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The review of the light-front formulation of the quasi-potential approach in quantum field theory
for bound state and scattering problems is given.

O0630p MOCBAIIEH NPHMEHEHNI0 KB 3UIIOTEHIM JIBHOH (DOPMYIHPOBKHM TEOPUM IO H  HyIb-
IJTOCKOCTH VISl ONKC HUs TIPOLECCOB P CCESHMS C Y4 CTUEM CBsi3 HHBIX COCTOSHUM.

1. INTRODUCTION

The most general information about two- and many-body systems in quantum
field theory is contained in the corresponding many-time Green functions, which
are related to each other by function equations. In some conditions from these
equations one can obtain equations for two-body bound state and scattering prob-
lems (Bethe—Salpeter-type equations [1]). The dependence of the Bethe—Salpeter
amplitude (wave function) on the relative time of two particles leads to the fact
that it contains the information on bound state and on the states, which have
nothing to do with bound states as well. «Electron today and proton tomorrow»
do not form the bound state — hydrogen atom. Similar difficulties arise in the
case of many-body systems.

A regular method for excluding the relative time, based on the two-time Green
functions has been developed in Ref. 2, where relativistic three-dimensional equa-
tions for bound state and scattering problems were derived. These equations are
known as quasi-potential equations, because of their similarity with the corre-
sponding equations of quantum mechanics. For quasi-potential wave functions
the boundary conditions corresponding to bound state and scattering problems
can be imposed. Relativistically covariant form of these equations for two- and
many-body systems is given in Ref. 3. Similar equation for two particles in the
Hamiltonian formulation of quantum field theory has been derived in Ref. 4.
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With the development of quark models and the study of structure of particles
and nuclei at high momentum transfer it turned out to be convenient the light-front
form of quasi-potential equations [5].

In this approach the relativistic composite system with the total 4-momentum
P is described by means of the quasi-potential wave function @P([w(i),p(j)]),
where the «longitudinal motion» of constituents is parametrized by means of the
scale-invariant variables . ,

20 — p((f) +P§l)
Py+P3’
where pff) (u =0,1,2,3 is the Lorentz index) and P, are the individual 4-mo-
mentum of the ¢-th constituent and the total 4-momentum of the system, respec-
tively. Variables x(Y) are ratios of the light-front variables. In terms of these
variables the wave function of the composite system reflects, in particular, the
dependence of the internal motion of constituents on the total momentum of the
system. Square brackets in the argument of the wave function ®, denote the set

of the variables z(¥) and pf) which satisfy the conditions

N _ N
Zx(l) =1; 0<z® <1, Zpﬂf) =P,.
i=1 i=1

The review is organized as follows:

Section 2 is devoted to the formulation of the light-front formalism for
composite systems. Equations for bound states and scattering problems are given.
It is shown how equations of this approach are related to or differ from the
equation obtained in the framework of the old-fashioned perturbation theory in
the infinite momentum frame. Spectral and projective properties of the «two-time»
Green functions are studied.

Section 3 deals with the method of constructing of relativistic elastic form
factors and scattering amplitudes of composite systems in the light-front formal-
ism. A general expression for the matrix element of the current of composite
system in terms of relativistic wave functions and the generalized vertex operator
fu is given. The electromagnetic form factor for a system, consisting of two or
arbitrary number of constituents is presented in the impulse approximation.

Problems of the interaction of relativistic composite systems are also dis-
cussed in this section. The scattering amplitude is expressed in a general form,
using relativistic wave functions and the transition operator. The constituent
interchange mechanism is considered.

Section 4 is devoted to the study of deep inelastic form factors of composite
systems. Like the case of elastic form factors, a general expression for the deep
inelastic tensor W,,,,, in terms of the relativistic wave functions are the generalized
two-photon vertex IN‘,“, is given. The explicit form of the structure functions W;
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and vW5 in the lowest order in the electromagnetic interaction is presented. It is
shown that if the transverse motion of quarks is taken into account, the Bjorken
scaling is violated and the structure functions become the square of the momentum
transfer dependent.

In Section 5 inclusive hadron-hadron processes are considered. General
representations for the inclusive cross sections in terms of the light-front wave
functions are given. Approximations are treated which lead to the quark-parton
description of these processes.

Note, that the review is based mainly on the results obtained in the Dubna
school. Other forms of light-front dynamics and appropriate lists of references
can be found in a number of original and review papers (see, e.g., [6—15]).

2. LIGHT-FRONT FORMULATION OF BOUND STATE AND
SCATTERING PROBLEMS

Light-front variables have been introduced by Dirac [16] with the aim to con-
struct the quantum theory with commutation relations on the light-front hyperplane
(instead of traditionally used ¢ = 0 hyperplane). In this section, following Ref.
2 equations for bound state and scattering problems in light-front variables are
derived.

2.1. Equation for the Two-Body Bound State Wave Function. Consider the
Bethe—Salpeter amplitude (wave function)

XP.a = (0T (¢1(x1)d2(x2))|P, ) = e ¥ xpa(z). 2.1

Here |P, ) is the state vector with total 4-momentum P and quantum num-
bers a, X = (x1 + z2)/2 is the centre of mass coordinate, P = p; + po. Define
the relative coordinate and momentum

T=a1—w p= 2.2)
and introduce the light-front variables
ot
ri=—"—, pr=poEps, Pr=PEPs (2.3)

Introduce then the Fourier transform xpo(p) = xpa(p—,p+,p.L) of the
Bethe—Salpeter amplitude

%

XPa(P) = xPa(P—,p+,PL) = /d4pe_ Prxpa(p) =

1 .
2 / dpydp_dp e ' Pro-tPoTiTPaxLy g (p) 2.4
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and define the light-front quasi-potential wave function [2,5]:

o

Upo(ps,pP1) = /dp—XP,a(pﬂmePL)- (2.5

— 00

It can be shown that the function ®p,(p+,p1) depends on the values of
the Bethe—Salpeter amplitude on the light-front hyperplane xy + 23 = 0. In fact,
using the definition (2.5) and the Fourier transformation (2.4) we get:

Upo(psr,pL) =

2 .
=3 /d:chd:c,dxj_5(:c+)e_l(p+’”*+p*”+_pLxL)Xp,a(:c+,:c,,xJ_). (2.6)

(2)

Consider now the two-particle Green function
G(x17x2;x/17x/2) - G(X - X’;{E,IE,) =
(01T (¢1(21)$2(x2)d] ()¢5 (25))]0) = 2.7)
1 . ’ . ’o
dPdvd I —iP(X—-X")—i(pz—p'x )G P: .
—(277)3/ pdp’e (Psp,p')

Here the total and relative 4-momenta and 4-coordinates in the initial and
final states are introduced

pL—p o+

P=pitp, p=—p X="0" o=n-m 28
A~ ’ /

P = p} + p, p’=p12p2, X’z%, o =a—ah. (2.9

Define the Fourier transform of the «two-time» quasi-potential Green func-
tion

G(P;p+,p1;p 4P 1) = /dp—deG(P;p,p’)- (2.10)
—00

For free particles we have

—6@W(p—p')

G(O)(P;Z%pl) = {(% +p)2 —m%Jrie} [(g 7p)2 ,mg +i€}-

@2.11)
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Performing the integration according to the definition (2.10), we obtain
GO(P;py,pi;py,pl) =

4mid(py — p'+)0P (pL — P’ )0(2)0(1 — ) -
P+.T(1 — 1‘) [PQ + P2 _ (P/2+p)3 +m} _ (P/2+p)% —m%:| -
L

x 1—z

(2.12)

GO (P;py,pL)d(ps — )P (P — D).

In this expression the variable z is introduced in the following way

I p+
= — 4+ —. 2.13
z=g + P, (2.13)

It is obvious that when the variable x varies in the limits
0<z<l, (2.14)

the variable p varies in the interval (—P4 /2, P, /2).
Define now the inverse operator by the relation

/ dp’i/dpl@‘l(P;m,pl;p’i,pl) X (2.15)
—P,/2
xG(P;pf, o0 L) = d(ps — P3P (L — D).

