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We give new solutions of the quantum conformal deformations of the full Maxwell equations in
terms of deformations of the plane wave.

INTRODUCTION

One of the purposes of quantum deformations is to provide an alternative
of the regularization procedures of quantum field theory. Applied to Minkowski
space-time the quantum deformations approach is also an alternative to Connes’
noncommutative geometry [1]. The first problem to tackle in a noncommutative
deformed setting is to analyze the behavior of the wave equations analogues. Here
we continue the study of hierarchies of deformed equations derived in [2,3] with
the use of quantum conformal symmetry. One hierarchy involves the massless
representations of the conformal group and is parametrized by a nonnegative
integer r [3]. The case r = 0 corresponds to the g-d’ Alembert equation, while
for each r > 0 there are two couples of equations involving fields of conjugated
Lorentz representations of dimension 7 + 1. The construction of solutions of the
hierarchy was started in [4] with the g-d’ Alembert equation. One of the solutions
given was a deformation of the plane wave as a formal power series in the
noncommutative coordinates of g-Minkowski space-time and four-momenta. (For
the latter deformations we use the one from [2] since, unlike the other known
examples [5-7], it is related to a deformation of the conformal group.) This
g-plane wave has some properties analogous to the classical one but is not an
exponent or g exponent. Thus, it differs conceptually from the classical plane
wave and may serve as a regularization of the latter. For the equations labelled
by r > 0 it turned out that one needs a second ¢ deformation of the plane wave
in a conjugated basis [8]. The solutions of the hierarchy in terms of the two
g-plane waves were given in [8] for » = 1 and in [9] for » > 1. Later these two
g-plane waves were generalized and correspondingly more general solutions of
the hierarchy were given in [10]. Another hierarchy is the Maxwell hierarchy [2].
The two hierarchies have only one common member — the Maxwell equations —
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they are the lowest member of the Maxwell hierarchy and the » = 2 member of
the massless hierarchy. The compatibility of the solutions of the free ¢g-Maxwell
equations with the g-potential equations was studied [11]. In the present paper
we study the full g-Maxwell equations and the compatibility of their solutions
with the conservation of the current. The results of Section 2 are all new.

1. PRELIMINARIES
First we introduce new Minkowski variables:
fEiEfEOifLB, vle_ilév V=1 +i$2, (1)

which (unlike the x,,) have definite group-theoretical interpretation as part of a
six-dimensional coset of the conformal group SU(2,2) (as explained in [2]). In
terms of these variables, e. g., the d’Alembert equation is:

O = (0-0+ — 9y05)p = 0. (2)

In the g-deformed case we use the noncommutative g-Minkowski space-time
of [2] which is given by the following commutation relations (with A = ¢ —¢~):

zav = q ey, x40 = ¢ ory, TypT_ —x_Ty = M0, Vv =00, (3)
with the deformation parameter being a phase: |¢| = 1. Relations (3) are pre-
served by the antilinear anti-involution w:

wize) =24, w)=9, wl@)=q4=q¢" (W) =-=N\). @

The solution spaces consist of formal power series in the ¢g-Minkowski coor-
dinates (which we give in two conjugate bases):

Y= E Hinem Pjintm, Pintm = ijnémv @jn[mv (5)
Jm Al mEZy

o i 0 —
Pjnem = v 2L 0™, (6)

~ ~m_ 0
Pjntm = U er

xTi'Uj = W(@jnfm) (7)
The solution spaces (5) are representation spaces of the quantum algebra U, (sl(4)).
For the latter we use the rational basis of Jimbo [12]. The action of U,(sl(4)) on
Pjnem Was given in [13], and on @jnem in [8]. Further we suppose that ¢ is not
a nontrivial root of unity.
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In order to write our g-deformed equations in compact form it is necessary
to introduce some additional operators. We first define the operators:

rt E or+ =
M/{ Y= Hinem M,:{ Pjntm K= jZ,U,’U, (8)
JnlmeZ
+ E + =
Tn Y= Hinem T,{ Pjntm K= jZ,U,’U, (9)
JnlmeZ

and Mf, Mf, M}, M@i, resp., act on @;ne, by changing by £1 the value of
j,m, £, m, resp., while Ti, Tf, Tf, TSE, resp., act on @;nemy by multiplication by

g7, ¢, g, g™, resp. We shall use also the «logs» N, such that T}, = ¢/V~.
Now we can define the ¢-difference operators:

