4108, Ni+1 + DN Oy Ny + Oy Oy Ny —1-
1 1

Here

Ay=—/O-T-K)M+T+K +2) x

L[OHT K+ DA =T+ K + 12N = 22+ (N +21 +6) 1/2
[ (A+1)2(2A+1)(2X+3) ’
(N +4)(T — K)(T - K +1)

A+ DA +2) :

By =
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1
Cn, = — 5\/Nl(Nl+2T+1)(1\1—2N1—2T+2K+4)(J\f—2N1—2T—2K+2),

Dy, =Na(Ny + 1)+ (Ny + 2T + 1)(Ny + 2K +2)+(T — K)(T — K — 1)—

Substituting expressions (48) into the algebraic equations (47), we derive the
. . A
three-term recursion relations Vg, e, Uy NpKT

4h
A Ve + { B = - 1) - 20+ 3]

X VJ\)}pKT + Ax VNpKT 0,
(49)
prowd?
2h

CnN,+1 UNpKT + [.DN1 —Xp(d) + (Nl —No+T — K)} X

Nl—
X UNpKT +COn Unprr =
. . A N . .
for the expansion coefficients Vg, and Uy . The expansion coefficients

by Ny . .
Viprr and Uy e are normalized by the conditions

Z |V]©pKT‘2 =1, ’ NpKT‘ =1
A

and in the limits d — 0 and d — oo turn into
. A o . A _ A
hm VNpKT = Opx, lim VNpKT = WNNlKTv
d—oo

. Ny _
hm UN KT — WN,\KTa dlggo UNpKT = OpN, -
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