Introduce the interaction kernel V (quasi-potential) [2]:

G N (P;ps,piip,pL) = GO (Pipy,pL)x

1
x3(p+ =)0 (p1L = PL) = =V(Pips,pLsp), PL). (2.16)

After simple transformations the equation for the quasi-potential wave
function

(I)P,oz(x7 pl) = P_;,_.’E(l - x)\I/P,a(p-‘rv PL) (217)
takes the form [5]:

pL+(1/2-2)P ) +mi (pL+(1/2—x)P1)*+m3
x 1—=z

sz(
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1
dx’
X®pa(z,pL) = /m /dPlV(PmePL;p'Jﬂpl)‘I’P,a@',Pl)-
0
(2.18)

The equation obtained gives the wave function of a bound state in an arbitrary
Lorentz reference frame. Comparing it with the equation in the frame where
P, = 0 we get the transformation property for the wave function from the
arbitrary frame to the frame, in which the total transverse momentum of
two-particle bound state is equal to zero:

‘bp(l‘,pl)Z(przo(w,pL-i-(l/Q—l‘)PL). (2.19)

The case of spin particles is considered in Ref. 17.

2.2. Equation for the Scattering Amplitude and Relation to the Equation
in the Infinite Momentum Frame. Derive now the equation for the two-body
scattering amplitude. Definition of the scattering amplitude T' (P;p,p’) in the
4-dimensional covariant Bethe—Salpeter formalism looks as follows:

G(P;p,p') = GO (P;p,p')+

Jr/d4p//d4p///G(O) (P;p,p")T(P;p”,p”’)G(O) (P;p'",p') _ (2.20)
GO(P;p)s™ (p - p') + GO (P;p)T(P;p,p)GO(P;p).
Define the quantity T'(P;p4,p.;p.,p, ) by the similar expression [2]:
q y + +:P1) by p

G(P;p4,pi;0y,p1) = GO P;pi,p1)d(ps — )8 (pL — P )+

GO (P;ps,p)T(P;ps, p1i P, GO (P, pL). (22D
Integrating (2.20) according to (2.10) we get:
G =GO 4 gOTGO), (2.22)
Comapring formulae (2.22) and (2.21) we obtain:
T = GO-1.GgOTGO . GO-1, (2.23)
It can be shown that on the mass shell the following equality holds

T=T. (2.24)



LIGHT-FRONT FORMALISM IN THE QUASI-POTENTIAL 619

Derive now the equation for the amplitude T. Using the definition (2.16) we
get the equation for the Fourier transform of the «two-time» Green function

G =G0 +GOVG. (2.25)

In (2.25) the multiplication is understood as a three-dimensional intergation over
the corresponding variables x and p. Comparing (2.25) and (2.21) one can see
that

TGO =va& (2.26)
from which the equation for scattering amplitude T follows:
T=V+VGOT. (2.27)

In the frame, where total transverse momentum is zero P = 0, the explicit
form of the equation (2.27) looks as follows:

T(P;z,pi;2',p ) = V(P;z,pi;a',p) )+
1 ~
/ (;iw”m, /dplV(P;w,m;w”,p’i)T(P;w”,p’iw’,pl)_ (2.28)
0

1 / 2 "2 2 2
x ) |:m1+pi + m12+p///l P2 e
—x

!

In a number of papers (see, e.g., [18-21]) composite systems have been
described on the basis of the so-called old-fashioned perturbation theory in the
infinite momentum frame, which has been used by Weinberg [22] in the rela-
tivistic quantum field theory. Equation (2.28) reproduces in the lowest order of
perturbation theory the equation from [22] and at the same time contains the
regular method of constructing the interaction kernel in the higher orders of per-
turbation theory. We will not discuss this point here, but recall that as in the
canonical three-dimensional approach [2] there exist two methods of constructing
of the interaction kernel (by means of the «two-time» Green function and by
means of the scattering amplitude on the mass-shell).

The method of the constructing of the interaction kernel in lowest and high
orders in perturbation theory can be used, for instance, for the relativistic general-
ization of one- or multi-boson exchange potentials to describe the nuclear forces.
For the review of quark aspects of nuclear forces see, e.g., [23].

We note, however, that three exists one substantional difference between
the equation derived here and equation of Ref. 22. In the light-front approach
the equation is written in an arbitrary Lorentz frame and «longitudinal motion»
of constituents is parametrized in terms of scale invariant and Lorentz invari-
ant (under the transformations of reference frames along the z-axis) variable
x = (P/2+ p)4+/P4. In the infinite momentum frame «longitudinal motion» is
parametrized in terms of the variable x = (P/2 + p)s/Ps, which is not Lorentz
invariant.
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2.3. Equation for the Many-Body Bound State Wave Function. Formalism
developed can be extended to the case of IV relativistic interacting particles.
The way of this extention can be seen if instead of the variable z, defined by
the relative momentum, two variables (1) and :c(Q), defined by the individual
momenta of particles

20 = %, i=1,2 (2.29)

are used. The variables z(?) vary in the interval 0 < z(?) < 1.
Define the Fourier transform of the many-body Bethe—Salpeter amplitude
(wave function)

xpa([e]) = (OIT(¢1(2)) b2 (2)..on (2| P )

by the following relation

5™ ( Zp”> xpa([p™]) /Hd“x“ eXp[ Zp” (’)1 xpa([z]),
(2.30)

where
PP =p®, . pM™: 0] = wgl) ()

Here we have ascribed the Lorentz index p to the 4-coordinates :c,(f) in
order to distinguish them from the scale-invariant variables x(¥), which will be
introduced later.

Introduce the light, front variables

(&) 4 ()
i i i x +z
Py =Pyt P, pY =p +p{;, 2 =20 =73 5 K (2.31)

N .
and integrate (2.30) over [] dp(f). We obtain

=1
N
25 (P =S pl ) 6@ Upo(p?, p?
o j 2 p pal(lpy,p)’]) =
=1

N N
¥ [Tt e [@Z 0 pﬁxi”)] X)),
=1

i=1
(2.32)
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The function ¥ p,a([pS:),pS_)]) is related to the Bethe-Salpeter amplitude in the
following way:

0 N
Upo (P, p]) /Hd ”5< Zp”) xp.a(p?)). (2.33)

=1
Introduce now the Fourier transform of the «two-time» Green function

(P [erapL] [p+ 7p ]):

-/ Hdp“)dp“>6(P——Zp“>>6<P —Zp”) P (o).
=1 i=1
(2.34)

The function G(P; [p'?]; [p(?']) is defined by the Fourier transformation

G([2); [20]) = OIT(1(2D)...on (M)} (&)t (2 ))]0) =

N
(27)~ /Hd4 @) g4p ()’ exp [ Z(p(i)x(i) p(i)'x(i)')] X (2.35)
i=1

=1
xG(P; [p@]; [p™]).
For the case of free particles we have
N _ -,
| ' iN .H 5@ (pl) — p()")
GO V) 7)) = 5 : (2.36)
(p(l)Q _ m(1)2 + Z€)

:12

=1

Integrating both sides of (2.36) according to the definition (2.34) and omitting
the d-function corresponding to the total 4-momentum consevation, we get

GO Y, P ) =

N ) Y ) N N , :
(20N @r)" ! [T 3¢ = p{ )0 e —pi") TT 001 — )

1=1

N N () _(Hp )2 (4)2
N—1 . 9 P~z 1)%24+m
PY [T =® (P2 -3 5

i=1 i=1

(2.37)
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GOP: . pY) H<S 5@ e p¢).

The variables z(?) are defined in the following way:
.y N. (2.38)

Thus, the function GO (P; [p\”, p)]) is defined under the conditions:
N
e =15, 0<a® <1y, Zpl)*PJ_. (2.39)
3 i=1
Introduce now the inverse operator G~! by means of the relation

Py oy

/H /Hdp“ P Y, e Y Y )%
0 =1

N
<GP p L e ) = [T - p )@ e, p0)  2.40)

=1

and define the interaction kernel V:

G 8 pYL Y e = GO Y, p s Y, p ) -

S @ N )
5 (P+ - ;“ ) 52 (PL - ; Py ) o
- (20)N (2mi)N -1 v(e; [, p P e ). 241

The equation for the wave function

Opo(z?,p) = PN~ 1]_[:17“ Up . (p,p)) (2.42)

=1
looks as follows [24]:
N

(p(i) —zOP )2 4+ m®’ a G
PP 2 Opo(z?,p) =

i=1
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. /

1 N
/de), (1—Zwl)>/Hdpl)52)< —Zpgf)l)X (2.43)
0 i=1

=1

<V (P; [, p T Y p P @b (2, p1]).

The formalism developed can be used for the treatment of a wide class of
elementary particle and nuclear physics problems.