. 1 . 1 -

Dpp = X1\4,;1(1;—:&;1)@: XM,;l ¢V — g %) . (10)

Note that when ¢ — 1, then D, — 0. Using (8) and (10) the ¢-d’Alembert
equation may be written as [3, 8], respectively,

(¢D_D,T,Ts — D,Dy) T,T_TyTsp =0, (11)

(D_D, — ¢D,DsT,T5) T_Ty @ = 0. (12)

Note that when ¢ — 1 both equations (11), (12) go to (2). Note that the
operators in (8), (10)-(12) for different variables commute, i. e., we have passed to
commuting variables. However, keeping the normal ordering it is straightforward
to pass back to noncommuting variables.

Next we recall that Maxwell’s equations are part also of Maxwell’s hierar-
chy of equations. The quantum conformal deformation of the equations of the
hierarchy are [2]:

quT qF+ =¢J", oln oFn =¢J" (13)

n n

where in the basis (6) the operators are:

1, A ~
quJLr = 5((qu + M:D(T-T,) 1T1_))T7 [n+2— N —

—q " A(D_T_ + ¢ 'M:Dy — AM,M:D_D,T;)T-'D.) T, T,T.T: ', (14)

B PO B .
(IITL = E(D@ + qMZDJ,_T@T_Tv L q/\MU'D_'D_,_T@)T@[n + 2 — Ng]q —

1 N ~ A .
= 50" (D + ¢M.D,T)D:T- Ty, (15)
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while in the basis (7) the operators are:

1 ~ A~ A
JdF = iq(Dv + M DT -T;'T)Tyn+2— N.], —

— §q"+3(1>, + M. DyT- + N\¢ *M,M;D_D,T;*T_)D.T_T,, (16)

qI_ == ((ﬁﬁT@Tf + MZZA)+TU +

3
| =

+ qil)\Mvﬁfﬁ+T,)[n =+ 2 — Ng]q —
—q¢ "D+ M.D,T-ND:T) TL =T . (17)

Note that for ¢ = 1, (14), (15) coincide with (16), (17), respectively. Maxwell’s
equations 0" F),, = Jy, €upc0*FP? = 0 are obtained from (13) for n = 0,
q = 1, substituting the fixed helicity constituents F'* by: F+ = 22(Ff +
iFy) — 22Ff — (FfF —iFy), F~ = 22(F] —iFy ) — 22F; — (Fy +iFy),
Fk = Fro = (i/2)ekemErm = Ex £ iHy, JO = zz(Jo + J3) + z(J1 + iJ2) +
Z(J1 —iJ2) + (Jo — J3), and then comparing the coefficients of the resulting first
order polynomials in z and Z.

We shall look for solutions of the full g-Maxwell equations in terms of
deformations of the plane wave. Let us first recall these deformations from [10].
The first deformation is given in the basis (6):

(18)

(_1)sfaqun(572a72b+2n)+a(57a71)+b(75+a+b+1)qPS (a,b)

= bzez Ty(a—n+ DTy —n+ D05 —a—btn+ Dl |
a,b,n +

X kf}—a—b—i—nkgfnkifnkgvnxafnxbfn@s—a—b+n (19)

— JF )

where the momentum components (k,,k_,k,k;) are supposed to be non-
commutative between themselves (obeying the same rules (3) as the ¢-Minkowski
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coordinates), and commutative with the coordinates. Further, I'; is a ¢ deforma-
tion of the I" function, of which here we use only the properties: I'y(p) = [p—1],!
for p € IN, 1/Ty(p) = 0 for p € Z_; Ps(a,b) is a polynomial in a,b. Note
that (hy)|g—1 = (kz)* and thus (exp,(k,x))|q=1 = exp (kx). This g-plane wave
has some properties analogous to the classical one but is not an exponent or
g-exponent, cf. [14]. This is enabled also by the fact (true also for ¢ = 1) that
solving the equations may be done in terms of the components hs. This deforma-
tion of the plane wave generalizes the original one from [4] to obtain which one
sets Ps(a,b) = 0, in which case we shall use the notation f; for the components
from [4] since:

(hs) P, (ap)=0 = fs- (20)
Each hy satisfies the g-d’ Alembert equation (11) on the momentum ¢ cone:
L=k ky —q 'koks = kyk_ — qkyky = 0. (1)
The second deformation is given in the basis (7):
oo 1 _
&Isq(k) J)) = ﬁhsa (22)
s=0 S]q'