2.4. Spectral and Projective Properties of the Two-Time Green Functions.
The Green function for IV interacting particles in the light-front quantum field
theory is defined as a vacuum expectation value of the «chronologically» ordered
Heisenberg field operators [25]:

G([zP]; [=)']) = 01T (1 (aP) .. on (D)o (xV)).by (D)) 0).
(2.44)

Define now the «two-time» Green function:

G(X4: [ x L X 2 x ) = G D | Lol vy,

LD (N _
+ +
(2.45)
It is convenient to introduce the operators
AD = a2 oo,
Al = n ™)t () v o, (2.46)
and rewrite the «two-time» Green function as follows:
G([=): [2()']) = OIT (A PD A=) ])l0) =
= (X1 — X" 1) {0l A([= DD A=) ])]0) + (2.47)

H0(X'5 = X4 )(0[ A=) ]) A(2(])]0).

The signs + are chosen depending on the number of fermion field operators in

A(lD
([zu"])-

In what follows we will obtain the spectral representation for the Green
function (2.47). Using the expansion in the complete set of physical states |n),
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translation invariance property and the Fourier representation for # function the
expression (2.47) can be rewritten as:

G20 [20']) = G(Xy — X745 29, xP); 29 %)) =

o0 o0
= / dP_ exp™-(X+=X"4) / dz x (2.48)
—0o0 0

o[ 7@ ) a0 ) 1)
P_ —z+ie P_+2z—ie ’

Spectral functions o; and o9 are expressed via the three-dimensional light-front
wave functions:

o1 (2 [x(i),x(i)]' [w(i)" XY)']) _

N

- Za — PN, (12D %) T (27, x0T, (2.49)

@,X(i)]. [w(f) 7XY) ) =

oa(z; [z
= 26 = PG ([ x P71, <)), (2.50)

Vo (29, x)) = (01A((0, 2, x 7)) jm) =

= (0[1p1 (0,27, x()..pn (0,2, x (VY m), (2.51)
Tom (2, x 1)) = (m|A(0,2" ")) 0), (2.52)

Upo (27, x]) = (m]A([0, 2, x7))0), (2.53)
Tpno([z?, x17) = (0]A([0, 22, x () m). (2.54)

Summation in Egs. (2.49), (2.50) is understood as the integration over 4-
momentum P(™(P{™ > 0; P > 0) under the condition P(™* > 0 and
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the summation over other quantum numbers on which the given physical state
|m) can be dependent.
Define the Fourier transforms of the spectral functions:

o12(z [0 x ) [ x 1) = Dap ) dp ap x

N
< oxp {-izupw ~ o) — (o ) >]} . s
=1

xo12(z ¢, 0 Y 0D

From this definition and Egs.(2.51-(2.54) for wave functions one obtains:

o1 (z [, ) Y P )) =

271' (9. \1—4N 25 P(m) ([psi 7p(j ])\Ijom( Ei) ,P(j) ]), (256)

( [p-i-apL] [p+ ?P ])

- (zw)ﬁ S0z = P o (0 p N o (0 00, @57)

where o
U0 (27, x 1)) =

mo(P,p]), (258)

N
/Hdp Dap exp l iy [P —pPx])|
=1

U (29, %)) =

(P, p1). (259

N N
= /H dpg:)dp(j) exp lz Z[(pﬁi)x(_l) — p(j)x(j))
i=1

=1

We will show now that the functions oy 2(z; [p+ ,pl ] [p+ ,pl ]) possess
the following properties:

( [erapL] [er 7p ]):O (2.60)
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if even one of the variables pg),pgﬁ)l < 0 and

aa(z [p¢, p P [, 1)) = 0 2.61)

if even one of the variables pgf , pgf > 0.
Let us show first the validity of (2.60). Consider for this purpose the Fourier
transform of the light-front wave function

N
U o ( Sﬁ,pl) 3N/Hd:c l)dx ) exp |"LZ @@ _ (j)x(j))] X
1

1=

x (0|41 (0, (1)) N (0, (N)7XS_N) Im) =

(27)3N - 32‘Sp+ ™) /de(l dx exp ZZ 2@~ pf x(i))] X
=2

(011 (0)|ma) (ma 1ha (22, x ) .py (), x (V) ). (2.62)

Taking into account that p(ml) > 0, it is evident that \Ilom([p+ ,pj)]) if pg_l) < 0.

@) we will use the

In order to show the validity of this statement for arbltrary o
light-front commutation properties of the fields wl( Ty ) and locate on the first

place arbitrary operator ¢i(ac,(f)):

Vom((p?pY)) = s 326 Y =)
N ) ) N ) ) ) )
x/de@dx<j> xexp [i Y ({2 — pPx)| x (2.63)
i i
Jj=1 j=1
% (041 (0)ma) (ma i1 (22, x )i (287 x T i (@D, x T ).

Taking into account that for physical states piml) > 0, we see that
Tom(py,p"]) =0 (2.64)

if even one of p(l < 0.
In a similar way one can show that

Tno([p, p]) = 0 (2.65)
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if even one of pg) > 0.
Taking into account (2.64) and (2.65) one can see the validity of Eqs. (2.60)
and (2.61).

Define now the Fourier transform of the «two-time» Green function:

Gy = X452, x P 2, xP)) = Dapdp ap x

xexp{iP (X, — 722 D@ _ pWxy— (2.66)

- W —p P x]} GPos e Y B )):
Inserting (2.55) and (2.66) into (2.48) one obtains:

/dzl (20,0 Y e ) - o2 (z Y, p P 0, p )

P_ —z+ie P_+z—ie

(2.67)
Here o1 = 0 if even one of pgf) or pgf)/ is less than zero, oo = 0 of even one of
p$> or p$>' is bigger than zero.

Spectral representation (2.67) is an analogue of the spectral representation of
the «two-time» Green function [3] with respect to total energy. Here, however, an
essential difference between the upper and lower parts of the light cone is realized
which is characteristic for the light-front quantum field theory. «Retarded» part of

the Green function (first term) determines completely the behaviour of the Green

function for positive pQ p(l) , «advanced» part (second term) determines the

behaviour of the Green function for negative pi) P j) .

Taking into account the definition of spectral densities and translation invari-
ance property of wave functions one can obtain the spectral representation of the
«two-time» Green function with respect to P2 [25]:

o0

a2, pl, ] Y pl /ds méfif;’m ]), (2.68)

0

where
o(s: [, p7 ) p1]) =
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N
=ao1(s: [, V% Y YD) [T 0000 ) + (2.69)
=1
:FUZ( [p-i-apL] + 7pL H9 ))7

a1 (s; [P, PP Y PP ]) =

= i(2m)*N - 1ZP 5(s = P W0 (0 0P Tom (P 01D, (270)

( [p_,_,pL][p_,_ 7Pl ]):
. — 2 % )71\ T, % %
= i(2m) "N Y7 Pyd(s = P (p p D o0 R 27D
Taking into account the momentum conservation
N N N N
DEED D DL DL am
i=1 i=1 i=1 i=1

one can rewrite the «two-time» Green function as follows:

(P2 [p-i-apL] [p+ ?P ])

N ) N N N ) N N
- (Zpgp _ Zpgp ) 5@ (Z p{’ — > p” ) X (2.73)
i=1 i=1 i=1 i=1

<G(P; [p7, V%L Y PP Nicr v 1.

Let us show now that the Green function (2.73) depends on its variables in a
special manner:

(P2 =2G(P Y, p V% b, p])

= SpG(P; [z, p) — 20P ], [z p{) — 2P ))SH. (2.74)

Sp and S;l are the known transformation matrices acting on spin indices. For
scalar particles Sp = 1.
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The fact that the Green function depends only on the scaling variables (%)
and ("’ is the consequence of the invariance of the Green function under the
rotations in the (xo, z3)-plane:

— $\G(Aa A 2D D) el At xSt (2.75)

The matrix Sy acts on the spin indices. Remind that an arbitrary 4-vector
A(A4, A_, A ) is transformed according to:

Ay =My, A 2TA D A A (2.76)

under the rotations in the (zg, z3)-plane.

The property (2.75) is preserved for «two-time» Green function. As a result

the Fourier transform is a homogeneous function of the variables Py, pi), pgﬁ) :

é(P_,PJ,.,PL, [pgi)vpﬁf)] [p$) ’p(l) ])

— N2V28, (P3P P L Y p UL el S (2.77)

From (2.77) it follows that G depends only on the scaling variables z(*) and 2@,
Consider the Lorentz transformation which is given by the 2-vector u :

1
Ap AL A A_+ul Al + 5A+ui;Al — A +Ayu;. (2.78)

The Green function is invariant under these transformations. For the Fourier
transform of the «two-time» Green function it follows that:

G(PQ,PJ_ [ (i) p(l)] [m(z ’p(j) ]) _
_ o Ape @) @ ()
Su, G(P*,P1 + Pyui;[z',p)’ +pyuyl;x
x[ac(l) ,pﬁf +p u 1)Sa; L (2.79)

Choosing u; = l;—i one obtains the formula (2.74).
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3. RELATIVISTIC ELASTIC FORM FACTORS AND SCATTERING
AMPLITUDES FOR COMPOSITE SYSTEMS

3.1. Formulation of the Method. The reaction of a composite systems on a
weak external perturbation corresponding to the local field A(z) is described in
quantum field theory by the expression [26,27]:

<P,a|5j—fk)|P',ﬁ> laco = (2m)*4 (P — P' — k)(P,alJ(0)| P, 3).  (3.1)

Here J(x) is the local current of the system

08

T@) =53

ST, (3.2)

|P, o) and | P’, 3) are the state vectors of composite particles with momenta P and
P’ and the sets of additional quantum numbers « and (3, respectively, normalized
in a relativistically invariant manner

(P,a|P', 3) = 2Py(27)36®) (P — P'). (3.3)

Below we suggest a method of constructing relativistically covariant form
factors of composite systems in terms of light-front wave functions.

Consider first the case of two-particle system. Introduce the quantity R
defined by the vacuum expectation value of the chronologically ordered product

of Heisenberg field operators of scalar particles ¢;(z;) and the same local current
J(z):

R(z1, 22,27, 25) = (0T (¢1(21)¢2(22) T (0)¢y (2)3 (25)|0) =

= (2m)~1¢ / d*pd*podp) diply x (3.4)

2

xexp | =iy (pja; — pjz}) | R(py,pa;py,ph).
j=1

Introducing, as above, relative 4-coordinates and 4-momenta

1+ T + xf
X = 1; 2 r=axq — T X':%, T =) — xh;
p1— D2 P} — Pt
P=pitpy p=—5—; P'=pi+p; p’=712 2, (3.5)
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we rewrite expression (3.4) in the form

R(X,z: X' 2') = (2n)~ 10 / d*Pd*pd* P'd*p’ x

x exp|—i(PX — P'X' +px — p'2’)|R(P,p; P, p'). (3.6)
As is known [28], the quantity R can be presented in the form
R =GI'G (3.7)

or in the detailed form

R(X,x;XI,Z‘I) — /d4X”d4$”d4X”1d4w”IG(X _ )(II;:E"T;II)><

XF(XN,.’EH;XN,,.’EN,)G(X"/ _ X/;xlll,xl)- (38)

In the momentum space we get
R(P,p; P',p') = / d'p"d*p"' G(P,p,p")T(P,p"; P',p"")G(P';p",p'). (3.9)

Here G is two-particle Green function of fields ¢;(x;) and the vertex function I'
is the sum of all two-particle irreducible diagrams for the 5-poin Green function

(3.6) (see Fig.1).
1- -7 -

Fig. 1.

Passing to the «two-time» description in terms of light-front variables we
define the quantity

“+ 00
R(P;ps,p1; Plip,p) = /dp-dp’_R(P,p;P’,p')- (3.10)

The quantity R can be presented in the form

R=GIG @3.11)
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or in the detailed form

P, /2 PL/2
R(P;ps+,p; Py, p)) = /dp /dp /dp”’/ %
—P,/2 ~P/
xG(P;py,pLi 0/, P OT(PpL 507, P X (3.12)

XG(PI7pI4I»17le_”7p+7pJ_)

Here T is the vertex integral operator. Let us show that the quantity I defines
the form factor of composite system. Starting from the spectral properties [29] of
the 5-point Green function (3.10), it is possible to show that the quantity R has
the pole singularities near the points corresponding to the masses M, and Mg of
composite system:
R(P;py,p1; Pisply,p')) =
P2 — M2 P — M}

Upa(ps, L) (Pl J(0)[P', BT, (0, D))

o [i(27T) ] (P2 — Mg); (P,Q _ Mg)

(3.13)

On the other hand, taking into account the pole singularities of the two-particle
«two-time» Green function

G(P;p4,p1; Piply,ply) =
( 29+]£)2LH Mp2+ Pl) (3.14)
o i(27‘(’)4 \IJP,a(er?pJ-)\IjJIg,a(lerapl)
P?— M2 )
We find from (3.12): 3
R(P;p+,p1; P'iply,p) =
Upo(Py, P )OS, (PP
= [i(2m)*2— (2+ é) Pf( i 2 (3.15)
(P _Ma);(Q _Mﬁ)
P /2 PL/2
/ dp /dp / dpll//dp/l/
—P./2 —Py/

" n /11

XU} (0L, P )Tas(Psp/ s Plip!, ) U p s(p, P,
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where

oz . (3.16)

P'2=M2
B

Tos(P;ps+,pi; PhppL) = D(Pips, P Php.plL)

Comparing equations (3.13) and (3.15) we get the following expression for the
matrix element of the local current J:

P./2
(P,a]J(0)|P', ) = /dp+/dm / dp+/dpL><

—Py/2 -PL/
XU} (01, PL)Tap(Psps,pL; Psply 0 )P 50y, D). (3.17)

Equations (3.15) and (3.17) give an exact expression for vertex operator of the
composite system

faﬁ(P;pJﬂpJ—;Pl;pi{-apl) =

P/2 PL/2
= lim / dp”} / dp’| / dp"! / "%
P25M2
P’2—>J\/12 —Py/2 —-Py/
G (P er?pJ_ap +7pJ_)[GFG](P er,pJ_,P,,lelr,,le_”) (318)

xG N (Pspl,plspl, Pl
in terms of 4- and 5-point Green functions G and I'. Using the perturbation theory
methods for these functions one can construct the coupling constant expansion
for the vertex function of composite system.
3.2. Elastic Form Factor in the Impulse Ap-
proximation. To demonstrate this method we
consider the so-called impulse approximation for S‘
the vertex operator I, which corresponds to the
limit of «weakly bound» (noninteracting) parti-
cles (see Fig.2).
For the vertex operator corresponding to the Fig. 2.
conserved vector current we find
f‘u = fﬁ) + Fé(;zv

(3.19)

By = [GO][GOTY,GONGO] (3.20)
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where
PO — 9V (s A (O N A el O N e 321
in = (27) ei(pi +pi)u (p] pj)[ j (pj)] |l7$j' (3.21)
Here
2
GO(pr,ps) = GO ()G (p2) =2 [[2 - mD) ™Y, (3.22)
i=1
2
/ / . 2 _
GO, ) = G )G ) =2 T[] -mDH™ (323)
i=1

are two-particle Green functions for free particles with masses m; and charges
e;. Then for the invariant form factor of the composite system defined by the
relation

(P,alJ,(0)|P',8) = (P + P),F(A%); A=P—-P (3.24)
in the reference frame, in which
P =P, (P-P)V=A"=-A%=—-(P,-P|) (3.25)

we have

F(A%) = ei(227r) /w(ldi 2) /dPL‘I’PL:O(%pL +(1-2)AL)

®p, —o(z,p1) + similar term with es. (3.26)

Note that construction of relativistic form factors of composite systems in
other versions of relativistic description of bound states is considered, e.g., in
Refs. 29-31.

3.3. Relativistic Form Factor for the Many-Body System. Let’s construct
now the form factor for the relativistic many-body system in terms of the many-
body light-front wave functions ®p ([, p(j)]). Consider, as in the case of two
constituents, the quantity R, which is defined by the vacuum expectation value
of the chronologically ordered product of the Heisenberg field operators ¢; (:cff))
and the local current J(z)

R([z(); [)]) =

= (0|7 (¢1(zD)...on (z V)T (0)¢f (2D)...0k (2 V)))]0) = (3.27)
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N N

= (2m)~ / [1d*p?d*p™ exp [—iZ(p(“w(") =) R([pD]; [p]).
=1 =1

The quantity R can be presented in the form

R=GIG. (3.28)

Multiplication in (3.28) has to be understood as an integration over the 4-co-

ordinates of particles. G is the many-body Green function of the fields ¢; (:cff))
and the vertex function I' is defined by the sum of the irreducible diagrams of
the (2N + 1)-point function (3.27).