ﬁs:BS

a,b,n

(_1)s—a—bqn(2a+2b—2n—s)+a(a—s—1)+b(s—a—b+1)qu(a,b)
T (a—n+Dly(b—n+ (s —a—btnt Ul

% k%zkifnkllfnszabernT)sfabernxifnxtifnvn7 (23)

p—s)(p—1)+p

Sl s q(
B = 2 T =

where Q(a,b) are arbitrary polynomials. If the latter are zero, then exp,(k, )

becomes the g-plane wave deformation found in [8]. The hs have the same
properties as the hg but the conjugated basis is used; in particular, they satisfy
the ¢-d’ Alembert equation (12) on the momentum ¢ cone (21).

2. SOLUTIONS OF THE ¢-MAXWELL EQUATIONS

First we shall use the basis (6). The solutions of (13) for n = 0 in the
homogeneous case (J = 0) are:

Ay EAu A
F'E = ((F) 0= D BN ) £ (24)
=0
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m  m—i

Bl (k) = Z(Z Ptk E™ T IR (ky — Y02k ) (ky — P 2ko) +
i=0 j=0

+pm92kzkm z(kv _ qs+62k_)(k+ _ qs+3zk@) +

m—1

£ D BT T R (e = g0k (ky = 0" 2R)), (29)
7=0
Bl Z( fm“kl K™k (ke — g 2k ) (ko — 2k ) +

=0
+ 7 @%gk;ﬂ—i(m —q ' z2ky) (ks — Zk_) +
3 T Ik (ke — a7 k) (ke = FR,)),(26)
7=0

where p:?j)“, :?]5)“ are independent constants. The check that these are solutions

is done for commutative Minkowski coordinates and noncommutative momenta
on the ¢ cone. The terms with m = 0 of the solutions (24)—(26), were obtained
earlier [9] (later they were generalized using more general g-plane waves [10]).
The solution (26) can be written in terms of the deformed plane wave if we

suppose that the r"(”)a for different s coincide: 7":?]5)“ = 7}( L Then we have:

he = N7 ER (B) exp, (k,x),  ERT(k) = BRS (k). @7)
m=0

In the inhomogeneous case the solutions of (13) for n = 0 are:

I =z 2dy+ 2D+ J, (28)
J. = mgjoﬁq! I (k) fs_1, K =+,0,0, (29)
k) = =K (k)k-,
T k) = =g T K (kK
Tk = Kp(k)ks, (30)
JPok) = g K (k)
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JY = FE4 P 31

. =1 .

FE = ——FE (k) fs 2
mi,s:o it () (32)

(k) = 2dyq ™ (a7 54" K™ + 245k (ky — ¢*FP2k_) +
+ (g AR 4 2ATET ) (ke — "B 2ks)),

Frg(k) = 2doq 72 (AR + q 2 295k3") (ks — 2k ) +
+ RSk 4 g 2B LT (kg — Zhy)),
where dy = (3°/3°t!. As in the homogeneous case we cannot make Et (k)
independent of s. We can mAake F (k) independent of s by choosing 42 ~
q**d; !, but we cannot make .J*(k) independent of s.

Since we work with the full Maxwell equations we have also to check the ¢
deformation of the current conservation 9" J, = 0:

Ii3J =0, (33)

Ly = ¢*|N. = 1),T.D:D, T, T_T; + ¢D.T.D:D_T,T, +
+¢q[N> — 1](T:[Nz — 1]q7j+T+TTJ +
+ ¢ Y[N; - 1],D.T.D;T,T-'T, —
— AM,[N: —1],D.T.D_D, T,T-'T, T,. (34)

Substituting (28), (29) in the above we get:
qJ5 (K)ky + I3 (K)ko + ¢* T2 T3 ks + ¢° T2 (k)k— = 0. (35)

The latter is fulfilled by the explicit expressions in (30), but we should note that
these expressions fulfil also the following splittings of (35):

QT3 (ks + T3k, = 0, g3 (k)ky + J° (k). k=0, (36)

JE(K)ky + ¢* T IS (R)ky =0, JS(k)ky +¢*T IS (K)k_ =0.  (37)
Furthermore the expressions from (30) fulfil also:

05 (k)ky + JE(k)k_ =0,  qJi(k)ky + J° (k)ky = 0, 38)
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5 (k)ky + ¢TI (R)k— =0, J5(k)kse +¢* T IS (K)ks =0.  (39)

Now we shall use the basis (7). Then solutions of (13) for n = 0 in the
homogeneous case (J = 0) are:

- > 1 - -
ht _ + ht
P2 (P9 ) ymo = D pgryoms (s, (40)
m,s=0 1T
. m  m—i ‘ L
) = 300 k™ )y — 2k )y — a2h-) +
i=0 j=0
+ 7k ky (kg — 2ks) (ky — qzk-) +
D BT TRk = 2ho)(ky = g2ka) ), (4D)
3=0
i () = S0 (0w ke k) (o — g k) (ko — ¢ 22k ) +
i=0 j=0
+ Pk kT (ke — ¢ 2k ) (kg — P2k, ) +
m—1
D R IR (k= g k) (ke — 072R)), (42)
7=0

~msa

where ﬁ;’(LjS)a, i are independent constants; Qs(a,b) = 0 in hs. The terms
with m = 0 of the solutions (40)—(42) were obtained earlier in [9] (and using the
generalized g-plane wave in [10]). The solution (41) can be written in terms of

the deformed plane wave if we suppose that the p'7?

i(}')a for different s coincide:
Py = Pi(jy- Then we have:

' = 3" Flt(k)exp,(k,x),  Fht(k) = Eht (k). (43)

m=0

In the inhomogeneous case the solutions of (13) for n = 0 are:

I = E2d v 2d, ¥ 2+, (44)
Je = Y 1 J"(k)hs_1, k=+,0,0, (45)

[s]q!

m,s=0
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Jr(k) = —¢" K, (k-
J"k) = —q K5 (k)ky,
(k) = K5 (k)ks, (46)
Jr(k) = " K (k)k,
Ki(k) = Asklt 445 km 4 38 ket 4 4akm
Jy = FE4FPhE (47)
- > 1 - -
FE = ——F2E (k)hs 4
m;) o = (k)hs, (48)

Fos (k) = 2dsq° 2 (32K + g7 270K (b — a2k ) +
+ (ki +a LR (ks — gzks)),
Fros (k) = 2d5 (47" 732 K2 + qz35k3") (ko — 02 2k) +
+ (g TRk + 2R ) (ke — ¢ 2ky)),
where d, = 3°/6°t1, Qsla,b) = 0 in_ hs. We cannot make F (k) or
J7* (k) independent of s. We can make F,f (k) independent of s by choosing
55~ qods .

Also here we shall check whether the g deformation of the current conserva-
tion (33) is fulfilled. The analog of (34) in the basis (7) is:

I13 = [NZ — 1]q155T§1A)vT5T+T:1 + qﬁngﬁZﬁfT{)T; +
+q[N: —1],T:[N. —1],D, T T, + ¢*[N: — 1],D. T: Dy T, T_Ty —
— A\gM,[N; —=1],D. T:D_D, T_T,. (49)

Then the analog of (35) is:
JE(R)ky +q° T3 (k)ko + Joks +¢°J% (k)k_ = 0. (50)

The latter is fulfilled by the explicit expressions in (46), but we should note that
these expressions fulfil also the following splittings of (50):

T3 (k)b + @ T3 (k) = 0, J3(k)ks +q*J= (k)b =0, 1)



52 DOBREV V.K., PETROV S.T.

T3 (k)ky + JE(k)ks = 0, T2 (k)ky + J° (K)k_ = 0. (52)

Furthermore the expressions from (46) fulfil also:

T (ks + ¢* TSRk =0, JS(k)ks + ¢*J% (k)ky = 0, (53)

T3 (kky + JE(R)k_ =0, J2(k)ky + J° (k)ky = 0. (54)

3. SUMMARY AND OUTLOOK

We have given new solutions of the full g-Maxwell equations in two con-
jugated bases (6) and (7). The solutions of the homogeneous equations are also
new (the old solutions are special cases). We see that the roles of the solutions
F* and F~ are exchanged in the two conjugated bases. We note also that the
currents components are different: j,TS #* j,TS (for ¢ # 1, k # v), and in both
cases they cannot be made independent of s. Thus, there is no advantage of
choosing either of the bases (6) or (7). It may be also possible to use both in a
Connes—Lott type model [15].
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