Proceeding now to the light-front description we introduce the quantity

R([P(l),PL l; [p+ ,pL ]) by the relation

R, p% ", p]) =

Hdp’)d“ %( Zp”) ( —Zp@') R([p); ()

(3.29)

8\8

and write it in the form
R = GIG. (3.30)
Multiplication in Eq. (3.30) has to be understood in the operator sense:

P+N

N N N
5 [Tt (= 5) [ L5 (- 3200
i=1 i=1 i=1

AY e " PB4, 0 [P 1) (3.31)

From the spectral properties of the function G it follows that R possesses the
double pole singularities
R(pY p %)) =

, Vea(p PY D al )P, B (P P )
(P2 MQ) (P/Q Mg)

= [j(2m) ] (3.32)
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in the vicinity of the points, where N-particle system forms the bound states with
masses M, and Mg and sets of other quantum numbers o and 3, respectively.

On the other hand, knowing the pole singularities of the Green function one
can reduce the Eq. (3.32) to the form

R, p % ), pl0]) =

Upa(p, pNTE (0 p0])

& [j(27)4)?
= [i(2r)] (P 225 (P - 0D
P+N 1" N N/ l/
ST () [T (2307 ) o

(3.33)

Py

N
s (S e (o)
=1

0

<0E (1Y P Dlas (0 L Y o DL S P )
Comparing (3.32) with (3.33) we get the following expression for the matrix
element of the bound state current:

(P,alJ(0)|F", ) =

Py N N ) N ) N )
/ H <P+ -3 p$>> / [T ap!6® (Pl - Zp<j>> x  (3.34)
0 1=1 =1 =1 =1

Py N N N N
d (1)/5 P — (@)’ d (1)15(2) P — (@)
H Py D [1 vt L= opl ) x
i=1 i=1 i=1 i=1

xw;a<[p+ DD as (Y, 00 0 D DT (Y, p ).

The vertex operator I',g can be constructed, using, for instance, perturbation
theory methods of quantum field theory. Phenomenological vertex operators can
also be used. Here we consider the so-called «impulse approximation». In this
case we obtain:

N
(P,alJ,(0)[P',8) = > (P,alJ,(0)|P',B), (3.35)
k=1
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where, for instance

(P,alJ (0P, B), = (Py + P/ )Fi(~A%) =

1N
(2)
_ Z@m)en(Py + Py /de (3.36)
0

(20)N+1(2)N -1 paley 2

N N . N
) (1 — Zﬂ“) /Hdpgf)(?@) (Zp?) X
i=1 i=1 i—1

X(I)FL 0.7 (i),PY) _«T(i)AL]i;&k’w(k)apf)-f—

+(1—2®™)A)®p, —o ([, p)).

Taking into account the normalization condition for the wave functions for A ;=0
we get:

N
F(A?=0)= ey (3.37)
k=1

Thus, the form factor at zero momentum transfer is normalized to the total
charge of the system. Note, that problems of normalization of three-dimensional
relativistic wave function have been considered in Ref. 32.

3.4. Scattering of Relativistic Composite Systems. Experimental study of
high energy processes during the last decades revealed a number of scaling prop-
erties of observable quantities. Many of these properties can be understood on the
basis of the composite quark parton structure of elementary particles. In particu-
lar, the asymptotic scaling property of differential cross section of hadron-hadron
scattering

% I SiNf(cos 0s), (3.38)
where N is integer number, can be explained in the framework of dimensional
analysis and the assumption on three-quark structure of baryons and quark anti-
quark structure of mesons (quark counting rules) [33,34].

In connection with the development of composite models of elementary parti-
cles a problem of the description of their interactions becomes of special interest.
Study of interactions of relativistic composite systems is important also in con-
nection with current and future experiments with beams of relativistic nuclei.
Here we outline a method for the treatment of problems of that kind [35]. Below
we present a description of the scattering of two composite particles. It will be



638 GARSEVANISHVILI V.R., TAVKHELIDZE A.N.

shown that some simple assumption on the hadron interactions in the scattering
process allows one to reproduce the results of quark counting rules.
Consider the eight-point Green function G:

i / / AN
G($1,$2,$37$47351795273537354) =

= (01T (¢1(x1)¢2(22)P3(23)Pa(wa) b1 (2) 3 ()85 (w5) 4 (2))]0) =

/Hd“pzd“pl exp [—ZZ PiTi — P ]

XG(p1,p2, 3, P43 P, P D5, Py) =

_ [(27{_)4]78 / d4P(12)d4p(12)d4P(34)d4p(34)d4P/(12)d4p/(12)d4px(34)d4p/(34) %
(3.39)
x exp[—i(P12) X (12) 4 p(4) x B4 4 5(12)5(12) 4 (34 5,(34) _
_pr12) x(12) | pr(34) x(34) tp /(12) (12) '(34)w’(34))]x
><G( (12) P(34) p(34) P/(12) /(12) P/(34) /(34)).

In (3.39) the momenta P(12),p(12), PGy pe4), pr2) y(2) prY) B34 e i
troduced according to the following equations

P2 = P +P27P(12) = 1%7]3(34) Dp3 +p4ap(34) 2 p4
12 12 — s 34 34 p's—p
P/( ) :p/1 +p/2 p/( ) _ 2 P1 — P2 Pl( ) p,3 +p'4,p’( ) _P3 . 4

(3.40)

Passing now to the «two-time» description, we introduce the light-front vari-
ables and define the quantity

G(PO2)pU2p02) G B0, pr12)/(12),02), pr(ad) /(34) (3a))

7+7pL 5 7p+7pj_; 7p+7pj_
- / dp™? dp®H ap' ) ap Y« (3.41)
—0o0

XG(P(IQ),p(m),P(34),p(34); P/(12),p1(12),P/(34),p/(34))_
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Introduce now the quantity M by the relation:

G(P(u),p(u),P(34),p(34); P'(12),p'(12),P'(34),p'(34)) _

_ /al4p(12)”d4p(34)”al4p(12)”’al4p(34)”’><

X Gra (P12 p(12) p(27") Gy, (PG pBY [(3D") (3.42)

xM(P(12),p(12)”;P(34),p(34)”;P'(12),P(12)W;P(34),P(34)m)><
><G12(P'(12),p(12)m,p(12)/)G34(P'(34),p(34) ’p(34)’) = (G12G54) M (G12Gia).

The quantity G can be presented in the form (here and in what follows we omit
the arguments which are related to the relative momenta and this will not cause
any misunderstanding):

"

G«(P(IQ) P(34) P/(12) Pl(34)):

_ élg(P(IQ))G34(P(34))M(P(IQ), pBY, P’(m),P’(34))C¥12(P’(12))G34(P’(34)).
(3.43)

The multiplication in the (3.43) has to be understood in the following sense

P /2 PEY /2
AB = / dp$2> / dpf’4) /dp(llQ)/dpf'4)x
—PU 2 —P®Y 2
) A(.., p12, pU p0Y, pPNY BT, pU; pTY, Y, ) (3.44)

and dots correspond to the set of other arguments the operators A and B can
depend on.

Knowing the pole singularities of the two-particle Green functions élz, G’g4
one can show that in the vicinity of these poles the function G looks as follows:

é(P(12),P(34),P/(12),Pl(34)) o~

\1112(p(12))\1,34(P(34))\I,;FQ(P/(lz))\I,;4(P,(34)) )
(P12 — M2,)(PGBY* — M§4)(P’(12)2 _ M122)(P’(34)2 — 2
(3.45)

> [i(2r)*)"
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X\I/;FQ(P(IQ))W§4(P(34))M(P(12),P(34),P'(m),P’(34))\I/12(P’(12))\Il§4(P’(34)).

Here B B B
Migsq = lim Gy (PU2)Gy (PBY).

P(12)2~>M%2,P(34)2~>M§4
1(12)2 2 pr(34)2 2
pr2)% 5 m2, PO M2,

-G12G34/MG12G34(P(12), P(34), PI(IQ),P,(34)) . CNv'l_Ql(P'(u))égj(P'(M)),
(3.46)

M2, M2, M'},, M';, are the masses of corresponding states.
From the equations (3.43) and (3.45) we get the following expression for the
scattering amplitude

T(P(12), P(34), P'(12),P’(34)) _ \IIB(P(IQ))\I/;;(P(M))X

XM(P(12)7P(12)’PI(IQ),P/(12))\IJIQ(P/(12))\IJ§4(PI(34)). (347)

Eq. (3.47) gives a general expression for the scattering amplitude in the case of
scattering of composite particles. The detailed form of the scattering amplitude
depends on the interaction mechanism in the intermediate state and on a specific
form of the wave functions of the scattered objects.

3.5. Constituent Interchange Mechanism. Considering ><
the constituent interchange mechanism (Fig.3) one gets the
following expression for the scattering amplitude R

/ d Fig. 3.
- v +(12) (u)
T = o .
2(2m)3 / z2(1 —x)? / P1Pp “o(z,pL — A+
0

+(1—2)AD) 2L (2, p1)x

x[M2, 4+ M2, — S(z,p, +2AD — (1 —2)AM) = S(z,p )] x  (3.48)

XcI)S?:OCLPJ. - IAT))CI)S?:O(J:7PJ- + (1 - IE)A(E)),

where A(f) = —t, A(f) = —u.
Here the notation has been introduced
mi+pi  mi+pl
+
1—=x T

S(z,pl) = (3.49)
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and the following properties of wave functions
(I)(«TaPL) :(b(wa _pl)v(I)(wapL) = ¢(1_wapL) (350)

have been used.
Let us choose now the wave function of the composite particles in the form

on(z)
(I)N x7pl):77N:A7B7CaD (351)
( St Y
A, B and C, D denote the hadrons before and after the scattering and correspond-
ing powers, respectively.
Inserting the wave functions (3.51) into the Eq. (3.48) for the scattering
amplitude one gets in the asymptotic region

~ 1 1+2\ 9 /1-2\""

T e ( ) < > f(2), (3.52)

|t‘_>oosA+C+D—1 2 2
where
1
/d517¢A (z)pc(z )¢D( ) {(1—x)21+z+x21_z}><
) 1—$21 z+w21+2} 2 2
x[x(1 — x)|ATBTOTD=3,=20(1 _ g)=2D, (3.53)

~ -1 -
05(@) = — [ dpL®%(z,pL)x(l —2)] P
(2m)
z = cos¥s, where Us is the scattering angle in the c.m.s.
—t g(l —2), —u g(l +2).

Eq.(3.53) is in close connection with the results of quark counting rules [33,34,36].

4. DEEP INELASTIC FORM FACTORS OF COMPOSITE SYSTEMS

The great interest to deep inelastic interaction processes is caused by the
possibility of studying the internal structure of hadrons and nuclei experimentally
and checking different theoretical models based on the assumptions about com-
posite nature of strongly interacting particles. The main part of experimentally
observed properties of these processes (in particular, the scale properties of struc-
ture functions) have been explained in the framework of composite quark-parton
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models of hadrons, in which hadron is considered as a bound state of some par-
allelly moving pointlike constituents. Interaction between constituents and their
transverse motion inside hadron is neglected [37,38].

More precise measurements in wider range of kinematic variables have led
to the observation of deviations from exact scale invariance in the behaviour
of structure functions [39-41]. Attempts were made to explain these deviations
on the kinematical (search for new scale-invariant variables [42]) and dynamical
(taking into account chromodynamical corrections [43]) basis. Quark-parton pic-
ture of the deep inelastic scattering in the quasi-potential approach can be found
in Ref. 44.

Here we incorporate the transverse motion of constituents in the composite
system, which leads to the violation of Bjorken scaling of structure functions.

4.1. Construction of the Tensor W,,. Consider the quantity R, which is
defined by the vacuum expectation value of the chronologically ordered product
of the Heisenberg field operators (bi(ac,(f)) and local currents J,, and J,:

R ([2)); [2)]; 2) =
= (0| (¢1(21)... o5 () J,u(2) T (0085 (2.6 (2 V)))]0) =

N N
_ (27T)73N/Hd4p(i)d4p(i)' exp [iZ(p(i)m(i) ,p(i)'m(i)') X 4.1)
i=1

i=1

xRy ([pP]; [P)'); 2).

Here [ac,(f)], [ac,(f)/], [p,(f)], [p,(f)l] are the sets of corresponding 4-vectors. The quan-
tity R, can be presented as (see Fig.4)

R, =GT,,G,

where G is the N-particle Green function of fields (bi(mg)) and «two-photon»
vertex function I',,, is defined by the sum of the irreducible diagrams with 2.V 4-2

points (legs).
9 W]

R |- —

v s

r

nv

Fig. 4.
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Introduce now the three-dimensional quantity RW equating all acgf) = x4

and a:fi)/ =/, in (4.1)

R (@, 29, x0a, [2 %) 2) =

= (0T (¢ (24,27, x)..on (zy, 2™, x(M) T, (2) 0, (0) %

x¢f @y, XDk @y, a™ <M ))j0) = (4.2)
2 [ ] H ap? ) dp ) B (B Y B )%

N
X exp li(erP -2\ Pl)—i Z(pgf)x(_l) — pgf)x(_l)) +1 Z(psz) 2 p ()
— :

Fourier transforms of R, and RW are related to each other in the following
way:

o0
R0 0 i2) = [ a5
1 =1

X(P_—Zp(i)> ( Zp“)R (PP P T2).  @3)

Single out now the contribution of N-particle bound states in the matrix
element (4.3) expressing the T-product via f-functions and using the compliteness
of physical states:

R (9, p0%: 0 p1V); 2) =

e ([, (P, ol T(Ju(2)1,(0) [P, 3y ¥ (b} p 1))

=~ [5(271)4?
= [i(2m)?] TR

. 44

Finally, we get the following expression for the matrix element of 7-product
of currents:

(P,alT(Ju(2)J,(0))|P', B) =

P+ N N N\ N N/ //
/Hdp(l) 5 <P+ _ Zpsz) ) /H dpgf) 52) ( Zp(l ) «
=1 =1

4.5)
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Py Ny N
:/Hder) 5 (P’ Zp ) /Hdp@'"(s(?) (P’ Zp“ ) X
0

i=1 i=1

< P D (0 o 1 0 B )W () 0.

Fourier transform of this matrix element defined the amplitude of virtual
Compton scattering of photon with space-like 4-momentum ¢, on the hadron

with 4-momentum P,;:

Ty (P.q) =i / 04242 (P, o|T(J,(2).,(0))| P, o) =

P N 1" N NI N NI N N\
0 i=1 i=1 i=1

Hd @ (P’ Zp“ ) /Hd O 52 ( Zp )> x

(i)///

xh(pY, pl? ])/d“zelquw( OF P O p s 2)x

\

(1 ///

<@ (p7" pP")).

According to optical theorem the tensor W,,,,, which defines the hadronic part
of deep inelastic lepton-hadron scattering cross section is related to the imaginary
part of the amplitude of the zero angle virtual Compton scattering in the following

way:
W (Pg) =) / d*2e'* (P, a|T(J,(2)J,(0))|P,a) = %ImT,ﬂ,(P, q).

4.7)
Taking into account the current conservation, the tensor W,,,, can be expressed
via two invariant structure functions Wi, and Wj:

quqv
Wuu(Pv Q) = <_gul/ + /;—2> Wl(q27V)+

1 Pq Pq 2
+m (Pu - FQLL) (Pl/_ ?Qu) WQ(q 71/)7

where Mv = Pq, M is the hadron mass.
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Thus, using Eqs. (4.6)—(4.8) one can express the structure functions of deep
inelastic lepton-hadron scattering in terms of the light-front many-body wave
functions, describing the internal motion of partons inside hadron, and the «two-
photon» vertex function:

Eup pk 0 i) = [ e o p i) =

P+ N N/ N N/ N N/
:/d‘lzel‘?Z/Hdp(ﬁ) ) <P+ —Zp(*l) )/Hdp(j) 62 x (4.8)
0 i=1 =1

N
/ Hdp(z ( Zp(z ) /Hdpf)/”(;(z) ( Zp z)”’> %
=1

(P, e Y e )

*[GTw (Y, p" " pP )%

<GP e Y )
4.2. Lowest Order in the Electromagnetic Interaction. The «two-photon»
vertex operator I',,,, can be constructed using methods of perturbation theory and
expandmg the functions G~' and

RW = GI‘WG in the series in cou- ’
pling constant. In the lowest order 5 g j 3
two types of diagrams, shown in Fig.5 ¢ 4 5

contribute to f‘&ol,) .

Assuming that the partons consti-
tuting hadron are on mass shell and @ b
neglecting small terms of the order of
P — Z( @2 4 0 )/p(]) we ob-

j=1

Fig. 5.

tain that diagrams of type b) do not contribute to f‘&ol,) . Summing the contribution
of all diagrams of type a), inserting into the expression (4.6) for virtual Compton
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scattering amplitude and extracting the imaginary part we obtain for the structure

functions Wy and Ws:
N , N
dx® .
_ E (1)
117w 0 (1 _71:1: ) X

1

(3

2 1 /
Wl(q 7V) = 8(47T)N_1/
0

N N
/Hdp(i)5(2) (PL - ZP&”) @5 (2@, )2
=1

N o 2 ~(i) P\2
- M 2p\Y P , .
% E : € [w — (4m®? — q2)} 8(q% +2p9¢), (4.9a)
i=1

20 [ 3P = 2]

2 / dz al i
vWa(q*,v) = 8(4) 1—1/2/q /H:c (1;m()>x

0 =1

/ Hdp%@ (m - Zp?) 1B, (2, p)? x
=1

Y[ e [3(My+ 25 P)?
— M2(1 -2 /q?)

= — = )| 5+ 200 ) (1)

Here 5" is the momentum of parton on the mass shell p(¥ =

(ORINGL
_ (Pl tm (1)
= ) y Dy PL
Py

For further consideration we proceed to the frame, where the virtual photon
and hadron are moving along the z axis:

P = (P*7P+7OJ_)7 q= (qfanmOJ_)'

In this frame
(4)* (4)2
P L +m
()
and J-function in (4.9) can be rewritten in the form:

20 P = 20 M2 +

2 . .
Ly [P+ m® Q¢ — )

2 (1)) = Z
0(q” +2p'q) = 55 e & (4.10)
Here we have introduced the variables Q% = —¢? and
2
fo I _ Q , 4.11)

Py~ M+ 71 Q)
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Scaling properties of structure functions with respect of variable £ are dis-
cussed in several papers [5S0-53]. The Nachtman variable ¢ is the generalization
of the usual Bjorken variable zp taking into account the hadron mass and is
related to xp by following relation:

g 2B (4.12)

1+ 1+4M$B

If one neglects the masses and transverse momenta of partons (m(9? <<
Q? p(j)Q << Q?), the é-function takes the form

§
Q2
Then the structure function W3 vanishes and for the structure function vWo we
obtain
MQ®  (Q¥/€* - M)
2(4m)N-1€ (Q2/€2 + M?)?

PN ) N
/H %5 (1 _ Zx(i)> x (4.13)
0 =1

=1

5(2pq — Q%) = =58(z - ¢).

VW2(Q27§) -

ot (£ oot -
In the asymptotic limit (v, Q% >> M?, zp is ﬁxed) the variable ¢ coincides

with the Bjorken variable zp and we obtain that the structure function vWs, is
scale invariant with respect to the variable zg:

M:c dz® N
vWa(zp) = B /H NG (1 Z;,N)) X
i=1

N N N
/ [[ap!s® (Z pi”) @p (=D, pYNP D 26D —2p).  (4.14)
=1 =1 =1

Assuming that the interaction kernel does not depend on the total energy and
using the explicit expression for the Green function of N free particles we obtain
the following sum rule:

1 N

vWa(xp)
/ﬁd:@ =) el (4.15)

0 =1
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4.3. Model Parametrisation of the Wave Function. Consider now the case,
when the hadron consists of two constituents. This case corresponds to meson,
which consists of quark and antiquark. We will neglect contributions of gluons
and quark-antiquark sea. Expressions for structure functions in the case N = 2
have the form:

1
2 4 2
e] +e5 dz

Wi@%0) = L2 [ [ap pr(ep. )
% [sz(g;f) m2:| 5 [pi +m2 _ Q2m(£$2§)] ’

1
At @UE-M [ de
(@) = TR s [ [pujenpn)Px

a

<[P g2 o] (w1 4 - LD )

Here we assume that masses of constituents are equal to each other m®) =
m® =m.
In (4.16) the limit of integration over z is defined from the §-function:

a§<1+ 1+4Q£22>. 4.17)

Neglecting masses and transverse momenta of quarks we obtain that the
structure function Wy, vanishes and the structure function vW, takes the following
form:

(el +e3)MQ* Q%/€ — M?
8me2(1-¢) (Q*/& + M?)

If we choose the following parametrization for wave function ® p

VW (Q2€) = ! /dpucbp(s,pl)l? .18)

2 2 —-n
Bp(z,pL)=C [% — a] (4.19)
for the structure function vWy we get
2 o _ (el +el)MQ* Q%/& — M? [ € 9 e
@ = T (Qr/e T AP (2 U (- O L

(4.20)
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In the Bjorken limit (Q? >> m?, £ — xp) for n = 1 we obtain [45]:

xB(l — I‘B)

B rp— 4.21)

€2+€2
vWa(zs) = 2 MICP—

5. INCLUSIVE PROCESSES IN LIGHT-FRONT FORMALISM

Inclusive processes which have been proposed by Logunov and collaborators
[46] are in effective tool to study the hadron structure at high energy. Conse-
quences of a number of theoretical models have been formulated in this way.
Majority of experiments in the relativistic nuclear physics (in particular, experi-
ments on the cumulative production predicted by Baldin [47]) are also inclusive.

In this section expressions for inclusive cross sections in terms of the light-
front quasi-potential wave functions are given [48].

5.1. Some Preliminary Relations. Let us construct the scattering amplitudes
of the multiparticle production processes. «Two-time» N-particle Green function
obeys the following equation:

GO — G 4 G G, (5.1)

Here V(™) is the interaction kernel for N particles which can be constructed
by the perturbation expansion.

If the total Hamiltonian processes one particles states with quantum num-
bers of (N — k) and k particles of the initial state and ki,...kps particles of
the final state the Green function possesses the poles with respect to the vari-

E \?2 N _ 2 ke N\ 2
ables P2 = <;p(’)> , P3 = '—%117(1) , P? = (Z:lp(’)> sy P3p =
2

N .

S p® | . In the vicinity of these poles it is of the form:
i=N—kq—
—ko...kpr_1

G(P; [p); [p]) =

~ Xl(p(i)” _._’p(kl)’ ._.XM(p(N—kl—...—kM)’) ._.,p(N)/)

)
1(P? - M2 + i)

x (5.2)

<.
—

X T(P17 7PM7 PA7 PB)XA(p(1)7 "'7p(k))>23(p(k+1)7 ap(N))
(P3 — M3 +ie) (P — M3 + ie) '
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T is the scattering amplitude corresponding to the process: A+B — 1+2+...+M.

The «two-time» Green function has the following pole structure in the vicinity

of corresponding poles:

X

M (P; [P, p P Y, p]) = [2(2m)P )N M x

Oy ([p W T (0 Y NTEA(PY, p DT, p))

Define transition operators M, ;

1:,(1)2 +M(i)

M

M p(? +M©?
i—A,B
(5.3)

(),

N N
G = GIMI)5CYY + R,

where G&N) is the Green functions which take into account interactions only
inside the subsystems. « denotes the final states.

5.2. Production of Leading Hadrons with Large Transverse Momenta.

Taking into account expression for Green functions one obtains the expression
for the transition amplitude of the inclusive process A + B — C + X with the
leading hadron C' (assume that hadron C' coincides with hadron A, or it is its
excited state)

T(AB — C) = [2(2r)N M1 x

C c c
=1 i=1

i=1
i=1 i=1

A+B N
% H da@dp') 4,6 <A+ - Zp l)> " (AL - ZP@) X
i=1

<B+ - Zp“ ) (BL - Z p’ ) (5.4)

xTe(p, p D Masc (PP, P 1¢, a0, pV]) x

xTa(pY, pDTs (Y, p)).
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Here by A, B, C' we denote hadrons A, B, C and the same time the number
of elementary constituents inside them and their 4-momenta;
(@)’ (@) ()
L0 =P g0 P e Pr

qS:), qﬁ_) are components of 4-momenta of the constituents of undetected hadrons.
Let us assume that the states A and C' occur in the same sybsystem of M
constituents and use pairwise approximation for the transition operator M4pc.

This is presented schematically in the Fig.6.

” i i
M Mypc ~2
j ; i=1 g Sj %

Fig. 6.

M;p is the transition operator corresponding to the collision of the i-th
constituent of hadron A with hadron B.
In this approximation the transition amplitude (5.4) takes the form:

T(AB — C) = [2(2r)N M1 x

C C . c c y
X Z/Hda@x(i)czp(j)& (1 - Zwm) 5@ (Z p® ) y
i=1Y i=1 =1

i=1

xUo(x a ),pﬁ_l) sWA .2, (1- w(i))Al; sl x(c),pﬁ_c) — w(C)AL) X

(5.5)
= 1 [ )"
<@ a2, p ) (B; Y 21 Y YD),
where: () = pg)/AJr,
P =pP +a20/a; p =p +2DA,; A=C-4
P = a0y p0" = pl) +2®A L, (5.6)

T;p is the inelastic amplitude of the scattering of i-th constituent of hadron A
with hadron B.
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For the following we recall the calculations of the electromagnetic form
factors of composite systems. Rewrite the expression for the electromagnetic
form factor in the impulse approximation in the form:

— Zei/dei(")(m, (1-2)AL), t=(P—P)*=-A,)

where the quantity Si(") is defined as:

1
S (z,(1-2)AL) = / m(k) 1—z— Z ™ | x
0

k#i k;él

/H dP(k)5<Z (k)> T ([2®), pl — s WA Jpsiw, pP 4+ (1-2)A 1) %

1
(5.7
x 2™ ([z®, p)).
Taking into account the normalization condition for wave functions one can
obtain the following normalization condition for Si("):

1
Z/Si(")(m,m)dx =1. (5.8)
i

In the case when the interaction of the i-th constituent of hadron A with hadron
B is effectively local [49] the transition amplitude T'(AB — C) in the Eq. (5.5)
takes the form:

T(AB — C) = Zfl (AL)T5, (59)

where
1

@) = [ 50,0 - 0a0)0),
0

The function ¢(x) characterizes the local interaction vertex and in the case
of the exchange of vectors particles (gluons), for instance, ¢(x) = z. In this case
Eq. (5.9) takes the form:

T(AB — C) ZF (A )Tz, (5.10)
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where > F; (A1) = Fa(A) is the form factor of particle A, T;p is the transition

1
amplitude.
For the inclusive cross section one obtains:

AB A zB—>z+x
Ed7—> Z F2(t)

i — (&, ). (5.11)

Here s’, t/, u' are the Mandelstam invariant variables for the subprocess.

5.3. Production of Hadron Systems
with Large Transverse Momenta. Con-
sider now the possibility when the tran-
sition operator takes into account inter-
action between some systems of con-
stituents of hadrons A and B. Schemati-
cally this process is presented in Fig.7.

Let us assume that the wave func- Fig. 7.
tion of the hadron A contains « + ¢ con-
stituents, the wave function of hadron B contains 3+¢' constituents and v = £+¢'.
In this approximation the transition amplitude takes the form:

T(A, B; p), p0); b, o [k, k1)) =

= [2(27)] a+6+'y I/Hd @)’ dk(l H dz®’ dk(l

1=0+1
a (i) B (1)
XHpinJr Mg (B km] K K07 x
=1 A+ i=1 i=1,...,7y i=1,. ,%y

o i)’ i)’ i)’ i)’ o % % i)’ i)’
<O e Y RO (Y, e k)
i=1,...,0 i=0+1,...,y i=1,...,c i=1,...,0

@y o
2 = By A =100
Y UBL i=041,.,

M 4/ is the transition operator of two interacting subsystems A’ and B’. Let
us connect the transition operator M 4/ with the transition operator M 4/p/—,c' p-
corresponding to inelastic «two-body» scattering (Fig.8). Here G¢+ and Gp- are
the Green functions of the subsystems C’ and D’.
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Using spectral properties of the Green functions G¢» and Gp- and restricting
to the «one-particle» contributions one can represent the operator M4/ p: in the
form:

O 10 (14 k9’ ey
Afo([’u N S D=Ren) 1= I] +x
i=1,. ’y i= 1, ,7 i=1 " =541 T

<oy kL)) Yo (k) KUT) Hdm " [ e ad
i=1,...,6 i=041,. Py

< Wor (kY K)o (R K ) Magon (R KT R kD)),
i=1,..., i=0+1,...,y i=1,...y i=1,. 0y
(i)’/ -
where ()" = (i])fff [Cry i=1,00
kY /Dy, i=0+1,..,0.

This approximation corresponds to the pole contribution in the spectral rep-
resentation for the Green functions of A’, B/, C’, D’ states and switching off the
interactions with (A — A’) and (B — B’) subsystems. In the same approximation
the wave functions ¥4 and ¥y can be represented in the form:

a+/4 3 [ i)’ 7))’
v pU% Y kP ~

i=1,...a i=1,...,0

~ (A /A D w4 (P, W ae (K K,

i=1,...a i=1,..4

where ¥ A@/([kgf)/,kﬁf)’]) is the usual light-front wave function of the system A’,

i=1,...¢
\I/AA/([pS:),pY)]) is defined as:
i=1,...a

1=1,...a =1

Can(py,p))3 <A+ — Ay - 2p$>> 6@ (Al ~AL - Zxa@) =
=1
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e e
= / [T da®ax? exp[ > P2 —pPx )| (A () b ()| 4).
i=1 i=1

(5.12)
It is seen from the definition that W44 is the «one-time vertex function».
Schematically the approximations made can be represented in the form (Fig.9).

Fig. 9.

Corresponding expression for the scattering amplitude takes the form:

7(4, B; [p}, pP% ), p s [k k) =

1=1,...a i=1,...0 1=1,...y

5 (2) o (7,)
kY kY
= [2(2m)] e 2[2(2m)] Y2 || || -

1=0+1

x e ([, kY ]\IID/[kSZ),ka)])x

i=1,...,0 i=1,...y

5—1 = N -l N .,
x { / H dz " dk? de(” k" H dz®' ak() %

) Won (B kD195 1D kD ) Margop (B k7 6D k0 %
= 17 ,5 i= 5+1, ,’y

X W ap (K, K ]‘I’B'(w—e)[ksz),k(j)])}‘I’AA/( O kD@ Y p0 )%
i=1,...0 i=L041,...y i=1,...a i=L041,...y

(2)

et B
xHiH (5.13)

i=1 =1

’G
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where

Nea kaj) JA' L i=1,..¢
KB i =41,y

L0 _kéf) /Oy i=1,..,8
KD i =641,y

The exppression in paranthesis in Eq. (5.14) is by the definition the scattering
amplitude of the process A’B’ — C’D’. Finally for the scattering amplitude we
obtain: L _ _
T(A, B; [p@,p(”] Py P R k) =
i=1,. i=1,...,0 i=1,...,7y

) k(l Y k_(,:)

= [2(2m)?] AT 2H X
i=1 + i=0+1 D/+
Vo (kY kP10 p kY k)
i=1,...,6 i=6+1,...,v
o« pP) Lopl
xT(A'B' — ' D’) can il [ [
X\IJAA/([])+ 7pJ_ ]\IIBB’[p—i- 7pJ_ ]) (514)
1=1,. 1,...,8

Thus the transition amplitude is expressed through the scattering amplitude
T(A’'B’ — C'D’) of constituents which in particular, can be quarks. This
mechanism corresponds to the production of jets.

Constructing the inclusive cross section of the process AB — ¢(C') we obtain:

do(Ab — c(C))
Ec 1C ;C, Z /dxdpLdm dpL k L (Cpma’)

7 ’ C(C)
xp4 (z,pL — AL, a)ph (2/,p —2'B'L,8)2"p¢ (2, kL —2"CL,y)x
A2 —a B?2- Cc? —
+ G 7y

x|T(A'B' — C'D')|?5 {

1
(s P — k2 — A” — B'?)| dadBdy. (5.15)
Jr
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Here s’ = za's; t' = Jt; v = gf—,',u Summation is performed over all possible
intermediate states A’, B’, C’. The functions pﬁ/, pgl, pgl are related to the
squares of the corresponding wave functions.

Neglecting all the terms in the argument of J-function as compared to (s’ +
t' + '), and taking into account that transverse momenta in the functions p are
limited, in the limit of high energies (s — o0) and large momentum transvers
(t/s — const, u/s — const) one obtains:

do(AB — ¢(C s zx' 4 / o
E(;% = - /dwdm'dw"ﬁpﬁ (z)pB (ac/)pC,C)(w')x

do
x@(s',t',u')é(surturu'). (5.16)
In the case, when A’, B’, C’, D' are quark states, corresponding quantities pﬁ/,
pg/ go over to the corresponding quark distribution functions and % goes over
to the quark-quark elastic cross section. Let us write finally the relation of quark

distribution functions p4 to the light-front quasi-potential wave function:

N 2
N-1 i i i _ N-1 i i
ATV, pU) [ d=@apt = 2(2m)?)¥ 2 eV (Y, p))] %
i=2,..,N ;o i=2,...,N
N ) N ) N )
XAy Hm(i)dm(i)dp(j)5 Ay — Zpg:) s A — Zp(j) . (5.17)
1=2 1=2 1=2
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